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THE CHILD'S 
CONCEPTION 
OF NUMBER 


In this book, of which the original French edition appeared ten years. 
ago, Professor J. Piaget discusses a set of investigations carried out 
over a number. of years with a team of co-workers on the genesis of the 
notion of number in the child’s mind. This volume is therefore concerned 
only with the questions involved in these investigations, namely the 
ordinal and cardinal aspects of number and their fusion into one notion. 
Professor Piaget first makes a study of “cardination”, then of “ordina- 
tion”, and finally of the constitution of number and the operations on it. 
The experiments which support his view that the notion of number 
exists only when order is seen as the “ nesting of sets", and cardination 
as the order of the “ including classes", are fully described, This book 
will be of use to psychologists and to teachers at all levels of education, 
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FOREWORD 


N our earlier books (The Language and Thought of the Child, 

Judgement and Reasoning in the Child, The Child’s Representation 

of the World, and The Child’s Conception of Physical Causality), we 
analysed various verbal and conceptual aspects of the child’s 
thought. Later on, we examined the beginnings of thought on the 
practical and sensory-motor planes (La Naissance de ’ Intelligence 
and La Construction du Réel chez l Enfant). It now remains, in order 
to discover the mechanisms that determine thought, to investigate 
how the sensory-motor schemata of assimilating intelligence are 
organized in operational systems on the plane of thought. Beyond 
the child’s verbal constructions, and in line with his practical 
activity, we now have to trace the development of the operations 
which give rise to number and continuous quantities, to space, 
time, speed, etc., operations which, in these essential fields, lead 
from intuitive and egocentric pre-logic to rational co-ordination 
that is both deductive and inductive. 

In dealing with these new problems, appropriate methods must 
be used. We shall still keep our original procedure of free con- 
versation with the child, conversation which is governed by the 
questions put, but which is compelled to follow the direction 
indicated by the child’s spontaneous answers. Our investigation of 
sensory-motor intelligence has, however, shown us the necessity 
for actual manipulation of objects. In The Child’s Conception of 
Physical Causality, we saw, though it was not possible to take full 
advantage of the fact, that conversation with the child is much 
more reliable and more fruitful when it is related to experiments 
made with adequate material, and when the child, instead of 
thinking in the void, is talking about actions he has just performed. 
As far as the study of number is concerned, this is an essential 
condition, and the gifts of Mlle Szeminska have made it possible 
to discover techniques adapted to the various problems which 
needed to be solved and analysed separately. In another volume, 
written with the collaboration of Mlle Inhelder, the. same 
methods will be used in the description of continuous quantities as 
the product of quantification of physical qualities (weight, volume, 
etg. 

Ü the present volume, it has not been possible to include all 
that we should have wished to say on the subject of the evolution 
of number. In particular, there is an inexhaustible mine of 
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and irreducible. Our hypothesis seems to obviate the necessity 
for this alternative, for if number is at the same time both class 
and asymmetrical relation, it does not derive from one or other 
of the logical operations, but from their union, continuity thus 
being reconciled with irreducibility, and the relationships between 
logic and arithmetic being regarded not as unilateral but as 
reciprocal. Nevertheless, the connections established in the field of 
experimental psychology needed to be verified in the field of 
logistics, and we proceeded to attempt this verification. 

In studying the literature on the subject, we were surprised to 
find to what extent the usual point of view was ‘realist’ rather 
than ‘operational’, with the exception of the interesting work of 
^. Reymond. This fact accounts for the connections, many of 
them artificial, established by Russell, which forcibly separated 
logistic investigation from psychological analysis, whereas each 
should be a support for the other in the same way as mathematics 
and experimental physics. 

If, on the contrary, we construct a logistics based on the reality 
of operations as such, in accordance with, and not in opposition 
to, ‘the psychogenetic processes, we discover that the natural 
psychological systems of thought, such as simple and multiple 
classifications, simple and multiple seriations, nesting of sym- 
metrical relations, etc., correspond from the logistic point of view 
to operational structures closely akin to mathematical ‘groups’, 
and which we have called ‘groupings’. The laws of these group- 
ings, once formulated, proved to be of constant help in our 
psychological analysis. 


'"TRANsLATOR's NOTE 


While keeping as closely as possible to the French text, we have, 
with the author's permission, used a certain freedom on occasion, 
but only when it seemed desirable in the interests of clarity and 
when no essential idea was involved. In particular, we have 
omitted the logistic algorism introduced by the author in Chapters 
III and X to which reference can be made in the original text. 


Since this book was published (Geneva, 1941), this problem has been 
considerably developed in two further volumes, Classes, relations et nombres 
ba Paris, 1942) and Traité de Logique (^. Colin, Paris, 1950). (Translator’s 
note), 

The first chapter of this volume appeared in 1939 in the Journal de Psychologie, 
and the first paragraphs of Chapter VII form part of an article published in 
1937 in the Recueil de travaux de l' Université de Lausanne, publié à l "occasion du IVme 
Centenaire de la fondation de U Université. ` 
, In the Compte rendu des séances de la Société de Physique et d’Histoire naturelle de 
Geneve (vol. 58, 1941) the theory of groupings appeared for the first time, in 
condensed form. 


PART ONE 


CONSERVATION OF QUANTITIES 
AND INVARIANCE OF WHOLES 


CHAPTER I 


CONSERVATION OF CONTINUOUS 
QUANTITIES 


Common sense, presupposes a set of principles of con- 
Servation, either explicit or implicit. It is a matter of com- 
mon knowledge that in the field of the empirical sciences the 
introduction of the principle of inertia (conservation of rectilinear 
and uniform motion) made possible the development of modern 
Physics, and that the principle of conservation of matter made 
"aea chemistry possible. It is unnecessary to stress the impor- 
tance in every-day life of the principle of identity; any attempt by 
thought to build up a system of notions requires a certain per- 
manence in their definitions. In the field of perception, the schema 
of the permanent object! presupposes the elaboration of what is no 
doubt the most primitive of all these principles of conservation. 
Viously conservation, which is a necessary condition of all 
eXperience and all reasoning, by no means exhausts the repre- 
sentation of reality or the dynamism of the intellectual processes, 
ut that is another matter. Our contention is merely that con- 
Servation is a necessary condition for all rational activity, and we 
are not concerned with whether it is sufficient to account for this 

Activity or to explain the nature of reality. ' 
is being so, arithmetical thought is no exception to the rule. 
:* Set or collection is only conceivable if it remains unchanged 
"respective of the changes occurring in the relationship between 
the elements, For instance, the permutations of the elements in a 
Siven set do not change its value. A number is only intelligible if 
it remains identical with itself, whatever the distribution of the 
Units of which it is composed. A continuous quantity such as a 
€ngth or a volume can only be used in reasoning if it is a per- 
manent whole, irrespective of the possible arrangements of its 
Parts, Ina word, whether it be a matter of continuous or dis- 
continuous qualities, of quantitative relations perceived in the 
Sensible universe or of sets and numbers conceived by thought, 
whether it be a matter of the child’s earliest contacts with number 
Or of the most refined axiomatizations of any intuitive system, in 

1 La Construction du Réel chez l'Enfant, chapter i. 
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EX notion, whether it be scientific or merely a matter of 
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each ana every case the conservation of something is postulated 
as a necessary condition for any mathematical understanding. 

From the psychological point of view, the need for conservation 
appears then to be a kind of functional a priori of thought. But does 
this mean that arithmetical notions acquire their structure because 
of this conservation, or are we to conclude that conservation pre- 
cedes any numerical or quantifying activities, and is not only a 
function, but also an a priori structure, a kind of innate idea 
present from the first awareness of the intellect and the first 
contact with experience? It is experiment that will provide the 
answer, and we shall try to show that the first alternative is the 
only one that is in agreement with the facts. 


$r. Technique and general results 


This chapter and the one that follows will be devoted to experi- 
ments made simultaneously with continuous and discontinuous 
quantities. It seemed to us essential to deal with the two questions 
at the same time, although the former are not arithmetical and 
were to be treated separately in a special volume,! since it was 
desirable to ascertain that the results obtained in the case of dis- 
continuous sets were genera]. 

The child is first given two cylindrical containers of equal 


dimensions (Ar and A2) containing the same quantity of liquid 
(as is shown by the levels). The contents of A 


(Cr and C2), and in case of need, the liquid in B2 can be poured 


into two other containers C3 and C4 identical with Ci and Ce. 
Questions as to the equalit 
(Cr 4 Co *- C3 - C4) and Ar 


liquids are subdivided in a variety of ways, and each time the 
problem of conservation j i i 


equality or non-equality with one of the origi 
Conversely, as a chi i 


1J. Piaget and B. Inhelder, Le Dévelopment des 
servation et Atomisme), 1941 
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mechanism which it is our purpose to explain. By grouping the 
answers to the various questions, it is possible to distinguish three 
stages. In the first, the child considers it natural for the quantity of 
liquid to vary according to the form and dimensions of the con- 
tainers into which it is poured. Perception of the apparent changes 
is therefore not corrected by a system of relations that ensures 
invariance of quantity. In the second stage, which is a period of 
transition, conservation gradually emerges, but although it is 
recognized in some cases, of which we shall attempt to discover the 
characteristics, it is not so in all. When he reaches the third stage, 
the child at once postulates conservation of the quantities in each 
of the transformations to which they are subjected. Naturally this 
does not mean that this generalization of constancy extends at this 
stage beyond the limits of the field studied here. 

In our interpretation of these facts, we can start from the fol- 
lowing hypotheses, some of which directed the research of this 
chapter while others arose in the course of our experiments. The 
question to be considered is whether the development of the 
notion of conservation of quantity is not one and the same as the 
development of the notion of quantity. The child does not first 
acquire the notion of quantity and then attribute constancy to it; 
he discovers true quantification only when he is capable of con- 
structing wholes that are preserved. At the level of the first stage, 
quantity is therefore no more than the asymmetrical relations 
between qualities, i.e., comparisons of the type ‘more’ or ‘less’ 
contained in judgements such as ‘it’s higher’, ‘not so wide’, etc. 
These relations depend on perception, and are not as yet relations 
in the true sense, since they cannot be co-ordinated one with 
another in additive or multiplicative operations. This co-ordina- 
tion begins at the second stage and results in the notion of "inten- 
sive’ quantity, i.e., without units, but susceptible of logical 
coherence. As soon as this intensive quantification exists, the child 
can grasp, before any other measurement, the proportionality of 
differences, and therefore the notion of extensive quantity. This 
discovery, which alone makes possible the development of num- 
ber, thus results from the child’s progress in logic during these 


Stages, 
So. Stage I: Absence of conservation 


For children at the first stage, the quantity of liquid increases or 
diminishes according to the size or number of the containers. The 
reasons given for this non-conservation vary from child to child, 
and from one moment to. the next, but in every case the child 
thinks that the change he sees involves a change in the total value 


of the liquid. Here we have some examples: 


ut : 
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Blas (4;0). ‘Have you got a friend?— Yes, Odette —Well look, we're 
giving you, Clairette, a glass of orangeade (Ar, 2 full), and we're giving 
Odette a glass of lemonade (Aa, also $ full). Has one of you more to 
drink than the other?—The same.—This is what Clairette does: she 
pours her drink into two other glasses (Br and B2, which are thus half 
filled). Has Clairette the same amount as Odette?— Odette has more.— 
Why?— Because we've put less in (She pointed to the levels in Br and B2, 
without taking into account the fact that there were two glasses).— 
(Odette's drink was then poured into B3 and B4.) Ws the same.—And 
now (pouring Clairette's drink from Br + Be into L, a long thin tube, 
which is then almost full) ?—Pe got more.—W hy ?— We've poured it into 
that glass (pointing to the level in L), and here (B3 and B4) we haven t.— 
But were they the same before? —Jvs.—And now?—I’ve got more.’ 
Clairette's orangeade was then poured back from L into Br and Bo: 
‘Look, Clairette has poured hers like Odette. So, is all the lemonade 
(B3 +B4) and all the orangeade (Br--B2) the same?—ZIt’s the same 
(with conviction).—Now Clairette does this (pouring Br into C1 which 
is then full, while B2 remains half full). Have you both the same amount 
to drink? —J’ve got more.—But where docs the extra come from?—Fyom 
in there (B1).—What must we do so that Odette has the same?— We must 
take that little glass (pouring part of B3 into C2).—And is it the same 
now, or has one of you got more?—Odelle has more.—W hy ?— Because 
we've poured it into thai little glass (C2).—But is there the same amount to 
drink, or has one got more than the other? — Odette has more to drink.— 
Why?— Because she has three glasses (Bg almost empty, B4 and Ca, while 
Clairette has Cr full and B2). 

A moment later, a new experiment. Clairett 
glasses A1 and Ao, $ full, one with orangeade for herself and the other 
with lemonade for Odette. * Are they exactly the same? zs (verifying 
the levels).—Well, Odette is going to pour hers (A2) into all those (Cr, 
C2, C, C4, which were thus about half full). Have you both the same 


there’s less (looking care- 
the same?—Yes.—And 
it’s more, and here (indicating 
Finally she was given only the big glass Ar almost full of orangeade: 
she pours it like that (into Br and B2, which 
are then £ full). Is there more to drink now than before, or less, or the 


same?— There's less (very definitely).—Explai : 

- r E piain to me why.— When you 
poured it out, it made less. But don't the little glasses together make the 
same?—Jt makes less? 


Sim (5;0). She was shown Ar and Ag half full. ‘There’s the same 
amount in the glasses, isn’t there?— (She verified it) Yes.—Look, Renée, 
who has the lemonade, pours it out like this (pouring Ar into Br and 
Ba, which were thus about 3 full). Have you both still the same amount 
to drink?—JVo. Renée has more because she has two &lasses.—What could 
you do to have the same amount?— Pour mine into two glasses. (She 
poured A2 into Bg and B4.)—Have you both got the same now ?—(She 
looked for a long’ time at the 4 glasses Yes.—Now Madeleine (herself) 
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is going to pour her two glasses into three (B3 and B4 into Cr, C2 and 
C3). Are they the same now?—JVo.—Who has more to drink?— 
Madeleine, because she has three glasses. Renée must pour hers too into three 
glasses. (Renée’s Br and Be were poured into C5, C6 and C7). There. 
—t's the same.—But now Madeleine pours hers into a fourth glass (C4, 
which was filled with a little from C1, C2 and C3). Have you both the 
same amount? ——T've got more.—Is there more of the lemonade (C5, C6 
and G7) or of the orangeade (C1, C2, C3 and C4) ?—The orangeade.— 
(The two big glasses Ar and A2 were then put before her.) Look, 

we're going to pour back all the lemonade into this one (A1) as it was 
before, and all the orangeade into that one. Where will the lemonade 
come up to?— (She indicated a certain level) —And the orangeade?— 
(She indicated a higher level.)—Will the orangeade be higher than the 
lemonade?— zs, there’s more orangeade (pointing to the level she had 

indicated) because there's more orangeade here (pointing to C1, C2, C3 and 

C4).—You think it will come up to here?—Yes.—(This` level was 

marked by an elastic band and she herself poured in the liquid and 

was delighted to find that it came up to the band. But when she poured 

the lemonade into Ar she was very much surprised to find that it 

reached the same level.) It’s the same!—How’s that?—I think we've put a 

little back, and now it’s the same." 

It is clear that so far the child had thought that there were changes in 
quantity when the number of glasses varied, but with the next question 
the level intervenes: ‘Look, Madeleine pours the orangeade into that 
glass (A2 was poured into L, which was longer and narrower. L was 
then } full, whereas the lemonade in Ar came only half way up.)— 
There's more orangeade, because it’s higher —Is there more to drink, or does 
it just look as if there is?— T here's more to drink.—Amnd now (pouring the 
lemonade into Bı and Be and the orangeade into Dı and D2 which 
were wide, low glasses) ?—It’s the orangeade that’s, more, because there (in 
Dı and Do) theres a lot.—So if we pour the lemonade and the orange- 
ade back here (A2 and A1), will the orangeade come up higher or will 
they be the same?—Higher.’ She poured D: and D2 back into Ag, and 
Br and B2 back into A1, and was again much surprised to see that the 
levels were the same. 

Lac (5;6). ‘Here are two glasses (A1 half full of orangeade and A2 
slightly less full of lemonade.) The orangeade is for you and the lemon- 
ade for Lucien. Lucien is cross because he has less. He pours his drink 
into these two glasses (pouring A2 into Br and B2). Who has more?— 
(Lac looked at the levels) Me.—Now you pour your drink into these 
two glasses (B3 and B4, the levels being thus slightly higher than in Br 
and Bz). Who has more?— Me.—And now Lucien takes this glass (B1) 
and divides it between these two (Cr and Ce, which are then full, 
Whereas B2 remains half-full). Who has more?—(Lac compared the 
levels and pointed to glasses C) Lucien.—W hy ?— Because the glasses get 
smaller (and therefore the levels rise).—But how did that bappa 
Before it was you who had more and now it’s Lucien? Because ti re 
a lot.—But how did it happen?— We took some.—But whee : Purse ) 
how?— . . . —Has one of you got more?—Yes, Lucien (very definitely). 
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—And if I pour all the orangeade and all the lemonade into the two 
big glasses (Ar and A2) who will have more?—4 shall (thus showing 
that he remembered the original position).—Then where has the extra 
you had gone to?— . . . —What could you do to have the same amount 
as Lucien? You can use any of the glasses.—Lac then took B3 and 
poured some of it into C3, an empty glass. He filled it, and put it 
opposite Lucien's Cr and Co. Then he compared Bg to Lucien's B2 
and saw that there was less in B3 than in B2. He then took C3 again, 
poured it back into B3, and then, showing great disappointment, cried: 
* But why was it quite full there (C3), and now (B3) it isn't full any longer?" 

Mus (5;0). This child, like those quoted earlier, relied on the number 
of glasses or the level, but in her case as in several others there was also 
a new factor, the size of the glasses. Nevertheless she followed three 
successive lines of thought: 

I. Size of the containers.—She was given A1 and Aa, $ full: ‘Is there 
the same amount in both of them ?—Yes.—Olga pours hers out like this 
(A2 into Br and Bo, almost full). Has she still the same amount?__No. 
—Who has more to drink?—Gertrude (A1 ).—Why?— Because she has a 
bigger glass.—How is it that Olga has less?— . . . -—And if I pour these 
(B1 and B2) back into that one (A2) how will it be?—The same amount 
(as in A1).—(I did so.) And if Olga pours it back again like this (A2 
into Br and Be, almost full) is it the same ?—JVo.—Why ?—It_ makes 
less.’ 

TI. Level. — Now Gertrude pours hers like this (A1 into Cr and C2, 
almost filling Cr and C2 and leaving A1 j full). Who has more, 
Gertrude with those (Ar 4- C1 -- C2), or Olga with those (B1 and B2)? 
—(She looked at the levels, which were about equal) Both the same.— 
Olga. pours some of hers into another glass (B3, thus lowering the 
general level in her glasses).—Gertrude will have more. Olga will have less. 
— Olga pours again into these glasses (Br and B2 into C3 and C4, which 
were then full).— She will have more (level).—But before she had less; has 
she more now?— Yes.—Why?—— Because we put back here (C3 and C4) 
what was in the big glasses (B1 and Ba).’ The reasoning here was thus just 
the opposite of what it was in I. 

„III. Number of glasses and level. — If I give you some coffee in one cup, 
will it still be the same if you pour it into two glasses?—T'/l have a little 
more.—Where?—In the two glasses of course.—Mummy gives you two 
glasses of coffee (Br and B2). Then you pour that one (B2) into those 
(Cr and C2).— There's more there (C1 and Co): there are two glasses quite 

full. There, there's only one.—And of those (Br and the 4 C) which would 


you rather have, that one (Br) or all those C)?—The bi, =~ 
Why?— Because there's more : the glass is ms ! 1 By 


Such then are the earliest reactions of the child confronted with 
the problem of conservation of quantities. He is not prepared to 
believe that a given quantity of liquid remains the same irrespec- 
tive d changes in shape when it is poured from one container to 
another. 


It might of course be argued that the child may not really have 
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grasped the question. Does he always understand that it refers to 
the total quantity, or does he think he is merely being asked about 
changes in the number, level or size of the glasses? But the problem 
is precisely to discover whether the child is capable of grasping a 
quantity as being a whole, as a result of the co-ordination of the 
various relationships he perceives. The fact that these children 
isolated one of these relationships may therefore be due as much 
to lack of understanding of the notions in question as to failure to 
grasp the verbal question. be. 
On the other hand, it might be suggested that when the liquid 
is poured from one container to another before the eyes of the 
child there are certain illusions of perception that counteract his 
judgement as to conservation.* We are well aware that perception 
of the quantifiable qualities such as length, weight, etc., leads to 
systematic distortions, and that the child finds it extremely 
difficult to perceive the constancy of these qualities. Hence, when 
the constancy is directly perceived, there is no problem as far as 
we are concerned. Our only problem is to discover by what means 
the mind succceds in constructing the notion of constant quantity 
in spite of the indications to the contrary provided by immediate 
perception. Judgement comes into play precisely when perception 
proves inadequate, and only then. l'or instance, the discovery that 
a given quantity of liquid does not vary when poured from a con- 
tainer A into one or two containers B of a different shape, requires 
on the part of the child an effort of intellectual understanding 
which will be the greater and the more easily analysable the more 
deceptive the immediate perception. We are therefore not con- 
cerned to discover why this perception is deceptive, but why 
children at a certain level accept it without question, whereas 
others correct it by the use of intelligence. Moreover, either per- 
ception must be studied ‘from the angle of the object’, in which 
case intelligence will in the final resort be the origin of the 
constancy, or else perception presupposes an organization which 
elaborates the constancy on its own plane, in which case the 
functioning and the successive structures of perception imply a 
sensory-motor activity that is intelligent from the start. If the latter 
is the case, the development of the notion of invariant quantities 
(like that of *object") would be a continuation, on a new, abstract 


plane, of the work already undertaken by sensory-motor intelli- - 


gence in the field of conservation of the object. E 
We shall attempt to interpret the examples given above from 
this second point of view. What is most striking at this first p i 
is the inadequate quantification of the perceived qualities, and t A 
lack of co-ordination between the quantitative relations Involve 
1E, Brunswik, Wahrnehmung und Gegenstandwelt. Leipzig u. Wien, 1939- 


X 
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in the perception. For example, Blas (430) begins by thinking that 
the quantity of liquid diminishes when the contents of a large 
glass three-quarters full are poured into two smaller glasses, but 
that it increases when poured from these small glasses into a long, 
narrow tube. It is therefore only the level and not the number or 
the cross section of the glasses which seems to be Blas's criterion. 
But a moment later he thinks there is more liquid in three small 
glasses than in two medium-sized oncs filled with the same quan- 
tity. There are two noteworthy featurcs in this reaction. In the first 
place, the child continually contradicts himself. At onc moment he 
thinks there is more orangeade than lemonade, at another he 
thinks the opposite, and yet it does not occur to him to question his 
previous assumption. Obviously, if it is accepted that a liquid is 
capable of expansion or contraction and has no constancy, there is 
no contradiction. The real contradiction lies in the fact that the 
child attempts to justify his opposing statements by resorting to 
explanations that he cannot co-ordinate one with another, and 
that lead to incompatible statements. Thus Blas sometimes finds 
his evidence in the level of the liquid and thinks that the quantity 
diminishes when it is poured from a large glass into several small 
ones: sometimes he bases his statement on the number of glasses 
involved, in which case the same operation is thought to imply an 
increase in quantity. Alternatively, the child will use the cross 
section of the containers in his estimate of the change, disregarding 
the number of glasses and the level, and will then take one of thesc 
factors into account and arrive at the Opposite conclusion. This 
brings us to the second feature of the reaction: the child behaves as 
though he had no notion of a multi-dimensional quantity and 
could only reason with respect to one dimension at a time without 
co-ordinating it with the others. What has been said is true not 
only of Blas, but of all the children quoted above. 

The reactions of this stage can therefore be interpreted in the 
following way. We must first look for the principle of differentia- 
tion between quantity and quality, and this from the first per- 
ceptual contact with the object. In every case, perception and 
concrete judgement attribute qualities to objects, but they cannot 
grasp these qualities without thereby relating them one to 
another. These relations can only be of two kinds: symmetrical 
relations expressing resemblances, and asymmetrical relations 

-~ expressing differences. Now resemblances between qualities can 
only result in their classification (e.g., glasses C1, Ce, Cg... are 
“equally small’), whereas asymmetrical differences imply ‘more’ 
and ‘less’ and thus indicate the beginnings of quantification (€.g.5 
* A1 is larger than B1? or ‘Ar is narrower than D’). In its primitive 
form, therefore, quantity is given at the same time as quality, 


CONSERVATION OF CONTINUOUS QUANTITIES II 


since it is constituted by the asymmetrical relations that neces- 
sarily link any qualities one to another. Qualities per se do not in 
fact exist; they are always compared and differentiated, and this 
differentiation, since it includes asymmetrical relations of differ- 
ences, is the germ of quantity. From this point of view, the judge- 
ments characteristic of the first stage are obviously already 
quantitative in this sense. For instance, when Sim says: There s 
more orangeade because it’s higher’, she is merely expressing in 
terms of quantity a perceptual relation of difference between two 
qualities (the heights of the liquids). 

At this first level, however, which we shall call that of * gross 
quantity’, quantification is restricted to the immediate perceptual 
relationships, just as ‘gross quality’ (i.c., directly perceived 
quality) is incapable of giving rise to a complete classification. The 
relationship of similarity between qualities will of course eventu- 
ally result in a system of classes, but this only becomes possible 
With the elaboration of sequences of hierarchical inclusions involv- 
ing the whole logic of classes and asymmetrical relations. As for 
the relations of difference, with which alone we are for the 
moment concerned, they will lead to a systematic quantification 
whose stages we shall study in subsequent chapters. But before 
this is achieved they must be able to satisfy two conditions that are 
lacking at this level, which accounts for the absence of measurable 
quantity and conservation. 

The first of these conditions is that, from being mere perceptual 
relationships, they shall become true relations, thus giving rise to 
systems of graduations or ‘intensive quantities’, (See Glossary.) 
Obviously a perceptual relationship does not as such constitute a 
relation. The criterion for the psychological existence of relations 
is the possibility of their composition, or in other words, the 
Construction of their logical transitivity (or, if they cannot become 
transitive, the justification for their non-transitivity). The main 
characteristic of the perceptual relationships of gross quantity 
used by the child at this first level is that they cannot be com- 
posed one with another cither additively or multiplicatively. 
When the child thinks that the quantity increases because the 

evel rises, he is disregarding the cross section, and when he takes 
the cross section into account he disregards the level, and so on.! 

The following experiment makes this plain. The child is given 

! By addition of asymmetrical relations we mean their actual or virtual 
Seriation and the resulting graduation of the seriated terms. By multiplication 
of these relations we mean their seriation from two or more points of view 
simultaneously. In the examples quoted above, the simple series do not appear, 


but the children had to compare two quantities from several points of view, 


i A : , iplication 
eight, cross-section, number of glasses, etc., which constitutes multiplica 
of relations. 
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two containers A and L of equal height, A being wide and L 
narrow. A is filled to a certain height (one-quarter or one-fifth) 
and the child is asked to pour the same quantity of liquid into L. 
The dimensions are such that the level will be four times as high in 
L as in A for the same amount of liquid. In spite of this striking 
difference in the proportions, the child at this stage proves 
incapable of grasping that the smaller diameter of L will require 
a higher level of liquid. Those children who are clearly still at this 
stage are satisfied that there is ‘the same amount to drink’ in L 
when they have filled it to the same level as A. 


Blas (4.30): ‘Look, your mummy has poured out a glass of lemonade 
for herself (A) and she gives you this glass (L). We want you to pour 
into your glass as much lemonade as your mummy has in hers.—(She 
poured rather quickly and exceeded the level equal to that in A that 
she was trying to achieve. )—Will you both have the same like that?— 
No.—Who will have more? —Me.—Show me where you must pour to 
so that you both have the same.— (She poured up to the same level.)— 
Will you and mummy have the same amount to drink like that?— Yes. 
—Are you sure? —'zs.—Now watch what I'm doing (putting L' next 
to L). I'm going to pour that one (A) into this one (L’). Will that make 
the same here (L') as there (L)?.—Yes.—(When I did so, the child 
laughed): Mummy has more.—Why?—.. .” 

Mus (5;0): ‘Look (same story as for Blas), Show me with your finger 
how far I must pour.—There (indicating the same level in L as in A).— 
(I filled it slightly higher). Will there be the same amount to drink?— 
You've put too much. T here's a little more there (in L). I’ve a little more to drink 
—What could you do to see if it’s the same? (putting L’ next to L).— 

. - —Where will it come up to if we pour that one (A) into this one 
(L')?—To there (pointing to the same level as in A).—(I did so.).— 
Mummy has more (with great surprise).—How did that happen?— 
Because the glass (L^) is smaller. (Mus thus appeared to have grasped the 
relation height x cross-section, but it was only a momentary glimpse, as 
we shall sec.) —And if I pour this (L’) back into that (A), which will 
have the most?— Both a little, both the same.—(I poured it back). Who 
has more to drink?—Both less.’ 


These reactions show that the child at the first stage is unable 
to reckon simultaneously with the height and cross section of the 
liquids he has to compare. It is not that he fails to notice the width 
of glass A when circumstances oblige him to make the com- 
parison (e.g. Mus, when A is poured into L^), but when he merely 
has to estimate the quantities in A and L' he takes into account 
only the height. 

The child at this stage has therefore not yet acquired the notion 
of multi-dimensional quantity, owing to lack of composition 
between the relationships of differences. For him the quantity of 
liquid docs not depend on the combination of the various relations 
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of heic — 
JU a D em ra number of glasses, etc., since each of these 
others, Each = » cd separately, as though independent of the 
tity’ that is dear to therefore constitutes merely a ‘gross quan- 
terms such as ww y uni-dimensional. Even when the child uses 
Mus Priced, 3 ig or large’ this quality is still, as the case of 
position a perceptual data not susceptible of com- 
dimensi Q. OUIEES; and therefore again constituting à uni- 
d sqm gross quantity". Y 9 E 
sions cart condition to be satisfied before these perceptual 
e partition Le m true quantification, namely that there shall 
at this first sta es ace is even more impossible of fulfilment 
acceptance of th than is intensive graduation. Before there can be 
fore constr the notion of conservation of the liquid, and there- 
there eee ke of the notion of extensive quantity (see Glossary); 
compensated 3 understanding, that cvery increase in height is 
inversely pro pra diminution in. width, these two qualities being 
Increase in porsona, Yet even in the very simple problem of the 
clearly that ie number of glasses, children at this stage show 
iquid poured € are unable to grasp the fact that a quantity of 
remains tł rom one glass into two or threc smaller glasses 
he same. Composition by partition is therefore as 


1m . 
possible as by relations. 


Be 

tion oe the children who fail to gr 
necesite, we b and those who assume itasa physical and logical 
not uc Mika. a group showing an int 
second sta rily found in all children) which w : 
Worthy o ge. Two at least of these transr reactions are 
of TOHE a The first of these shows that the child is capable 
Poured ion t vem the quantity of liquid will not change when it 1s 
More glasse glass A into two glasses Bi and B2, but when three or 
conservati s are used he falls back on to his earlier belief in non- 
the notio on. The second reactions that of the child who accepts 
Section va of conservation when the differences 1n level, cross 
ere We kee are slight, but 1s doubtful when they are greater. 

ave some examples of the first type 

(A1 and A2)?— 


in these two glasses d A 
Instead of giving you your milkint 
c in the morning 


two (B1 and B2), on 
have most to ink, 


Edi (6-43. < 
Ye. wu Is there the same 
glass ( nio mummy says to you: 
and o. » Igiveitto you in these 
here (As) night. (It is poured out.) Where will you ha 
instead a) or there (B1 4B2)?—4t5 the same.— Thats righi 
in three ( giving it to you in these two (Br and B2), she gives it to you 
pouring A2 into C1, C2 and C3), one in the morning, 
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lunch-time and one at night. Is it the same in the two as in the three, 
or not?—It’s the same in 3asin2..., No, in 3 theres more.—Why?—... 
—(Br and Be were poured back into A1.) And if you pour the three 
(C1 + C2 4- C3) back into that one (A2) how far up will it come ?—(He 
pointed to a level higher than that in Ar.)—And if we pour these 5 into 
4 glasses (doing so into Cr 4 Co 4 C3 + C4, with a consequent lowering 
of the level) and then pour it all back into the big one (A2), how far 
up will it come?—(He pointed to a still higher level.) —And with 5?— 


(He showed a still higher level.)J—And with 6?— There wouldnt be 
enough room in the glass? 


Pie (5;0): “Is there the same amount here (A1) and there (A2)?— 
(He tested the levels.) Tes.—(A1 was poured into Br -- B2). Is there the 
Same amount to drink in th the other? —(He 
i » Which were higher than in At.) 
There’s more here.—Why ?—_Oh, Jes, it’s the same, And if I pour the two 
glasses (Br and B2) into these three (Cr + Co * C3), is it the same?— 

here’s more in the 3.—And if I pour it back into the 2?— Then there ll be 
the same (Bx + B2) as there (A2). 


Second type: 


Fried (655) agreed that Ar-— A92, Ay was poured into By -- B2. ‘Is 


cre as much lemonade as orangeade?— €5.—Why?— Because those 
(Br *- B2) are smaller than that (A2).—An 


aS well into two glasses (doing so into B3 -- B4, but putti re i 
than in B4), is it the same ?— There’ 
(B3 +B4 thus seemed to him more th 


» three’s more here (A1).—( 
Into several glasses C.) Its the same now as there (A2)? He finally decided, 


ge, because it’s the Same drink (i.e, Ay =Cr + 
C2 4 C34 C4 and A1 «A2). 


ould not necessarily 


n » 4S soon as the idea of the 
lts appearance, the child w 


" 


* 
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impression that the difference between them and the children in 
$2 is due merely to the fact that they interpret the question 
differently. The correct solution would then be the result of a kind 
of immediate identification and there would be no nced for a com- 
plex process of quantification. But the intermediary reactions of 
this second stage make it clear that this too simple interpretation 
is not valid. If the child hesitates, if he gives a correct answer 
When the variations are slight but does not assume conservation 
when the variation in shape is greater, it is obvious that he under- 
stands the question but is not convinced a riori of the constancy 
of the whole quantity. 
n being so, how are we to interpret the progress shown by 
ais defini at the second stage? The two conditions laid down in §2 
ior see he the transition from ‘gross quantity’ to true quantifica- 
Ai que asus to be fulblled, ; 
ceptual r Heras the child is attempting to co-ordinate the per- 
pertica ec involved and thus to transform them into true, 
that two relations. Whereas the child at the first stage is satisfied 
same pie a OGS of liquid are equal if the two levels are the 
second sta eia of the width of the containers, the child at the 
taneously, fus RET take the two relations into account simul- 
attempt at viti ut success, hesitating continually between this 
illusions, This r Tdination and the influence of the perceptual 
Children of the oum is already apparent in the most advanced 
Second period He stage, but generally speaking it 1s typical of the 
elon . Here we have some examples, of which the first 
85 to the earlier stage: 


aae (516): * Your brother Lucien has this orangeade (A, } full). Pour 
highe D amount for yourself into this glass (L).—(He filled L. to a 
n TE ie than that in A.) No, I’ve got too much (he poured some back 
No (bri was } full, i.e. the same level as in A).—Are they the same?— 
Y ringing L nearer to A and saying to himself): Who has the most?— 
hee who has the most?—(He pointed to A): It’s that one, because it’s 
a cU you must have as XN. as psa p added a little to 
and compared the two levels.) Zs too much. (He poured back the 
Contents of L and began again. He gave himself the same level as in A, 
then added a little more so that L was about 2 full.) Oh/ it’s too much! 
"ds not the same. (In order to arrive at hee v ed in L and A he 
then made the levels the same.)— You think you have the same amount 
to drink like that?—Yes.—(A was then poured into L'.)—04/ it’s 
more! (greatly astonished.)' Lac thus showed that he was still at the 
first stage, although his first reactions suggested the second stage. 

Edi (6;4). Glass A was $ filled. ‘Pour as much orangeade into this 
one (L) as there is there (A) .— (He filled L to the same level as that in 
A.)—Is there the same amount to drink?—Yes.—Exactly the same?— 
No.—Why not?— That one (A) is bigger. —What must you do to have the 


$ 
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same amount?—Put some more in (filling L).—Is that right?—Wo.— 
Who has more?— Me (pouring some back).—JVo, the other one has more 
(A).—(He continued to add more and then pour some back, without 
reaching a satisfactory conclusion).? "1 

Wir (730): ‘Can you pour as much into this one (L) as there is in 
that (A)?.—As much?—(He filled it to the same level.)—Are they the 
same?—Wo. (He added some to L till it was 3 full and then compared 
the levels.) No, it’s too much. (He made the levels equal again.)—Who 
will have most to drink?— Mummy (A), because the glass is bigger (adding 
some to L).—Now are they the same?— No, I’ve gol more (pouring some 
back).—Are they the same now, or has one of you got more?— Mummy 
(A), because she has a bigger glass. (He added some to L.) No, now I’ve got 
more. (He poured some back and again equalized the levels.) No, 
mummy has more now (no satisfactory solution).’ 


€ levels are equal that he attempts a logical 
€ relations of height and width, and when the 


esitating between them. . 
fi however, that even if the operation o 


"antity unless the height and 
permutated, A column of liquid whose height i 
width diminishes with resp 
equal, or less in volume th 
there is equality, the intensive graduation must be 
an extensive quantification, 
true proportion, and not merely a qualitative correlati 
the gain in height and the loss i fe 


be partition of some kind to s 
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Now it is during the second stage, and in close connection with 
the logical co-ordination just described, that the child begins to 
understand that a whole remains identical with itself when it is 
divided into two halves. Edi and Pie, examples of the first stage, 
stated this fact when A1 was poured into Br +B2, but this under- 
standing of partition is short-lived and discontinuous, like the 
multiplication of relations. As soon as B1 and B2 are poured into 
Ci 4 C2 4- C3, Edi and Pie no longer think there is conservation. 
“In three there's more’, they say, and Edi even goes so far as to 
think that the more a given quantity is sub-divided the more there 
will be of it. 

In conclusion, then, multiplication of relations and partition go 
hand in hand. Both of them make their appearance and begin to 
develop during this second stage, both are halted as a result of the 
same limitations. What then is the link that unites these two types 
of operation? The analysis of the third stage will provide the 
answer. 


S4. Stage III: Necessary conservation 


In the replies characteristic of the third stage children state 
immediately, or almost immediately, that the quantities of liquid 
are conserved, and this irrespective of the number and nature of 
the changes made. When the child discovers this invariance, he 
states it as something so simple and natural that it seems to be 
independent of any multiplication of relations and partition. Our 
problem is therefore to discover whether this independence is real 
or only apparent, and if the latter is the case, to determine how 
the various intervening factors are linked. 

Here are some examples: 


Aes (6;6). A, and A, were } filled, and then A, was poured into P, 
which was wide and low. ‘Is there still as much orangeade as there was 
in the other glass?—There’s less.—(A5, which was supposed to be his 
glass, was poured into P,.) Will you still have the same amount to 
drink now?—Oh yes! It’s the same, It seems as if there's less, because it’s 
bigger (=wider), but it’s the same.—(P, and P, were poured back into 
A, and Ag, and A, was then poured into B, +B,.) Has Roger got more 
than you now?—He’s got the same (definitely ).—And if I pour yours into 
4 glasses (A, into C, + Cy + C + Cy)?—JPU still be the same.’ 

Geo (6;6). Her glass was Aj, 4 full, and Ag, only 1 full was supposed 
to be Madeleine’s. ‘Who has more?—J’ve got more.—That's right. But 
Madeleine wants to have the same amount. She divides hers by pour- 
ing it into two glasses (C; +C,) and says: “Now I’ve got more, or at 
any rate the same amount as you."—Who has more now?—(After 
some thought) Js still me.—She then pours it into 3 glasses (C, +C + 
C,). Who has more now?—Still me.— Then she pours it into a lot of 


glasses (C1, C, and C were poured back into Ay, the contents of which 


c 
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; E 2-3 
Were then divided between 6 little glasses C). Who has — "er ET 
Madeleine has more, because it’s been poured into the other ae Mee ine i) 
put it all back into here (A5) where will it come up to? a oon St E 
No, Madeleine has less. I thought she had more, but she hasn't. ies iren 
more?—JNo.— (Glasses C were poured back into Ag, then As n oil fie 
into 8 little glasses.) And now?—No, it’s still the same. It's the hig iat 
time? Finally she was given two new glasses A, and Ay Both re it’s the 
and A, was poured into B; & By: ‘She has the same.—Are you sur 
Same?— Yes, it’s only been poured out.’ 


^ A n- 
Bert (7;2): “The orangeade (Aj, # full) is for Jacqueline, sae 
ade (A,, 1 full) is for you. Who has more P Jacqueline. —Y ou Maga ee 
(As) into these two (B, +B, which were then m Mo leues. 
It's still Jacqueline. —Why?— Because she has more. And if you p a lok 
(B,) into those (C, - C,) ?— 7p; still Jacqueline, because she has ial 
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height and width. In general, when children of this stage are 
confronted with the problem of glasses A and L, their answers 
show, unlike those of the earlier stages, correct co-ordination of the 
relations involved. 


Aes (6;6). Although he began by pouring into L (long and narrow) a 
column of liquid the same height as in A in order to obtain the same 
quantity, he very soon corrected himself: ‘Is it the same?— Yes, it’s the 
same height. . . . Oh no! that one (L) is narrower and this one (A) is wider 
(and he added more to L).” 

Geo (6;6) at once filled glass L 3 full to equal } in glass A: ‘Is that 
right?—Jt’s about right.—Is there the same amount to drink?— Jes, it’s 
the same.—NW hy ?—4Because it?s narrower here (L) and wider there (A).— 
What can you do to be sure it's the same (giving her the glasses) ?— 
(She took glass A, and poured into it the liquid in L: it was approxi- 
mately the same quantity as in A,.) 

Bert (7;2) began by filling L to the same level as in A, then added 
some more ‘because the glass is smaller: you think it’s the same, but it’s not 
true? x 

Eus (7;2) at once poured into L a column of liquid higher (1) than 
in A (1) and explained his action by saying: ‘Here (A), it’s lower, but 
it’s the same as there (L).’ 

Ela (730): ‘Jn this one (L) we must put more, because it’s narrower, and 


‘in the other there's more room because it’s wider.’ 


These children, all of whom show in other experiments that they _ 
recognize conservation of quantity, succeed without difficulty in 
the present experiment in multiplying the relations of height and 
width in glasses A and L. It should be stressed that this question 
of the relation between A and L was put to all our children before 
the questions relating to conservation of quantities. It is not, there- 
fore, the discovery of conservation which makes possible the 
multiplication of relations, but the contrary. Moreover, this 
question appears to be on the whole rather easier than that of 
conservation in general, since correct answers are given slightly 
earlier than those assuming invariance. This fact constitutes a 
further reason for assuming that conservation of quantities, even 
when it is affirmed categorically, as though it was an a priori judge- 
ment, presupposes a much more complex construction than would 
at first appear. - 

It is obvious that logical multiplication of relations is not 
sufficient to ensure the discovery of the invariance of whole quan- 
tities, and we shall now see why. When the child, after estimating 
the quantities from one point of view only, begins to co-ordinate 
the relations one with another, he does indeed construct a multi- 
dimensional whole, but it is a whole that remains ‘intensive’ and 
is not susceptible of ‘extensive’ measurement so long as the logical 
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children at this stage, presupposes a quantification wide enough 
to cover the case in which elementary relationships vary in 
opposite directions, and it therefore presupposes the discovery of 
* extensive? quantities. Indeed, if the child is to assume conserva- 
tion, he must not only be aware that when the width and height 
of the columns are the same the total quantity remains constant, 
but also that it remains constant in spite of the fact that the height 
increases and the width decreases. But this conclusion is imposs- 
ible within the limits of logical multiplication of relationships. 
How then docs the child succeed in going beyond these limits if he 
has no numerical data or measurements in the true sense? This 
is the problem that we must consider, and it is bound up with the 
whole question of the transition from intensive to extensive quan- 
tity. 

We might, of course, at this point, confine ourselves to saying, 
like Geo, that there is conservation because ‘it’s only been poured 
out’, or like Eus, because ‘it still comes from the same glass’. 
Conservation would then be identified with mere logical per- 
manence, without the intervention of mathematics. But in our 
view, it then becomes legitimate to ask why the child does not 
make this discovery before he reaches the third stage. Children 
of 4 or 5 know as well as older children that ‘it’s only been 
poured out” or that ‘it still comes from the same glass’, and yet 
for them the quantity varies. How is it that they do not see the 
final and initial states as being identical, whereas at 6 or 7 they 
will find no difficulty in doing so? 

The reason is that here a second process intervenes, one which 
is synchronic but distinct from the earlier one, its relations with 
which need careful examination, since they dominate the whole 
development of mathematical notions. It is the intervention of the 
notion of the ‘unit’, i.e., extensive quantification in the form 
either of arithmetical partition, or, which comes to the same 
thing, of proportions. 

To take a concrete example, when Aes tried to put into L a 
quantity of liquid equal to that in A (one-fifth full), he poured in a 
higher column and said ‘it’s the same . . . because this one (L) is 
narrower and that one (A) is wider’. What does this mean? If 
he was merely using logical multiplication, he could only conclude 
that the liquids in A and L were equal if the height of the one and 
the width of the other were interchangeable. Something more is 
therefore implied in his reasoning, the feeling of a definite pro- 
portion such that L lost in width what it gained in height, or that 
the height of A was to its width as the height of L was to its width, 
or, to put it more simply, that the increase in height when A was 
poured into L was equivalent to the decrease in width. 
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their value of asymmetrical difference. It is thus that proportion 
comes into being, through the combination of equality and 
asymmetrical relationship. 

In a sense, this proportion is already a partition, for the 
equating of the increase in level with the decrease in width means 
that the quantity as a whole is no longer viewed as a qualitative 
totality whose value changes with cach change of shape, but is 
structurized as a sum susceptible of division into units. The 
criterion is the following. There is arithmetical partition as soon as 
the elements of a whole can be equated with one another and yet 
remain distinct. 

Moreover, the equating of differences, which we have just 
stated to be the principle of extensive quantification, gives rise dur- 
ing the third stage to truly numerical partition, which is not only 
synchronic but complementary to the discovery of proportions. 
Thus for Aes, it is obvious that when A, is poured into 2B or 4C it 
still remains Ay, and although Geo is at first reluctant to accept 
6C as being equal to A, when he finally does so he generalizes 
and assumes that the same is true of 8C; etc. During the first 
stage, and during the second except in very simple cases of par- 
tition, this was not so. 

In order to explain this evolution we must understand that, for 
instance, half a quantity is not only a quantity which is equal to 
another quantity and which when added to it constitutes the 
original quantity, but also that it is equal to the difference 
between the whole and the other half. Without this second con- 
dition, the relationship between the half and the whole could not 
be understood and the notion of the whole would cease to exist 
after the division. Numerical partition is therefore essentially an 
equating of differences, like proportion itself, but in the case 
of A =B, +Ba the two halves B, and B, are seen as equal, 
whereas in the case of A=L, it is only the differences that are 
equated. 

In conclusion, we have shown the extreme simplicity, at bot- 
tom, of the process of quantification as revealed in the child’s 
discovery of the conservation of quantities. He begins—and makes 
no further progress during the first stage—by considering only 
unco-ordinated perceptual relationships of qualitative equality or 
difference, thus acquiring the notions of gross quantities and 
qualities not susceptible of composition. During the second stage, 
there begins a process of logical co-ordination, which is com- 
pleted at the third stage and leads to classification when there is 
equality and to seriation when there is difference, this seriation 
resulting in intensive quantities. Finally, the third stage is charac- 


terized by the construction of extensive quantities through the 
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equating of intensive differences and therefore through the arith- 
metization of logical groupings (see Glossary) 2 


the differences in height and width could be 
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oming width and vice versa, 


CHAPTER II 


CONSERVATION OF DISCONTINUOUS 
QUANTITIES AND ITS RELATION TO 
ONE-ONE CORRESPONDENCE? 


be repeated with discontinuous quantities that can be 

evaluated globally when the elements are massed and 
counted when they are separated. Sets of beads, for instance, can 
be used. If they are put into the containers used in Chapter I, they 
can serve for the same evaluations as the liquids (level, cross- 
section, etc.), and in addition they are material for a further global 
quantification with which children are familiar: that of the length 
of necklaces made from the beads. The evaluation of this length 
can thus be used in each case to check the quantification of the 
contents of the various containers used. On the other hand, when 
the beads are considered as separate units they can be used in 
operations of correspondence. If the child is told, for instance, to 
put beads into a container, one by one, at the same time as the 
experimenter is putting beads one by one into another container, 
he can then be asked whether the total quantities are the same, 
with or without identity in the shape of the two containers. 

In going on from the analysis of continuous quantities to that of 
discontinuous quantities we are therefore not merely checking our 
earlier findings. We are also making a preliminary study of the 
relationship between conservation of quantities and the develop- 
ment of one-one correspondence, which is, as is well known, one 
of the origins of number. We shall then be in a better position to 
approach the question of cardinal and ordinal correspondence as 
such. 

It should be noted that the stages we shall find here corres- 
pond exactly to those of the previous chapter. 


! | Jne experiments described in the previous chapter can all 


Sr. Stage I: Absence of conservation 


During the first stage there is no conservation of the sets of 
beads, just as there was no conservation of the quantity of liquid. 
The child not only thinks that the total quantity changes when a 

1 With the collaboration of M. Juan Jaen. 
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Port was then told to put a red bead into A, with her right hand 
every time she put a green one into A, with her left hand. After a 
moment she was stopped: ‘Have you got the same amount in the two 
glasses? —Yes.—(A, was poured into B.) Are they the same?—JVo, less 
there (B) and more there (A).—W hy ?—Because you poured them into a little 
glass? Etc. 

Gfe (530). There were as many red beads in A, as green ones in Ag: 
* They're the same.—Now listen, if I thread the red beads on one string 
and the green on another, will the necklaces be the same length?— Yes, 
both will be the same.—(He was told that the green beads were going to 
be poured into P.) Will there be the same amount?—4JVo. More green.— 
Why? Because they'll all be flat; they won't be one on top of the other. (As 
was poured into P, and Gfe declared that there were then more green 
ones in P than red ones in A,.)—And if we do this with the red ones 
(pouring A, into L)?— More red ones.—And if we make a red necklace 
and a green one, will they be the same?—4JVo, this one (red) will be longer, 
because there are more here (L)? 

Gfe was then told to put a large bean into V, every time the experi- 
menter put one into Va. ‘When we've finished, will we have the same 
amount, or not?—J'zs.—(V, was poured into L.) And now?— Three are 
more there (L) than here (Vs). Because it’s higher. They're long there (L) and 
here (Va) they're lying down.—But what difference does that make?—It 
makes more beans-—Why ?—Because they're in another glass.—And if we eat 
them, will there be the same amount?— More in that one (L). Etc. 

Roc (5;0). The red beads were in A, and the green in Ag: ‘Are they 
they same?—Yes.—If we make two necklaces . . . etc.?—The same 
length.—Why?—Because. there's the same amount of beads.—(Yhe green 
ones in A, were poured into L.)— T here are more green ones.—1f we make 


two necklaces?— 7 he green one will be longer because there are more.’ 


There is no need to quote further examples. Those we have 
given confirm our findings in the case of the conservation of 
liquids. As soon as the beads are poured from one container to 
another of different shape and dimensions, the child thinks that 
the quantity increases or diminishes, basing his estimate now on 
the level of the beads, now on the width of the glass, now on the 
number of glasses. In other words, as in the case of the liquids, the 
quantities are estimated merely from perceptual relationships 
unco-ordinated one with another. This initial lack of coherence 
explains both the continual contradictions in the various judge- 
ments of the child, and the absence of any criterion for con- 
servation. é 

On the other hand, however, these same examples make it 
possible to be more explicit with regard to certain points. As long 
as we were considering continuous quantities such as the liquids 
used in the experiments in Chapter I, we might perhaps have 
thought that the child's failure to see that there was conservation 
was due rather to physical than to mathematical reasons, since. 
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liquids might be imagined to contract or expand according to € 
shape of the containers. But when we come to Xp 
quantities, a new feature intervenes. In spite of the fact that the 
elements of the sets are discrete, the child thinks that they increase 
or diminish in number with the change in the shape of the set - 
passing from one container to another. Thus a set of beads pour 
from A to L is thought to produce a longer necklace if the beads 
are taken from L than if they are taken from A. The child does not, 
; Count the beads one by one, but as his estimate of the 
is in ter length of necklace, his attention is certainly 
the set is composed of discontinuous units. 
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you know?—Because we put both (=the two corresponding beans) . . . 
No, because the two glasses are the same.’ He was then told to put one bean 
in P each time the experimenter put one in L: ‘Does that make the 
same amount?—WNo, here (L) there are more.—W hy ?— Because its quite 
small ( 2 narrow) and there (P) it’s big.’ 


These interesting reactions are very characteristic of the first 
stage. Obviously, if there is no conflicting factor, the one-one 
correspondence between two sets ought to lead to equivalence of 
the corresponding sets. This is what we find at the second stage, 
during which the conflict is between the correspondence and the 
perceptual appearances. But at the first stage, quantification is so 
little developed that there is no conflict; perception completely 
over-rules the correspondence. Goc, for instance, thinks that Ay 
and A, are equal ‘because the two glasses are the same’ rather 
than because the two corresponding beans are put in at the same 
time, as if the first criterion were more reliable than the second. As 
for Bab, although he says ‘it’s the same’ each time the two cor- 
responding beans are put in, he disregards this estimate once L is 
half full, and judges only by the levels. Moreover, in spite of having 
counted six beads in both E and P, he still concludes that the 
necklace made from the beads in E will be longer, because in E 
there are ‘a lot, quite full’. Thus not only the one-one corres- 
pondence, but also the actual enumeration, seem to the child at 
the first stage to be less sure means of quantification than direct 
evaluation through global perceptual relationships (gross quan- 
tities). When he is required by his social environment to count up 
to a certain number, his counting is still only verbal and has no 
operational value. As for the one-one correspondence, it would be 
à great mistake, as we shall see in the following chapters, to con- 
sider it as being already a quantifying operation: itis as yet only 
à qualitative comparison. 


82. Stage II: Beginnings of construction of permanent sets 


As in the case of continuous quantities, we can distinguish here 
also a second stage characterized by intermediary solutions. In 
general, the situation is as follows. On the one hand, the child 
tends to think that there is conservation, either because the two 
sets are put into two identical containers (A; and Ag) or because 
the two sets have been built up by a one-one correspondence. But 
on the other hand, this tendency comes into conflict with the 
appearance of the sets, ie. with the difference in level, cross- 
section, etc. Two new features are then observable, as distinct 
from the reactions of the first stage. In the first place, there is a 
real conflict; the factors of conservation do not immediately give 
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way before the factors of change, and the struggle between the two 
is most instructive. Secondly, as a result of this conflict, the per- 


Here we have two examples in which the one-one corres- 
pondence does not intervene: 


Marg (556): ‘Is there the same number of beads (in A, and A,)?— 
es, the same.—Apnd if we made necklaces, etc, ?— The same length.— 
Why?—...-—AndifT pour this into that (A, into L)?—There are more 
there (Az).—Why?— Because it gels bigger here (pointing to the narrower 
column in L).—Where is there more?—Jn the big one ( =the wide one, 
A3).—And if we make two necklaces (with L and A3) ?—They ll be the 
same length. And if we pour these (L) into those (M, - M3) ? — There ll 
be more in the two little ones. —Why? — : —And if we make a necklace? 
(than with A,).—And before, 

when the beads were here (A, and A5) ?—The necklaces were the same 
length.—And if T Put those (A,) here (E, +E, +E, +E), will the two 
necklaces be the Same (i.e. 2 M and 4 E)?—No, ill be longer from the 


Ari (5,6): * They're the same (A, and AÀ5).—And if we make two neck- 
laces, etc.? T], same length.—And if we Pour these (A,) into that (L)? 
—Therell be more there (L).—Why ?— Because. it’s higher—And if we 


make two necklaces ?—T hey ll be the same length. — And if we pour them 
like this (A, into 4 E)?—Therell be more there (4 E).—And if we make a 
necklace? [rjr be longer? 
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indicate how many and varied are the operations that the child 
has to co-ordinate in quantification. On the other hand, the fact 
that the evaluations based on representation of the necklace are 
more correct than the others suggests that the notion of con- 
servation involves decomposition into elements. We shall now see 


whether this is borne out by the facts: 


_ Tis (531) put one bead into V, each time the experimenter put one 
into V,: ‘Are they the same?—Yes, because I put the same as you every time. 
—If we make two necklaces, etc.?—They'll be the same length, because 
there are a lot of beads, and you've got a lot as well.—(V was poured into 
L +M.) Are they still the same?—ZJn yours (L +M) there are a lot.—And 
in yours?—Vot many.—And if we make two necklaces, etc. ?— Yours 
will be longer; mine won't be so long.—MW hy ?—Because there are more beads in 
Jours.—But how did we put the beads in?— Two each time.—Then why 
have I got more?— 7 Aere are two big lots in yours, look.’ So far then, Tis's 
reaction is characteristic of the first stage, but we shall now sce the 
transition from this reaction to the conflicts typical of the second stage. 

Tis put one bead into L every time the experimenter put one into 155 
He counted each bead as he put it in and reached the correct total of 
12. L was then full, and Tis cried spontaneously: * [ve got more.—Why? 
There are more in mine.—And if we make two necklaces ?—This one (L) 
will be longer.—Why?—The glass is bigger, and that one (P) is smaller 
(pointing to the height).—But are there more beads?—Zn that one (L).— 
Why?—It’s bigger.—How did we put the beads in?— We put two every 
time.—Have we got the same, or have you more or less? —Both the 
same.— Why ?—Because we put two every time.—What will the necklaces 
be like?— Yours will be long and mine will be the same length —Why?— 
Because this one (L) is big, and mine (P) is little. You've got a lot of beads in 
yours.—And what about you?—JVot as many, but a lot all the same." It is 
clear that as soon as the child is reminded of the one-one correspond- 
ence there is a conflict between it and his perception of the dimensions, 
the former tending towards equality and the latter towards difference, 
with the result that no real synthesis is achieved. 

Von (5310) also failed to reconcile the correspondence with the 
perceptual relationships. When 11 pink beads were put into E and r1 
blue ones into P, one at a time, he said that they were the same, 
although E was full. ‘Why?—Because I counted, and I know it’s right.— 
And if we make a pink necklace and a blue one?— T here ll be the same 
difference for both, the same size necklace—How do you know?—4 counted. 
There's ihe same number of beads.—TYhen why are they like that here 
(pointing to the level in E)?—Yours (E) is round and thinner, mine (P) is 
round and bigger (with a gesture indicating the width).—Well?— They re 
the same, because I counted. We put in the same number; I put the same as you 
every time.’ 

Von then put one bead into G each time I put one into L. ‘Its the 
same in both.—W hy?— We put them in together. —And. if we make two 
necklaces?—Both the same.—Well why is L full and not the other?— 
Because here (L) it’s round and long, and there (P) it’s round and bigger 
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(=wider) and we put in the same amount.—( 1 

poured into another glass Gp, the same shape but smaller, which was 
then full.) Now what about this (L) and that (Gp)?— They re the same. 
—Why?— Because that one (Gp) is smaller (=lower) and flatter, and this 
one (L) is longer; it’s bigger and so theres more.—More what (Gp and L 


the quantity of beads) ?— More beads. 
And if we made two necklaces?— ou 


be longer.—And what about the pink 
one (Gp) ?—Shorter, because there are less beads? 


ere is obviously a Systematic co 


ies hr when he remembers the 
n thinks that the sets are equivalent. Even 
ecision appears to have been 
Xpress his ‘You have 

Botalot..., Pvenot got so many, b p doubt ( 


: í hat of Continuous quantities. 

is achieved ios the odd tlvalence and the apparent variations 
sre agan T v n nation of the relations in question, and 
multiplication whieh ination first takes the form of mere logical 
his is begun at the Tapidly develops into true Proportionality. 
Von, for e l second Stage and completed during the third. 
> xample, who begins by accepting the equivalence 
SERIE ag Sa Awan open cure 
of L. But his attempt at the Operation of multiplication of iue ad 


The beads in G were then 


c 


SSeS 


Se 


— 
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(‘They’re the same . . . because here (L) it’s round and long, and 
there (P) it’s round and bigger’), is as yet so ill-founded that the 
second time he does it he forgets to correlate the height of L with 
the width of the other container and suddenly decides that L ‘is 
longer and bigger and so there’s more’! 


$3. Stage III: Conservation and quantifying co-ordination 


Let us now examine how the intensive and extensive quan- 
tification begun during the second stage reaches completion. Our 
first examples are of reactions to questions involving conservation 
only, independently of correspondence: ; 

Lin (630) recognized the equality of A, and A,. ‘Suppose I pour this 
one (A,) into that one (L)?—J¢’/I still be the same.—And if I pour that 
one (L) into this one (G)?—Svill the same.—Will it really? —Of course, 
because there, in the little one (i.e. L, the narrow one), there's more (pointing 
to the height, and thus indicating that the increase in height com- 
pensated for the narrowing of the column). 

Jup (536). ‘Suppose I pour this (Ag) into those (M, +M,)?—It’s the 
same.—W hy ?—7 here's the same amount of beads.—How many glasses?— 
Two and one—Aren’t there more beads in the two?—JVo, because the 
two are smaller.—And if I pour them (M; +M) into these (E, +E, + 
E; + E4)?—The same.—And if we make a necklace with these (A,) and 
another neckalce with those (4 E)?—They’ll be the same.—And if we 
pour these (A) into that one (G) ?—J?^s just the same? ` 

Pel (6;0). Same replies. “Zs the same in the little glasses as in a big one.’ 


It is at once obvious that the difference between these answers 
and all those given earlier lies in the fact that the child no longer 
needs to reflect in order to be certain that there is conservation of 
the total quantities: he knows it a priori. At first sight, therefore, is 
might seem that the notion of the invariance of the whole results 
merely from a global judgement, counteracted hitherto by per- 
ceptual factors, but standing out plainly once the perceptual 
factors are overcome. Yet the arguments used by these children 
show that the co-ordinations of relations achieved during the 
preceding stage are still the essential factors, but are now a single 
act instead of being constructed step by step. Lin, for example, 
simply says ‘in the little one (L) there is more’ to justify the total 
invariance of which he is convinced. Similarly Jup at once sees 
that the whole remains constant when divided into two parts, 
“because the two are smaller’. 

In order to see the real significance of the discovery of the 
invariance of wholes—which is a decisive stage in quantification— 
it is therefore essential to make a further analysis of the operations 
of co-crdination involved in the earlier reactions. It is, however, no 


D 
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longer sufficient to oppose the one-one correspondence to the 
changes in shape, since at this stage the factor of equivalence ov : 
rides that of change. Our technique will therefore be to d 
extent modified. We shall give the child two sets of pex. 
shapes whose equivalence he cannot check, and we shall ask e 
whether he thinks they are or are not equivalent, afterwar : 
checking by one-one correspondence, with retrospective explana 
tion, the hypothesis he makes. Here are some examples: 


Sum (6;10) compared glasses I, and P 


without having counted or made the correspondence between me 
beads. ‘Are they the same or not? — +.» —How can we find her 
There are more in that one (P).—Why?—Because it's bigger. You can't pr 
as many in this one (L)." . 

L 


and P were emptied, and Sum put one bead into L each time 5 
experimenter put one into P, * They're the same.—W hy ?— That one et 
is bigger, but it's not full, and this one’s narrower but its quite full—How 
you know they’re the same ?— Because we put them in together." d 

Sum was then given glas G containing a single layer of beads Ad: 
Was asked to put the same number in L. He filled L 3 full and sai d 
* I don’t know how to do it, I think there are more there (G).—(We then fille 
up L.)—I think they're the same.—Why?—That one (G) is bigger, but if we 
made it long (making as t| 


hough to elongate G and so to make the beads 
vertical), it would be the same as there (L)? 


Lea (737) compared L and P (16 beads in each): * Here (L) there are 
more, they re higher. —Well?. 


—It’s not so wide, but it’s higher. That one (P) 
is wider, but it’s smaller. But if we filled it, it would make more beads. —Why? 
—Because it’s wider. —Explain how.—Jf we cut it (L) in the middle and put 
the two bits there (in P), it would still be not so wide. —Why ?— Because it’s 
very narrow.’ 


(each containing 18 beads) 


tied, and the beads put in one by one. * They're the 
same.—Why ?—Because we put them in A 
?. 


together each time.—But there (L) 
1 f — lf I emptied this one (P) into that one (L), or that 
one (L) into this one (P) they'd be the same. Why ? If I put those (the beads 
in P) in a pile they'd be the same Well 3 "Thin? one (P) is wider, it holds a 
but here (L) the glass is narrow, so it 
up? 


each time the experimi 
How do you know? 
time and we finished at the . 
narrow, but it’s higher, and this one 


They're both the same.— 
er; we began at the same 
(L) narrower?—It’s 
5 bigger. : 

4 E) a quantit l to that in 
el that was i i ae 


t 3G. “How do you know? 
See where it comes up to.— 
by “where” ?—I lay the glas 


5 (E) on it; s i What do you mean 
s on us side, and the — 
more here (G), because there's still some room left? n I can see that the 


S, then, after i 
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in one than in the other—Why?—Because there (P) it’s wide. and here (L) it’s 
high? Similarly, he compared E and G, and discovered the exact 
relationship. ‘How did you find out?—By looking! I lay that one (E) on 
its side, and when I do that I can see that there's some room left." 

Chai (7:8): * There (L) you have to put them one after the other ( ^ put the 
beads one on top of the other), because it's narrow, but here (P) you can put 
a lot at once in a row (horizontally. In the case of glasses E and G, Chai 
estimated that the contents of E would reach half-way up G. *Why?— 
That one (G) is twice as wide (as E), so if I put them in once, they make just 
one row; that's half, and then we can put another one.’ 

„Gar (8;2): ‘There (P), they're close together, in a heap.—Well, what 
difference does that make?—Here (P), they're spread out. If I put them close 
together, they'd be the same as there (L)." : 

or (8:6): * That glass (P) is wider, it goes out more at the sides, so they 
don’t go up so fast (as in L). In comparing G and E, Kor said at once 
that G contained more than E. * Why?—Àf we wanted to make it (G) 
narrow and high, it would be as narrow as the other (E) but higher.’ These 
remarks were accompanied by gestures indicating that by compressing 
De broad column in G we could make a narrow column like that in E, 
ut taller. 

Gui (9;0): ‘In the little glass (L), theres only one bead on another (cf. 
Chai), and there (P), there are more at a time: there are only two layers, but it’s 
the same (as in L). In the case of E and G, ‘It goes 4 times.—How do you 
know?—I cut it in the middle, and then again. I make quarters, I fill up each 
quarter and then I see that it goes 4 times? On the other hand, Gui thought 
G was bigger than L, as a result of the following reasoning: ‘J cut it (G) 
into lines (the last gesture he made to illustrate what he meant showed 
the circumference of G divided into 4 sections each corresponding to 
the Width of L), and then afterwards I compared with that one (L). I put it 
like that (L on its side) and then measured with one portion of it (L divided 
into two unequal parts, one of which corresponded to the width of G). 
He was therefore comparing the width of G with the height of L. As for 
the width of L and the thickness of G, he finally made the following 
Comparison: ‘J cut this one (G) like that (into two layers), and I saw that 
that layer is Just right if we cut that one (L) in two (lengthwise).’ Hence half 
a column in L was equal to one layer in G! 


These various methods of comparison—all of them discovered 
Spontaneously by the child—enable us both to verify the inter- 
Pretations of the previous chapter and to see the problem of 
Correspondence more clearly. 

ith regard to the first point, it will be remembered that as 
Soon as the child is capable of co-ordinating differences in height 
and cross-section, in a ‘multiplication of relations’ that leads to 
Intensive quantification, he is also capable of equating the 
differences and therefore of achieving extensive quantification. 
But in the case of continuous quantities, all that we could observe 
was that the child grasped the inverse proportion between the 
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height and cross-section of two columns of liquid, or the partition 
of a given quantity into two or more unit-glasses. In the case of 
discontinuous quantities, however, the reactions at this stage 
provide evidence which is both more significant and more precise 
as to the origins of extensive quantification. 

In the first place, it should be observed that each of these 
reactions, like those quoted at the beginning of this section, has as 
its starting point logical multiplication of the relations of height 
and cross-section. In order to remove the contradiction between 
the one-one correspondence of the elements of the two sets and the 
apparent variations, the child at once assumes that the latter 
constitute a whole. Thus for Sum, P is ‘bigger but not full ^ while 
L is ‘narrower but quite full’, and for Lea, L is ‘not so wide but 


higher’, etc., each relation being multiplied by another, usually its 
inverse. 


But as was clearly apparent when the comparison between L 
and P was made wi 


: r ithout the equivalence of their contents being 
previously verifi 


ousl ed, such an operation is quite inadequate for the 
constitution of th 


> y Lea says that P is ‘wider’ than L and 
consequently holds a lot’, with the result that the height is less, 
but that if we put them in a pile they'd be the same’, Again, Gar 
says: HT put them (P) closer together they'd be the same (as 
L)’ and Kor: ‘If we wanted to make it narrow and high, it would 
be as narrow as the other but higher’, etc. In a word às soon as 
the perceived differences perationally, they are 


n are co-ordinated o 
measured one against the other, each increase in cross-section 
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being equated or compared to the concomitant decrease in height, 
and conversely. , 

Most of the children at this stage show clearly that this pro- 
portion, which constitutes the beginning of extensive quantifica- 
tion, goes hand in hand with arithmetical partition, as we, 
assumed in the previous chapter. For instance, for Lea, L contains 
more than P (when P is full), because ‘if we cut it (L) in the 
middle and put the two bits in there (P), it would still be not so 
wide’, and Chai divided the height of G into two, and equated 
each section to E. The case of Kor, who was older, shows how far 
such decomposition can lead in the absence of any enumeration 
of the elements. ; 

Generally speaking, it can be seen that these proportions, this 
equating of differences and these numerical partitions come into 

ing as a result of the inverse operations which the child can now 
perform, precisely because the transformations hitherto considered 
to be mere perceptual relationships have become ‘operational , 

hen, for instance, Lea says ‘if I emptied this one (P) into that 
one (L), or that one (L) into this one (P), they'd be.the same’, he 
is expressing the reversibility characteristic of any logical, mathe- 
matical operation, and it is this reversibility that makes possible 
the notion of equalization and decomposition. This is clearly 
illustrated in the case of Dur, who says: ‘I fill it in my mind and I 
Can see where it comes up to’ and ‘I lay the glass (E) on its side, 
and then I can see that there's more here (G), because there’s 
still Some room left’ (cf. also the cases of Ler, Gar, and more 
Particularly Gui). 
he conflict between the one-one correspondence and the per- 
Ceptual relationships thus comes to an end only during the third 
Stage, with the triumph of correspondence over perception. But 
What is the connection between one-one correspondence and co- 
ordination of the perceptual relationships? i ; 

So far, we have approached the problem from one point of view 
only. We have considered the progressive co-ordination of rela- 
tions merely as the means by which the child explains the changes 
In shape of the sets from the two angles of intensive and extensive 
quantification, and thus reconciles these changes with the invari- 
ance of the corresponding sets, the correspondence thus being 
viewed as the initial reason for the invariance. But one consider- 
able difficulty still remains: how is it that it is not until the third 
Stage that the one-one correspondence implies lasting equivalence 
In the sets, and that during the first two stages it is inadequate to 
Override perceptual appearances? As far as the first stage is con- 
cerned, it might be argued that since co-ordination is lacking, the 
Perceptual relationships make so firm an impression on the mind 
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that the equivalence is conceived of as not lasting. But during the 
second stage, co-ordination of the relationships does take place, 
and yet the equivalence still does not triumph over perceptual 
appearances. 

The truth of the matter may be that co-ordination of the 
relationships occurs as Soon as correspondence itself has been 
constructed, and that the mechanisms involved in this evolution 
form a much more integrated whole than has hitherto appeared. 
It may in fact be that the correspondence that leads to lasting 
equivalence is not the same operation as the one-one corres- 
pondence without lasting equivalence between corresponding sets. 
If by further experiments it were found possible to distinguish 
between these two forms of correspondence, it would then be 
natural that the perceptual correspondence of the first stage 
should be subordinated to the apparent changes, and that only 
the correspondence of the third stage should develop into co- 
ordination of the relationships, because the latter are already 
implied in it. The intermediary stage would then be merely the 
period during which the correspondence itself is being organized. 


The two chapters that follow will provide the answers to these 
questions, 


PART TWO 


CARDINAL AND ORDINAL 
ONE-ONE CORRESPONDENCE 


CHAPTER III 


PROVOKED CORRESPONDENCE AND 
EQUIVALENCE OF CORRESPONDING SETS 


confronted with the problem of correspondence. To compare 
t5 two quantities is indeed either to compare their dimensions, or 
ACE à one-one correspondence between the elements. As a 
: t ofthe work of Cantor, the second of these processes has been 
cen to be fundamental to the construction of the integer, since it 
Provides the simplest and most direct measurement of the equi- 
valence of two sets. The fact that the discovery of this operation 
came so late is due, as Brunschvicg clearly proved, to its very 
Primitive character. Both counting on the fingers and the exchange 
of one Object for another are indications of the considerable part 
played by correspondence in the synthesis of number. 

Yet although one-one correspondence is obviously the tool used 

Y the mind in comparing two sets, it is not adequate, in its 
Original form or forms, to give true equivalence to the corres- 
ponding sets, i.e, to give each set the same cardinal value, which 
I$ seen as constant as a result of the correspondence. As we saw in 
the previous chapter, either the correspondence is held in check 

Y perceptual factors, or the correspondence itself develops from 
mere global correspondence between configurations into truly 
quantifying correspondence, which issues in necessary equi- 
valence and thus in cardinal invariance. We shall now proceed to 
examine the question of the possibility of such development of 
Correspondence. 

. We must first make a distinction between two kinds of situa- 
tions in which the child is led to discover or to make the one-one 
Correspondence. On the one hand, there are those cases in which 
he is required to assess the value of a given set of objects by com- 
Paring them with objects of the same kind. For instance, if two 
children are playing marbles, and one puts four or six on the 
ground, his partner will want to put one opposite each of them 
and thus obtain an equivalent set, without needing to be able to 
count. This correspondence between like objects raises the whole 
problem of cardination, and we shall therefore leave the analysis 

41 


E analysing the beginnings of quantification, we find ourselves 
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of it for the next chapter, in which we shall deal with me on 
struction of spontaneous correspondence in general. On t wr. 
hand, there is an even simpler situation, which we € Es 
study, namely, correspondence between objects that are "E. 
geneous, but qualitatively complementary, a correspondence w. A 
is thus, as it were, provoked by external circumstances. ae 
meal, for instance, the child might be asked to put an egg in E of 
Ss-cup, to put a glass Opposite each bottle, or a flower in cac 


À : $ ; [2 
the little vases, etc. We must also include in this category th 
exchange of one object fc 


Sweet for each penny, etc. In this ch. 


shall Study one-for-one «xchange without counting aloud, and in 
84 with counting aloud intro 
duced the results are 1n no way different from those of the experi- 
ments in $1 to 89, 


cll; there they are. Take off the tray 
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^s can do no more. Mistakes occur in fact only with children of the 
rst stage (4—5 years). The correspondence can be made easier by 
getting the child to empty the bottles into the glasses, each bottle 
Just filling one glass. Once the correspondence is established, the 
x glasses are grouped together and the child is again asked: ‘Are 
< NT are many glasses as bottles?’ If he says ‘no’, he is then asked: 
1 here are there more?’ and ‘Why are there more there?’ The 
E asses are then rearranged in a row and the bottles grouped 
ogether, the questions being repeated cach time. 


I. Stage I: No exact correspondence and no equivalence 

= Bon (4:0): ‘Look at all these little bottles. What shall we need if we 

i E to drink?—Some glasses.—Well, there are a lot here (putting them 
n the table). Now put out enough glasses for the bottles, just one for 


ch (He took the 12 glasses, but put them close together, so that the 
bottles made a rather longer row.)—Where are there more?— There 
He made the 


Pr bottles).—Well then, put one glass for each bottle.—( 
th glasses into a row the same length as that of the 6 bottles.) —Are they 
he same?—Yes.—(The bottles were then put further apart.) Is there 
the same number of glasses and bottles?—Yes (but he spread out the 
glasses a little more.)—(The bottles were then put still further apart.) 
au s are only a few here (the 12 glasses), and there (the 6 bottles) there 
alot? 
wie (4:0) began by pouring the contents of each bottle into a glass. 
en he came to the 4th bottle he suddenly saw that he could not make 
the 6 bottles correspond to the 12 glasses, and cried: * There aren't many 
bottles—Then you can take some glasses away.—(He left 7 glasses for 
6 bottles, putting the glasses rather closer together.)—Is there the same 
number of glasses and bottles? —Yes.—(One glass was then put in front 
of each bottle, so that one could be seen to have no corresponding 
bottle.)— Well have to have another bottle.—(He was given one.) Is it 
right now?—(He so arranged them that the first bottle corresponded to 
the second glass, and so on up to the 7th bottle, for which there was 
thus no glass.) No, here there's a glass missing, and there there's a glass that 
hasn’t a bottle-—What do we need then?—One bottle and one glass.—(He 
Was given them, but he put them opposite one another and never made 
the correct correspondence.)’ 
Car (5;2): ‘Arrange them so that each bottle has its glass. —(He had 
taken all the glasses, so he removed some and left 5. He tried to make 
these correspond to the 6 bottles by spacing them out so as to make a 
row the same length.) Is there the same number of glasses and bottles? 
Yes. Exactly ?— Yes.— (The 6 bottles were then moved closer together 
so that the two rows were no longer the same length.) Are they the 
same?—JVo.—Why?— There arent many bottles —Are there more glasses 
or more bottles ?— More glasses (pushing them a little closer together.) 
—Is there the same number of glasses and bottles now?—Yes.—Why 
did you do that?—Because that makes them less.’ 
These reactions are those of an earlier stage than that of cor- 
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6 : ; i s 
respondence in the true Sense, a stage at which evaluation take 


place through global comparison of the length of the sets in 


question. The case of Car shows this very clearly. He thinks that 


^ ix 
a row of five glasses contains more elements than a row of s 


bottles that are closer together, 


follows that the notion of 


itation the one-one ae 
ut although they are certain tha 


€ another, they cease to believe in 
WS are no longer of equal length. 

Hoc (433): “Look, imagine that these are bottles in a café. You are 

you have to take some glasses out of the cupboard. 

3; ass.’ He put one glass opposite each bottle 

and ignored the other glasses. ‘Is there the same number ?—Yes.— 

grouped together.) Is there the same number of 

"nue here are there more?—There are more 

, Were put back, one Opposite each glass, and the 

glasses were then grouped together, ‘Is there the same number of 


glasses and bottles? — Vo. ; here are there more?— More bottles.— 
y are there more bottles? Just because.’ 

Mog (434) estimated that he needed 9 glasses for the 6 bottles, then 
made the one-one correspond 


ence and removed the 3 that were left 
ntaneously ; ‘No. i 


5 > 1 wasn’t the right number.—And are 
ented Ww ?—Yes.—(The glasses were put closer together and 
the bottles spread out a little.) Is there the same number of glasses and 

l ere are there more?— Th 2 

Gin (451 1): "Take ere are more bottles. 


just enough l i e 
for each. —(He took all the glasses) Do yous tray for the bottles ma 
ber?—No.—Take 


away th 9 you think it’s the same num- 
€ extra ones then.— He made the one-one 
ete pondence merely by loo Ing at them F left 
tray without counting.) > 
them so that we can 


. There ar th E 
bottles. Why ?— Because there Tenere more 
bottles).—(The glasses were 
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together.) Are they the same?—JVo.—Where are there more?—Here 
(the glasses).? * 

Gal (531) made 6 glasses correspond to 6 bottles. The glasses were 
then grouped together: ‘Is there the same number of glasses and 
bottles?— Vo, it's bigger there (the bottles) and smaller here (the glasses).— 
(The bottles were then grouped together and the glasses spread out.)— 
p ow there are more glasses.—Why ?—Because the bottles are close together and 
te glasses are all spread out.— Count the glasses.—r, 2 . . . 6.—Count the 
bottles.—z, 2 . . . 6.—They’re the same then?—Yes.—What made you 
say they weren't the same?—It was because the bottles are very small? 
Oa (5:3) made the correct correspondence between bottles and 
glasses, but only after estimating at a glance that he would need 2 
|y glasses. ‘Were they the same?—4,Vo, there were too many glasses.— 
on are they the same now?— Yes, they're the same.—(The glasses were 

€n grouped together and the bottles spread out. )—Are they the same? 
—No, because that’s bigger—Can you count?—Yes.—How many glasses 
are there?—Six.—And how many bottles?—Six.—So there's the same 
number of glasses and bottles?— 7 Aere are more where it’s bigger." 

Os (5:10) at once made the correspondence: ‘Is there the same 
number of glasses and bottles?—Yes, I've counted them.—(The glasses 
Ts then grouped together.)—Is there the same number of glasses and 
etl ?—No.—Why ?— Because there are a lot here (bottles) and only a few 

tere.— (The bottles were grouped together and the glasses spread out.) 
Are they the same now?—JNo.—Why?— Because here (glasses) it’s a lot 
and there it?s only a few.’ 
tt u (539) poured the contents of the 6 bottles into 6 glasses and put 

he glasses in front of the empty bottles. “Is there the same number of 
bottles and glasses?—Yes.—(The bottles were grouped together in 
front of the glasses.) Are they the same?—JVo.—Where are there more? 
— There are more glasses.—(The reverse process then took place.) And 
now?— There are more bollles.—What must we do to have the same 
number?— We must spread out the glasses like this, no, we'll need some more 
glasses,’ 

Fra (6;3). Same reaction: when the glasses were grouped together, 
there were more bottles, and vice versa: ‘ There are more because they're 
not spread oul.’ When finally he was told: ‘Make it so that they’re the 
Same’, he reconstructed the one-one correspondence. 


Such are the reactions of the second stage. The first point to 
notice is that all these children are capable of making the one-one 
correspondence, but that as soon as the visual correspondence is 
destroyed, the quantitative equivalence and even the qualitative 
correspondence no longer exists for the child. It is as though, for 
the child, quantity depended less on number (a notion which, if 
our hypothesis is correct, is still only verbal, although the child can 
count correctly) or on the one-one correspondence between the 
objects, than on the global appearance of the set, and in particular 
on the space occupied by it. Even Miil, for instance, who could 


46 CARDINAL & ORDINAL ONE-ONE CORRESPONDENCE 


count, thought that ‘there are more where it’s bigger’, although 


o - 
he had counted that there were six glasses in the group and six 
bottles in the row. ` 


It might be argued that the mistakes are due to lack of under- 
standing of the words used. May it not be that the child does 
recognize that the number of bottles and glasses remains the same 
when one set is grouped together, and that when he says ‘there 

| are more’ he is merely expressing the idea that the shape of the set 
has changed and the Space it occupies is greater? It is precisely 
because of this possibility, and because of the difficulty of ensuring 
that there shall be no verbal misunderstanding that we shall give 
a wide variety of examples and situations in the course of these 
two chapters. By continuing our analysis in the light of further 


facts we shall be able to choose between these two interpreta- 
tions. 


tities, but frequently he is 
or ‘there are more bottles’ cf. H ^ 

Medie ame Aes & es ies Gin, Du, Fu, etc.). Os 
Mii, is finally convinced of the j £ 
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discovering that they contain the same number of elements, makes 
the position quite clear. He begins by saying ‘it’s bigger here’, 
Which he then translates into ‘there are more glasses’, and goes on 
to say that when the bottles are grouped together they ‘are very 
small’, This last statement can only mean that the child had 
expected that the actual quantity would decrease, and on finding 
that the number of elements remained the same, reconciled this 
permanence of the number 6 with the contraction of the space 
Scupied, by reducing the size of the elements. . 

her the third place—and this seems to us the decisive argument— 
Monde correct answer is arrived at, it is clear what the child ey: 
disc ing earlier. We shall see that, at the third stage, the chi 

‘or uh and states explicitly, that the fact of grouping together 
a D ME out the elements in no way affects their number. This 
calevement is characteristic of the higher level, whereas before 
x, level is reached, spatial alterations appear to the child to 


a TEIG 
lect the quantification of the clement. 


HI, Stage III: One-one correspondence and lasting equivalence of corres- 
bonding sets 


co ere Are two examples of correct answers, which will serve for 
™parison with the answers given earlier: 


Pel (536) began by puttin: lasses opposite 6 bottles, then added 
eae glass: “Are dc de wet fie SAU now (grouping the glasses 
jSether) ?— Yes, it’s the same number of glasses.—Why?— That. hasn't 
Changed anything.—And if they're like that (grouping the bottles together 

Spacing out the glasses) ?— Yes, it’s the same.’ 

th au. (632) made 6 glasses correspond to 6 bottles. The glasses were 

en grouped together: ‘Are they still the same?—Yes, it’s the same 
number of glasses. You've only put them close together, but it’s still the same 
number. — And now, are there more bottles (grouped) or more glasses 
{spaced out)?—They’re still the same. You've only put the bottles close 

ether? 


It is clear that for these children, once the sets have become 
Equivalent through the one-one correspondence, they remain so, 
irrespective of the arrangement of their elements. The difference 

etween this and the earlier stage is brought out most obviously 
by Lau, for whom the number of glasses remained the same 
because *you've only put them close together’. These answers 
indicate that the quantities remain equivalent although um space 
Occupied changes, which suggests that earlier on, the pio M or 
the child was to know whether the number aci wi the Con 
figuration. The operation of one-one correspondence vi us 
constituted, and triumphs over mere intuitive or optical com- 


parison. 
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We can now proceed to examine the significance of the three 
stages we have just described, or at least to state our hypotheses, 
which will be tested in the experiments of the following section. 

As far as the first stage is concerned, the situation is clear. The 

child confines himself to a kind of global comparison, without one- 
one correspondence, merely making a spatial evaluation (length 
of rows, etc.). The third Stage also is perfectly clear: one-one 
correspondence and lasting equivalence between sets. The 
explanation of the second stage, therefore, seems to lie in the fact 
that it is the transition between the two others, and the reactions 
of the children at this level must be taken at their face-value, 
without attempting to translate their thoughts in terms of higher 
concepts. For them, there is quantitative equivalence between two 
sets when there is one-one correspondence, but this correspond- 
ence is perceptual, or intuitive, thus involving a perceived contact 
between the corresponding elements. In the examples we gave 
this perceived contact was visual, but it might equally well be 
auditory or tactual. Precisely because of this limitation, once the 
contact is no longer perceived, the correspondence ceases to exist 
for the child, and the only criterion for evaluation remaining to 
him is the global, spatial criterion of the previous stage. Miil, for 
instance, although he can count up to six, says ‘there are more 
where it’s bigger’, 

What does the child who know. 


: $ that there are six glasses and 
six bottles mean, then, by the expression ‘there are more’? And 


es the child mean by expressions 
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correspondence; the second is that of the change from this intuitive 
correspondence to operational correspondence with lasting 
equivalence. Further examples will, however, be necessary before 
these problems can profitably be discussed. 


§2. Correspondence between flowers and vases, and between eggs and egg-cups 


It seems obvious that the closer the one-one correspondence 
between the elements, the more lasting the equivalence of the 
corresponding sets will be. If therefore, a flower is put into a vase, 
or an egg into an egg-cup, the link between the corresponding 
elements will be closer for the child than when a glass is merely 
put opposite a bottle. He will therefore have less difficulty in 
understanding that the quantity of flowers or eggs remains equal 
to that of vases or egg-cups when the flowers or eggs have been 
taken out and piled together. . 

This is an important situation from two points of view. In the 
first place, it provides further evidence of the correctness of our 
interpretations, for if the same children answer the same questions 
better when the correspondence is intuitively closer, they show 
that it is not a matter of verbal misunderstanding, but that the 
quantifying value of the correspondence is greater or less accord- 
ing to the content of the particular problem. In the second place, 
the difference in the degree of case with which the questions are 
answered will enable us to analyse the answers better than if 
EH were a general lack of understanding on the part of the 
child. 


The technique used was as follows. In the case of flowers and 


Vases, the child's interest was first aroused by a little game: ‘What 
Shall we put into these vases?—Some flowers—Then we must g0 
and get some from the garden, one flower for each vase, as many 

Owers as vases.’ A number of flowers were then put before the 
child, more than there were vases, and we observed how he made 
the correspondence. He either put one flower opposite each vase, 
or made a more or less compact row the same length as the row 
of vases. He was then asked to check his result by putting one 
flower into each vase, thus obtaining a one-one correspondence. 
The flowers were then taken out and bunched together (or the 
Vases grouped) and as before the child was asked whether there 
was still the same number of both. In the case of eggs and egg- 
cups, the technique was the same, but ‘in addition the eggs were 
clustered first close to the egg-cups, and then some distance away, 
in order to test whether optical contact does in fact affect the 


estimate of equivalence. 
E 


| 
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I. Stage I: Global comparison without one-one correspondence or lasting 
` equivalence 


Here we have some examples of children who merely made a 
row of flowers the same length as the row of vases: | 


Fum (4;4) began by taking the flowers one at a time, looking at e. 
vase in turn, but he was only able to keep this up for a few gag --— 
then made a global estimate. * Are they the same?—Yes.—Try them _ 
and see.— (He put the flowers into the vases and found that he d J 
short.) I need some more flowers there (adding them).—And now are thi 1 e 
the same?—Yes.—Now we'll take the flowers out for a minute arce 
change the water (closing up the cases and spacing out the flowers). Is 
there the same number of vases and flowers?—There are more flowers. * 
Try them.—(He spaced out the vases.) No, they're the same.— (The va E 
were again closed up.)—There are more flowers. —Why ?—Because there d a 
flower here (pointing to a flower which wasn't opposite a vase).—Do ie E 
think all the flowers will go in?—J think we'll have to take those away ( the E 
two flowers that were beyond the end of the row of vases). PU n É 
flowers in quickly. (He did so, and finding that he needed the two he h 


taken away he added them).—Now we'll change the water again, shal 
we? (The flowers were agai 


put the flowers back in th ou 

not?—I think they're the same. -No, there are too many vases.—Well then, y' 

do it yourself so that they’r 

you think that’s right?— Yes, I think that’s 
Gui (4534) put 13 flowers close to: 


Dinas: 
—Where are there more? 2 | 
the flowers back into the vases, will ther! 


—Yes.—Why?— Because there arz enough.— 
osed up and the flowe 


TS spaced out.)—And now?— 
There are more flowers? P ) < | 
Here are three examples of reactions at this stage to eggs and jJ 
egg-cups, the most primitive of them s i 


case of the flowers) that the [5 
idea that the original Situation 


Fra (453): ‘Take just enough egg 
not less, one egg for each cup.—(The child made a 
but containing far too many eggs.) Is there the same number of eggs 
and egg-cups?—-Yes.—Well then, put the eggs in, to see whether they’re 
right.—(He did so.)—Were they the same?— No. Are they the same 
now ?—Yes (removing the extra eggs). Now we'll take all the eggs 
out (making them into a heap in front of the eg, cups). Are they the 


3 for the €88-cups, not more and 


row the same length 
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same now?— Vo. —Why?— Tere are more egg-cups.—Are there enough 
eggs for the egg-cups?—J don’t know.—(The egg-cups were put closer 
together and the eggs spread out.) Look, now is there the same number 
9! eggs and egg-cups?—JVo, there are more eggs.—Are there enough egg- 
Cups for the eggs?—No, I don’t know.’ 

u (439) also began by putting opposite the egg-cups a row of the 
Same length but containing too many eggs. He then put the eggs in and 
removed the extra ones. He himself then took out the eggs and made a 
Pile of them in front of the egg-cups. ‘Is there the same number of eggs 
, and €gg-cups?—7JVo, there are a lot of egg-cups and less eggs.—Are there 
. “ough eggs for the egg-cups?—JVo.' All the eggs were then removed 

~ and (for 7 egg-cups) only 4 were put back, well spaced out. ‘Are there 
enough eggs for these egg-cups?—Yes (the length of the rows was the 
Same).—Put them in yourself, to see.—(He put them in and seemed 
very much surprised that there were not enough.)—And now, are they 
the same (having removed the 4 eggs and put opposite the 7 egg-cups 
Sk of equal length, but composed of 12 eggs).—Yes.—Exactly ?— 

55.—If we put them into the egg-cups, will there be any over?—JVo, 
they'll all go in.—T ry it. —(He was again very much surprised.) There are 
Some left over!” With only 3 eggs, widely spread, for 7 egg-cups, Zu 
replied correctly that ‘ There'll be some empty egg-cups,’ but with 5 eggs 
Spaced out he again thought that they would exactly correspond! 


It is clear that these children were not capable, by themselves, 

oF making the one-one correspondence, and that they would not 
ave discovered it if they had not been forced to da so by the 
relations between container and content as exemplified by vases 
and flowers or egg-cups and eggs. As for the equivalence of the 
‘wo sets, it is obviously entirely based on a perceptual com- 
Parison of the length of the rows, and as soon as the elements in 
One set are put closer together or further apart than those of the 
Other, the equivalence is no longer recognized. Thus Fum, in 
Spite of having put one flower into each vase, thinks that the one- 
one correspondence breaks down when the flowers are taken out 
of the vases and put further apart, and he even goes so far as to 
remove some flowers in order to restore the correspondence! 
Similarly Zu’s estimates are so completely dependent on the space 
Occupied that he attempts to put first four, then twelve and then 
ve eggs into seven egg-cups, and yet estimates that the seven 
eggs that he himself had put in, then taken out and placed in a 
More compact row, could not be made to correspond to the seven 
€88-cups! These amazing reactions indicate how little the child 
differentiates during the first stage between the discontinuous 
quantity and the space occupied. At this level, even when the one- 
One correspondence has been established through force of cir- 
cumstances, the child doubts, if the perceptual aspect of one set is 
Changed, whether a return to the original position will restore the 
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correspondence. When, like Gui, the child thinks it will do so, the 
reason may well be that he merely remembers the correspondence 
perceived earlier, and there is no proof that in the yc : 
considered the equivalence to be lasting. He says, in fact, tha 


“there are more flowers? when the vases are put closer together, 
and conversely. 


II. Stage II: Intuitive one- 

Children at this stage 
stage in that they 
pondence, but the 


one correspondence without lasting aeae 
are more advanced than those at the a 
can spontaneously make the one-one corre 


y are as incapable as the others of dence 
that the correspondence involves lasting equivalence of the se 


5 S i e 
irrespective of the arrangement of the elements. Here we hav 
some examples: 


Dal (4:6), after examining the 10 vases, took g flowers, thinking he 
had seen the exact number he needed. When he came to the seven 
vase he saw that he wouldn’t have enough, and took another. When a 
the flowers had been put into the vases, they were taken out s 
bunched together: ‘Is there the same number of flowers and va 
No.—Why?—There are more vases.—And now (reversing the process) ?— 
There are more flowers,’ d 

Sim (537) put one flower into each vase. They were taken out an 
bunched together: ‘Is there the same number of flowers and vases: 
No.—Why?-—There 


at 
are more vases.—Are there enough flowers for th 
vases ?— Yes.—They’ 


re both the same amount then?—WVo, here (vases 
there are more, because they're spread out.’ 


Sim (5;7) took six eggs to correspond to six egg-cups and put the eggs 
in. They were taken oat and bea further ber Is ihare the same 
number of eggs and s8-cups?—No.—Where are there more?—Heré 
(eggs).—If we wanted to put one egg back in each egg-cup would there 
still be the right number?— Yes ++. I don’t know, 


Dum (5;8) rrespond to 6 e d put them 

a2 B gg-cups and p 

in himself. W out and put in a pile in front of the 
R mt the same. ‘Why?—Because you di 

that (making a gesture to indicate 


closing up).—Are there enough eggs 
for the €gg-cups?—Vo.— (The egg-cups hus put closer together an 
the eggs further apart.)—Are they all right now?——JVo, because there are 
more eggs. 


figuration of the set is cha 


ry. Sim, f 


in the case of the flowers and vases, 
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€8g-cups. In addition to this, even when the child accepts the 
e bility ofa return to the original position, he does not draw the 
ace that the equivalence persists during the interval. It is 
de RAN who says that *there are more flowers’ than vases when 
uir E are close together, although he thinks that one flower 
Ae a pii back in each vase, and says explicitly, when asked 
Rance fy oth the same, then?’, ‘No, here there are more, 
that, for "wd re spread out’. There could be no better indication 
to dod he child of this level, quantification is reducible neither 
a T er (most of these children can count up to ten), nor to 

ependi spondence; but to an intuitive correspondence 
T]. Si g on the perceptual configuration of the sets. 

: Stage ITT: Operational correspondence and lasting equivalence 

slight) Interest of these experiments lies in the fact that, being 
provide simpler than those involving glasses and bottles, they 
facilitat r4 with examples of an intermediary nature, which 
Cor» € the analysis of the method by which the child finds the 

ect solution. Here are some examples: 


d (538) was still at the second stage as far as the experiment with 
e and bottles was concerned. He made the correct correspondence 
uache? flowers and vases, and when the flowers were taken out and 

m ied together, he began by saying ‘there are more vases’. When the 

eee was done, he said ‘there are more flowers’. He was then given 

i ner bunch of flowers of a different colour: ‘Put one in each vase.— 
iunc had done so, they were taken out and bunched together in 
ad of the vases.) And now, is there still the same number of flowers 

Vases?— Yes.—Why ?—Because we'd put them all there (in the vases). 
s en, however, the vases were put closer together and the flowers 
Paced out some distance away, he again fell into his original mistake. 

Ou (538) also said that there were still as many vases as flowers 
When the flowers were bunched together. But when the vases were 
together, he thought they were more numerous: ‘ There are more.’ 

5 (5310) was also at the second stage as far as glasses and bottles 
Were concerned. In the case of the flowers, he wavered between the 
Solutions of the second stage and those of the third. He began by count- 
Mg 10 vases, and then 10 flowers, putting them one by one into the 
Vases as he counted. They were then taken out and bunched together 
Near the vases: ‘Is there the same number?—Yes, because there are ten 
(vases) and here (flowers) there are. ten.—(The vases were closed up and 
the flowers spaced out some distance away.) And now?—Wo, here 
(vase zw.—Well look, here are some pink flowers. Take 

S) there are only a fe 1 p: 
the right number for the vases (which were again in a row).—(He 
H i the vases.)—(They were then 
counted quietly as he put them into B pe 
removed and spread out on the other side of the vases, the blue flowers 
remaining near the child.)—Is there the same number of pink flowers 
there are 10 here and ro there. —And is there the 


and flowers?— Yes, ? 
ae Macs of pink flowers and vases?—JVo. 


54 CARDINAL & ORDINAL ONE-ONE CORRESPONDENCE 


Here are a few reactions of the same type with respect to cggs 
and egg-cups. (It is to be noted that the child sometimes assumes 
equivalence when one set is grouped in close proximity to the 
other, but that this assumption diminishes with distance !) 


Gal (531), whose reactions at the second stage we have already seen 
in §1, at once took 7 eggs to correspond to 7 egg-cups. When the eggs 
were removed and grouped in front of the egg-cups, he still thought 
they were equivalent. “Why do you say they’re the same?—Because.— 
(The eggs were spread out some distance away.) Are they still the d 
same?—Vo.—Why ?— Because there they're spread out and here they're closes 
together.—But if we put them back, would there be the same number of 
eggs and egg-cups?— Yes,’ 

Os (5310) counted the same number of eggs and egg-cups. The eggs 
were taken out and grouped together in front of the egg-cups: ‘Is there 
the same number?—Ye 


à 5.— (The eggs were put some distance away.) 
Are they still the same ?—No.—Where are there more?— There are more 


¢ggs.—Would all the eggs go into the €gg-cups?— Yes.’ 
The significance o 
Generally Speaking, 


of operational corres 


f these intermediary reactions is obvious- 
they mark the beginnings of the construction 
pondence as distinct from optical or intuitive 
correspondence. Du, for instance, after saying that the sets were 
not equivalent when the one-one correspondence was no longer 
visible, was able to grasp that the number of flowers bunched near 
the vases was the same as the number of vases, for the very good 
reason that ‘we’d put them all there’, i.e. that the flowers had 
earlier been contained in the vases. But he was not capable of 
applying the same reasoning when the same flowers were spaced 


confirmed in th iment 
with eggs and egg-cups. Os thinks that € experi 
the eggs are clustered near the egg-cups, but not Shen they are 
some distance away, and Gal 


15 d Shows clearly th t T 
thinking of the possibility of putting b y that when he is 
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] B. 
oe Plieyes in the equivalence, but ceases to do so when 
free eo Parier away. In a word, the child is beginning to 
wih efun nent perception and to construct a correspondence 
erauped « e d that is truly intellectual. When the eggs are 
ee ae ogether, but remain close to the egg-cups, the child 
ieee because the optical contact is a sufficient 

cen d of the correspondence, although the configuration has 
hanged. But when the eggs are widely spaced, thus being 


some dij E z 
8 distance from the egg-cups, the equivalence is no longer 


recogni idle: s 
ccognized, because the operation of correspondence is not yet 


c 
Voplstely freed from perception. 

Ck ne case of children who definitely reached the third stage, 
childr er, the operation is no longer affected by intuition and these 
€n therefore grasp both reversibility and equivalencc. 

et (535) arranged ro flowers in a row in front of the vases and then 


i. iie in. They were taken out and bunched together: ‘Is there still 
ame number of both?—Yes.—And if we put them like that (widely 


Spaced s . a MA 
. SPACCd some distance away)?—1es.— Why ?— Because they were inside the 


vases,’ 

ps (5:8). After he had made the correspondence without counting, 

"Ts. ewers were bunched together some distance away from the vases. 

i here the same number?——Yes.—Why ?—Because they go in (i.e. into 

vases). 

tee the eggs grouped together in front of the egg-cups: “Is 

the the same number ?—Yes.—Why ?—Because they're like that (making 

EN HE Dur of grouping together).—And now (with eggs spaced out 

it’s QE CHpS close together) ?—Yes.—Why?—If you spread the eggs out, 
e same number." 

TA it (6;11). Same reactions. When the eggs were spread out, they 
re still the same ‘because they all go into the egg-cups.’ 


hee? reading these very simple answers, one wonders how it can 
€ taken the child so long to grasp the lasting equivalence of 
Corresponding sets. Yet the difference between these children and 
those quoted earlier is an essential one, indicating the triumph of 
the operation properly so called over perception. 

Hitherto, the only quantification of which the child was 
capable was based on modifications of a perceptual and spatial 
character, and the one-one correspondence itself was not quan- 
tifying. In other words, in the first stages, the qualities perceived 
by the child give rise only to simple quantitative relationships 
(more or less ‘big’, ‘long’, ‘small’, ‘narrow’, etc.) without 
Operations in the true sense. These qualities are, indeed, not co- 
ordinated or multiplied one with another: the child does not see, 
for instance, that if the elements of a row are spaced out the 
number per unit of length diminishes, and ‘that if they are closed 
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up, this relative number increases, T. 
child judges the quantity only by tl 


plane, ic. he can make the 
correspondence when the elements of the two sets arc opposite 
one another, but he no longer assumes equivalence when there 


is a change in the distribution of the clements of one set. The 
reason for this is th 


addition to merel 


they were inside the vases’, ‘bh 
the eggs out, it’s the same number’, and “because they all go into 
the egg-cups’. These reasons, which have no value for the chil- 
dren of the earli i 


- “PPearances, the necessary 
orresponding sets, 


$3. One for one exchange 0f pennies and objects 
In this section, we shall study the dynamic correspondence 
which one for one exchange provid 


, r onc es, and we shall begin with a 
technique which is merely an extension of those used in the earlier 


| 
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experiments. The child is told that we are going to have a shop- 
ping game, and he is given some pennies to buy flowers, sweets, 
ete., the price of each object being one penny. He can first be 
asked to estimate how many things he will be able to buy (which 
will show whether he is using global comparison, one-one cor- 
Téspondence, or numeration). The actual exchange then takes 
Place, after which we try to discover whether or not there is 
equivalence, for the child, between the number of pennies and the 
things he has bought. As however these methods of correspondence 
are essentially the same as those we shall be examining in the next 
chapter, it is more particularly the question of the equivalence of 
Corresponding sets with which we shall be concerned here. 


T. Stage I: Global comparison and lack of equivalence ' 
aturally, all children at the first stage can make the correct 
One for one exchange of pennies for objects. But on the one hand 
they are incapable of estimating, through correspondence, how 
many elements they will have to exchange, and on the other they 
do not conclude that the two sets exchanged are equivalent. 


Gui (454) put 5 flowers opposite 6 pennies, then made a one for one 
exchange of 6 pennies for 6 flowers (taking the extra flower from the 
reserve supply). The pennies were in a row and the flowers bunched 
together: *What have we done?— We've exchanged them.—Then is there 
the same number of flowers and pennies ?—Vo.—Are there more on one 
Side? Yz5.— "Where? There (pennies). (The exchange was again 
made, but this time the pennies were put in a pile and the flowers in a 
10w.)—Is there the same number of flowers and pennies?—JVo.— 
Where are there more?—Here (flowers).—And here (pennies) ?— 

S, 

Mic (4;4) was also unable to make a correct estimate of the number 
of flowers required for the pennies.—A one for one exchange of 6 

Owers for 6 pennies was made, the flowers being put in a row and the 
Pennies close together: ‘Is there the same number of both?—JVo, there 
are more Jlowers.—Why ?— Because the flowers are more spread out.” 

Duc (4;6) also succeeded only in making a global estimate of the 
number of flowers required. Then 6 flowers were exchanged for 6 
Pennies, the pennies being spread out: ‘Have we got the same number 
of flowers and pennies?—JVo, there are more pennies.—(The money was 
returned and the exchange again made, the pennies being put in a 
pile.) And now?—JVo, there are more flowers. 

It is unnecessary to comment on these examples before examin- 


ing those of the second stage. 


II. Stage II: Correct correspondence but not lasting equivalence 
The only progress shown at this stage is that the child is capable 
of making a correct estimate, through visual correspondence, of 


! ‘ 
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the number of elements to be exchanged. In spite of this, and of 


the fact that the estimate is empirically confirmed by the exchange, 
he still does not believe that the two sets are equivalent: 


Nic (4;1) counted ro flowers and ro pennies, but did not total them 
into a single cardinal number: *How many pennies are there, then?— 
One, two, three, four . . . ten (counting from memory).—Well then, buy.— 
(He gave one penny for each flower, up to 10, but the pennies were put 
in a row while he kept the flowers in his hand.)—Is there the same 
number of flowers and pennies?— Tere are more pennies (but he then 
spontaneously made the correspondence by putting one flower opposite 
each penny). Oh, yes! "They're the same.— (The flowers were then bunched 
together.) And now?— T here are more pennies.—(The pennies were put 
in a pile and the flowers in a row.) And now?—No, because there are a lot 
of flowers." 

Lid (4;5) put 4 pennies opposite 4 flowers: ‘Is there the same number 
of pennies and flowers?—Yes, they're the same.—All right, now you're 
going to buy some flowers. Here are your pennies (six).—You must 
give one penny for each flower.—(We exchanged 6 flowers for 6 pennies 
the pennies being arranged in a row while the flowers were in his hand.) 
Is there the same number of flowers and pennies?— Yes, they're the same 
++ No, they're not. Here there are more (pointing to the flowers).—Could 
we put one flower opposite each penny ?—Vo, there are too many flowers 
(he tried it and found that they corresponded exactly.) Yes, they're the 
same.—Let's begin again, shall we? (The exchange was again made, 
with the pennies spaced out and the flowers bunched together.) —Will 
that be all right?—There’ll be too many flowers. Yowll see. (He made the 
correspondence and was very much surprised at the result !).? 

Par (5;2): ‘You must pay a penny for each flower. How many 
flowers can you buy with that (1)?—0ne.—And with those (3)?— 
Three flowers for three, because there are three pennies.—All right, now you’re 
going to buy all those (he exchanged 6 pennies for 6 flowers, and the 


flowers were put in a row and the pennies in a pile). Is t e 
number of both?—JVo.—Why? pile). Is there the sam: 


wanted to buy those flowers wit! 
the child himself had paid out 
"They're the same then? 


5 n arranged in 
an the pennies.) Is there the same 
There’s one past the end.—Count the 
Ls Seven.— So they're 
3 see (the one for one 
number?—(He 
We counted the 


pm 
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pennies and the flowers (the latter were now further apart) would we 
have to count longer, or would it be the same?—We'd have to count 


longer for the flowers.’ 

Aud (637): ‘Were going to play at selling flowers. Here are your 
pennies.—(He counted them correctly.) Eight pennies.—Each flower 
costs a penny. How many will you be able to buy?—Eight.—(The one 
for one exchange was made, and the pennies were put in a row while 
the child kept the flowers in his hand.) Is there the same number of 
flowers and pennies?—JVo. There (pennies) there are more.—Why?— 
They're spread out.—Could we put one flower on each penny?—Yes.— 
Then is there the same number of both?—JVo. There are more there 
(pennies), because they're spread out.’ 


These reactions show quite clearly that one for one exchange is 
no guarantee that the child sees two equivalent sets as being 
bound by the same cardinal number. 

Children of the second stage do not differ from those of the 
first stage as far as equivalence is concerned. 

It is in no way surprising that Gui, Mic and Duc (stage I), who, , 
before the exchange takes place, cannot make the correspondence 
between two sets of objects, and estimate quantities by the space 
they occupy, are also unable to see after the exchange that the sets 
are necessarily equivalent. What is extraordinary, however, is that 
Nic, who makes the correspondence spontaneously in order to see 
if the two sets are equivalent, Lid, who before the exchange makes 
the correct correspondence between four pennies and four sweets, 
and Par, who uses numbers in estimating that he will get three 
flowers for three pennies, are incapable of assuming the equiva- 
lence of the sets they themselves have exchanged. 

The most curious cases are those of Par, Fur and Aud, who use 
numeration. Par states, before he makes the experiment, that he 
can buy three flowers with three pennies, but as soon as the 
flowers are spread out, he no longer sees the equivalence. Fur, 
when the seven pennies are piled together and the seven flowers 
spread out, counts both sets, discovers that they have the same 
cardinal number, but refuses to accept that they are equivalent: 
‘No, there are more pennies. There’s one past the end.’ Similarly 
Aud counts eight pennies, says that he will be able to buy eight 
flowers, makes the exchange, and then cannot see that the sets are 
equivalent: ‘There are more, because they're spread out.’ These 
cases clearly show that perception of spatial properties carries 
more weight than even verbal numeration. 

As to the question of the possibility of restoring the original 
situation, the children were asked, when they thought that the 
flowers and pennies exchanged were not equivalent, whether one 
flower could be put on each penny. Most children at this stage 
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think that this could not be done. Lid says, ‘There'll be too many 
flowers, you’ll see’, and Par, ‘No, there’ll be some flowers left 
over’. Only Aud thinks it could be done, but does not deduce 
alence, although he is very near it. 
III. Stage III: Lasting equivalence 

To begin with, we have here two reactions that are inter- 
mediary between stages II and III: 


Pit (6:11). Ten flowers v 
flowers in his hand and tl 
same number of flowers 


vere exchanged for 10 pennies. Pit kept the 
n€ pennies were put in a row: ‘Is there the 

and pennies?—(He made the flowers into a 
TOW, putting one Opposite each penny, in order to check the number, 
and then said): Yes, there are as many flowers as pennies.—(The pennies 
were spaced out and the flowers bunched together.) Is there the same 
number of both?—No, there are more here (pennies).—And now (flowers 
spaced out, pennies in a pile)?—They’re not the same. There are more 
flowers (he re-made the Correspondence of his own accord). Oh yes: 
They're the same.—But before, you said there were more flowers, didn’t 


you?—Yes, but they were like that (with a gesture to indicate that the 
pennies were close together).? 


A € to the pennies).—Could we cover each 
penny with a flower ?—Yes.—Well then?— T hoy re the same. 


These two cases, in which the Correct 


extremely interesting, particularly the Spontaneous verification of 
Pit, who was obviously using ab 


mples of correct reactions: 
Gin (4;11) counted his IO p 


ennies and estimated that he would have 
10 flowers. After the exchang 


. > €, he said "they're the same? whatever the 
configuration, but without Sıvıng any reasons, 
Du (5;8) exchanged ro for IO, the flo: 


: wers remaining in his hand and 
the pennies spread out on the table. ‘Is there the same number of 


les put to, ether, the 

me now?— Yes.—Why?—Because hors P g F er.) Are they th 
Ler (538) kept the flowers in his hand exchange: ‘Is there 
they go like that 


J : |^ — Because 
(spontaneously putting one flower Opposite each penny).? 
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Clav (5;8). Same situation: ‘Are they the same?—Yes.—Exactly?— 
Yes. —Why ?— Because I gave you my pennies.’ 


For these children, it is clear that the equivalence has become 
obvious and logically necessary. The reasons they give to justify 
their assumption are interesting because of their operational 
character. For Ler, it is the fact that there is one-one corres- 
pondence, and hence the possibility of returning to the visible 
correspondence after the exchange; for Du and Clav, it is the 
exchange itself, because by it, the two sets were exhausted simul- 
i ie ‘I gave you my pennies’ and ‘we’ve used them 
all’, 

In conclusion, the results of the test using one for one exchange 
are exactly the same as those found in the case of static, visible 
correspondence between objects. This constitutes a valuable aid 
to the understanding of the notion of correspondence. It indicates 
that the importance given to the procedure of one for one 
exchange, in which so many authors have attempted to see the 
beginnings of cardination, is unjustified, since this procedure does 
not in itself result in the notion of necessary equivalence of 
exchanged sets. Before this result can be achieved, one for one 
exchange, like intuitive correspondence, must become operational, 
i.e. it must be grasped as a reversible system’ of displacements and 


relations. 


$4. One for one exchange in conjunction with counting aloud 


We have just seen, from the reactions of Par, Fur and Aud, that 
counting aloud appears to have little influence on the belief in the 
equivalence of two sets as a result of one-one correspondence. We 
have already frequently had occasion, in earlier sections, to 
point out that there is no connection between the acquired 
ability to count and the actual operations of which the child is 


capable. 

We have now reached the point at which this needs to be 
examined systematically. We first of all find out how far the child 
can count without difficulty. We then repeat the above experiment 
with one for one exchange, choosing a number of pairs of objects 
smaller than the highest number to which the child can count. 
We then ask him to count the objects he has been given, and we 
cover with our hand the pennies he has given us in exchange (so 
that he cannot count them). We then ask him merely to guess how 
many pennies are hidden. 

The results show that counting aloud makes no difference, and 
we find the same stages as those we found with the earlier tech- 


niques. 
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T. Stage I: Global comparison and lack of equivalence 


Ras (3;6) could only count up to 4 or 5. He was given 2 pennies and | 


asked to give in exchange ‘the same number of sweets’. He Save S and 
then 2. For 3 pennies, he gave 4 sweets, etc. I then exchanged 4 P KA 
for 4 sweets, one at a time. When I hid the sweets with my hand, 

thought that there were none left when 3 had been taken out, < 


Ber (3311) could count correctly up to 5, but had difficulty in making 
the correspondence between two sets containing more than 2 or : 
elements. I made the one for one exchange of 3 sweets for Jam 
and covered up the 3 pennies. I then brought one out and said: ‘/ ; 
there any left?—Yes.—How many?— .. . —And now (there was 
left)? —No.—And now (when the Íast had b 


"n 4 gt d 
ne penny left? When 2 pennies werc exchange 
foro sweets, Ber answered cor: 


; Del I 
given you?— One, two, three, four.—And how many pennies have 
:: —How many do you think?—J don’t know. 


II. Stage II: Correct correspondence, without lasting equivalence 


The only difference between this and the preceding stage is tha 
the child can make the correspondence before the actual exchang' 
is made. 

Mard (5;6): ‘Look, m going to bu : 
are my pennies (7, in a row). Give me as many sweets as there sok 
pennies.—(He counted) r, 2,3. , 7-—And how many pennies?— 


1, 2, 3. . . 7.—Good. And how many sweets have you given me (having 
covered them with my hand)? , 


one penny?— One. "Yes A 
And for three pennies 3— Three.—' That 


(e 
Y some sweets from you. Her 


nnies have you?—r, 2, 3-—(Two more 

were exchanged.) And now how many pennies have you?—z .. . 5.— 

Good. And how many sweets have I got (covering them)?—.. . . 9.’ 
Cauch (5;6) was also able 


or 8 sweets he did not 


conclude that there was necessary equivalence: ‘How many sweets 


have I given you?—(He counted.) 8.—That’s right. How many 
pennies have you given me (they were hidden under my hand) ?—z0.’ 
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Per (6;0) made 7 sweets correspond to 7 pennies, and then made the 
exchange: ‘How many pennies have you?—(Counting) 7.—And how 
many sweets have you given me (hidden under my hand)?— .'. S 
I began again with 5: ‘How many pennies have you?—5.—And how 
many sweets have you given me?— . . . 7.’ At a third attempt, he 
counted 10 pennies and thought he had had g sweets; etc. 


It is not difficult to interpret these facts. When the child makes 
the one for one exchange, he knows very well that there is equi- 
valence. Mard, for instance, knows that he has to give one sweet 
for one penny, two for two pennics, three for three, and so on. But 
once the exchange has been made, and one of the sets is no longer 
visible, the child no longer considers it to be equivalent to the one 
he can see. These reactions, therefore, are exactly the same as 
those of the corresponding stages studied earlier. If the child has 
not yet reached a certain level of understanding which character- 
izes the beginning of the third stage, counting aloud has no effect 
on the mechanism of numerical thought. 


III. Stage III: Lasting equivalence 


When, as here, one for one exchange is accompanied by count- 
ing aloud, interesting cases sometimes occur in which the child 
who has reached the stage of being able to give the correct answer, 
checks the equivalence by counting the number of exchanges, but 
docs not as a result assign a definite number to the equivalent sets. 


Mad (5;6) made a one for one exchange of 7 pennies for 7 sweets, 
counting them as he did so: ‘How many sweets have you?—r, 2... 7.— 
And how many pennies have you given me?—7, 2... 7.' When, how- 
ever, she did not count the elements as they were being exchanged, she 
showed that she was still at the earlier level, When 5 sweets were 
exchanged for 5 pennies, she said: ‘ There are 5 sweets.—And how many 
pennies under my hand?—4,' Etc. 

Ferd (6;0) also exchanged 5 sweets for 5 pennies and evaluated the 
two sets correctly by repeating the series of numbers: ‘T... 5. But 
afterwards, when he was asked how many pennies were hidden, it did 
not occur to him to count the 5 sweets in a row in front of him. 


Such reactions clearly indicate progress over the earlier stages in 
the direction of the construction of true equivalence between the 
sets in question. But the equivalence recognized by Mad and Ferd 
is in reality only the equivalence of the operations they have just 
performed, i.e. the action of moving a sweet and the action of 
moving a penny. As long as the child confines himself to the 
enumeration of these exchanges, he can accept the notion that the 
correspondence is lasting, but when he tries to abstract the car- 
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dinal number from the operations by means of which he arrived 
at it, he does not yet see that there is necessary equivalence. an 
Finally, we have two examples of genuine cases of stage III, 


children for whom the one for one exchange involves the notion of 
lasting equivalence: 


Sim (6:6). We made a one for one exchange of 6 pennies for 6 
sweets. ‘How many pennies have you?—6.—And how many sweets 
have 1?—6.—Are you sure?—Quite Sure.—Why?— .. ? , 

Far (66) exchanged 8 pennies for 8 sweets: ‘How many sweets ar d 
there? —8.—And how many pennies here (raising my hand an 


showing the pile of pennies)?—8.—Are you sure?— Yes.” Same result 
with 11, etc. 


This, then, is the evolution of estimates of equivalence. . 

It is in this way, then, that the child's capacity to estimate 
equivalence develops in cases where he makes use of numeration. 
It is therefore no exaggeration to say that the verbal factor plays 
little part in the development of correspondence and equivalence. 
We find here the same Stages, corresponding to approximately us 

d in the experiments of 881-3. At the point a 
€ becomes quantifying, thereby giving rise to 


: y numerals as such. 
It remains to explain the r 


ereby discovers one-one€ 
of it in the case e 
at are not qualitatively 


correspondence, 
respondence bet 
complementary. 


1 A. Rey also observed children who counted the actions they were doing; 
and found that they did not all as a resul Me s Rey ivalence. 
(L^ Educateur, May 1931, P. 151.) C squibs Theanine ns 


CHAPTER IV 


SPONTANEOUS CORRESPONDENCE 
CARDINAL VALUE OF SETS} 


types of correspondence, which can be distinguished by their 

relationship to the idea of equivalence they entail. While the 
highest level can be termed ‘quantifying correspondence’ because 
it results in the notion of necessary, lasting equivalence, the lower 
levels are intuitive, because the equivalence of the sets is recog- 
nized only when the correspondence is actually perceived, and 
ceases to exist when it is no longer in the field of perception. 

Before going any further, we must now analyse the mechanism 
of correspondence, no longer considering its results, but examining 
its spontaneous development, i.e. in situations in which the child 
is compelled to find the correspondence of his own accord and to 
make what use of it he can. The type of situation required, there- 
fore, is one in which the child spontaneously attempts to estimate 
the cardinal value of a set in such a way that we can discover what 
types of correspondence he uses, and what methods he adopts 
before, and immediately after, one-one correspondence. 

For this purpose, what is most suitable is correspondence 
between like objects, the child being required to find a quantity 
equal to that contained in a given model. A problem of this kind is, 
of course, similar to those we examined in the previous chapter, 
when the child was told, before being asked about the equivalence, 
to pick out the required number of corresponding elements. But 
in the first place, here our material will not be of such a kind that 
the correspondence is suggested by the fact that the objects are 
qualitatively complementary; the objects will be similar, and this 
may make some difference. In the second place, and more impor- 
tant, the child will not be told to ‘put one A opposite (or into) 
each B,’ or to ‘exchange one A for each B?. We shall say to him: 
‘There is a number of objects: pick out the same number’, with- 
out suggesting any method. In other words, whereas the earlier 
problems imposed the correspondence so that we could examine 
its results, the problem to be studied here is merely one of evalu- 

1With the collaboration of Mlle. Zoé Trampidis and Mme. Rafia Mehmed- 


IE the previous chapter, we tried to show that there are various 
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m 
ation, requiring no suggestion of the method to be used, but 
enabling us to see what the child's procedure actually is. m" 
These were the techniques used. In the first place, we pres ue 
the child with a succession of figures made with counters, a e 
asked him to take the same number of counters as each figure me 
tained. If, as we were led to suspect in the previous Mare 
respondence is based on qualitative comparison, our first € n 
be to analyse how the child compares quantitatively two xo d» 
different configurations. There were five types of figures: I, mn BP 
structured’ figures, e.g., a collection of counters distribu x e 
random, but neither touching nor overlapping; II, sae 3 ef 
€.g., two parallel rows of counters; III, closed figures, or E 3 
which did not depend on the number of co wia shape : 
circle, a house, a right angle; IV, closed figures of which thg apa 
depended on the number of counters, e.g. a square, a Cross, 


* Nu 
» more complex closed figures, less familiar to the child, €-8 
rhombus, etc. 1 


. to 
With one of these figures in front of him, the child was told 
look at it, and to 


pick out of a box the same number beer | 
In the second place, the child was shown a row of six i en | 
representing sweets or pennies, one to two centimetres cup 
he was asked to pick out the same number. Obviously this $ 


z ia ie OMM a is only 
technique, which is similar to those of the previous chapter, is 
a special case of the first, 


‘The results ob 
into three types 


3 the 1 
» Corresponding to the three stages found in | 
earlier chapters i 


n nce 
tage, there is one-one corresponde the 
x the figure is distorted. Finally, Tent | 
third stage, there is exact correspondence and lasting equivale 


Sr. Reproduction of figures 
W. A. Lay? made a detailed study of the way in which bey 
figures made with three, four, five, etc., objects arranged ei 
triangles, squares, etc., are distinguished by the child, from t z 
point of view of perception of number, The number four, fo 
1 When the counters are pres: 
taken to avoid stressing the figu; 


-a estimate of the number of elements. ie 
* Führer durch Rechnen Unterricht gegründet auf didaktische Experimente. Leipzig 
(Nemnich), 1907 (2nd edition.) 
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Mai 
~ instance, is more casily recognized when the objects are placed at 
the four corners of a square than when they are placed at random. 
A. Descoeudres! and O. Decroly? made use of these investigations 
In their interesting research into the development of number. Our 
Point of view here will be different, for while these authors 
examined what has come to be called perception of number, i.e. 
the application of already existing numerical schemata to discrete 
objects perceived in the same field, we shall examine what might 
be called quantifying operations, i.e. the elementary operations of 
Correspondence, equating, etc. which constitute the logic of 
number. In a word, we shall ignore the problems of perception and 
shall concentrate on the problem of the genesis of operations as 
Such. This being so, our analysis of the reproduction of figures will 
Serve merely as an introduction to the study of the mechanism of 
Correspondence. We shall therefore not consider each of the 
ures separately, but shall describe simultaneously the whole set 

of reactions obtained by the first technique. 


Stage I: Global comparison 

The characteristic feature of children at the first stage is that 
they do not as yet feel the need for a quantitative evaluation, since 
they have no precise notions of the cardinal number. They there- 
Ore confine themselves, in evaluating the given sets, to global 
qualitative comparisons, without co-ordination of the qualities 
fine are compared. Our first examples are cases of non-structured 

ures: 


Pa (436). To find the required number of counters to correspond to a 
Collection of 15 elements, he took small handfuls of them and tried to 
arrange them so that they looked the same: ‘Are they the same?—No. 
—Why ?— There are more here (the collection he had just made did in 
fact contain 2 extra elements).—Well then?—(He did not remove any 
of the counters, but moved the ones that were too close together, so as to 
Produce a configuration more like that of the modcl.)—Is there the 


same number of counters?—JVo, yes, I’ve put the same amount.’ 
Hug (5;0), for a collection of 15 counters, said: ‘Z don’t know how many 


there are. I don’t know how to do it (to find the same number).—Try.— 
(He collected a few counters and then spaced them out so that they 
resembled the model.)—Are they the same?—Yes.—How many are 
there there (model) ?—4 don’t know.—Then how do you know they're 
the same?——4 looked twice (model and copy). It’s right.’ 

In the case of the series, children at this stage attempt to repro- 
duce both the configuration and the dimensions of the model, but 
are not concerned with details: 


1 Le Développement de l'Enfant de 2 à 7 ans (Delachaux & Niestlé, S.A., i920.) 
2 Etudes de Psychogenése (Lamertin, 1932). 
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Mül (4;1) reproduced the model by a series of the same shape and 
approximately the same length, but with the elements closer together 
and thought ' there's the same number of counters.’ 

Li (4;9), in order to reproduce the model first put 5 counters in a 
row, then made 4 of them into pairs by adding 4 more: ‘Are they the 
same?—Yes.—Why ?—(She made a movement of the hand to indicate 
the direction of the row.)—Are there as many?— Yes. (She looked at the 
model and saw that her copy was a little shorter. She added 2 counters: 
her series was then composed of 11 counters instead of 8 as in the model, 
but it was the same length.) —Where are there more?— There (pointing 
to her copy).—I want them to be the same.—(She removed the 2 
counters, leaving 9 as against 8, but the model series was longer, so she 


spaced out her counters to make hers longer.)—Is there the same 
number?— Yes, 


In the case of closed figures, children at this stage can reproduce 
correctly those which require a definite number of elements, pro- 
vided that the form is familiar (category IV), but if the shape is 
unfamiliar (V), or does not involve a definite number of elements 
(ILI), the copy is no longer numerically correct: 


Mül (4;1), in attempting to find the same number of elements as 
there were in a circle of 10 counters, made a circle of 14. Similarly, for 
a circle made by 6 matches arranged as radii, he made one with 12 
matches: ‘Is there exactly the same number of match-sticks?—Yes.— 
Where are those (indicating on the copy some that were particularly 
close together) ?— There (pointing at random to those of the model). 

For a right angle with 6 counters (sides of 4 and 3 elements), Mil 
made, three times in succession, angles with 4 counters (sides of 3 and 
2): li Is there the same number of counters? —JVo. I don’t know.—Try 
again.—(He then made an angle with 8 counters. )—Is there exactly the 
same number?—TYes.—Who has more?— Me.— Well then, take away 
the extra ones.—(He removed two and altered the spacing of the 
counters to make them like the model.—Are they the same?—Yes.— 
Who has more?—Me (which was incorrect since there were 6 in both. 
He then put back the 2 he had removed.) ? Similarly, for a house of 6 
counters, Mül made one of 13, then removed 1 ‘so that it should be 
just right’, etc. 

In the case of figures whose shape depended on the number of 
elements, Mül successfully reproduced a Square of 4 counters and a 
triangle of 6, but made a cross with 6 instead of 5. He also failed with a 
square of 9 counters, being careful to make the elements at the 4 
corners correspond, but putting 1 counter too many in between. The 
rhonibus of 13 counters was copied as a vague quadrilateral containing 
15 ved "T T. 

Mar (4;6), in the case of figures whose shape 
number of elements, successfully copied a cross oF. 5 ee poded. an Re 
of 4 and even a triangle of 6, but failed with a square of o, nb square 


containing 15 elements. The figures in category III, circle’ 1 
etc., were copied, but with more elements, : ? vrghtangis 
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The reactions of this first stage are of great importance to the 
psychology of number. It might at first seem that these children 
feel no need for a quantitative evaluation, and that they merely 
make a more or less correct copy of the model. Such an assumption 
would be too sweeping. Even if the child sometimes forgets, in 
making his copy, that he was told to ‘put the same number of 
counters’, he shows by his answers to the questions put to him 
that he understood perfectly what he had to do. Par, for instance, 
says ‘there are more here’, and Li recognizes the differences and 
attempts to correct them. But the expressions *more counters? and 

less counters? have a quite different meaning for the child of this 
| s than for us, and do not as yet represent a cardinal evalu- 
ation, 

For the adult, cardinal evaluation always presupposes that units 
have been added or merged in order to form the whole obtained 
by correspondence with the set to be evaluated. For the child of 
this stage, on the contrary, the evaluation is based merely on the 
global qualities of the sets in question, these qualities being quanti- 
fied by comparison as ‘more’ or ‘Jess’, without co-ordination of 
the comparisons. In other words, this experiment, like those in 
Chapters I and II, shows that the only quantification of which the 
child at this stage is capable takes place through the relationships 

more’ and ‘less’. The child does not, however, co-ordinate the 
global qualities he perceives, but focuses on one at a time 1n 
comparing his copy with the model. Thus Mül thinks that his 
Series of pairs is equal to the model because it is the same length, 
and he disregards the distribution of the elements, while Par 
thinks there are more counters in his copy because they are closer 
together, and merely puts them further apart instead of removing 
some. In the case of the figure with matches, Miil thinks that a 
circle of twelve has the same number as one of six, because the 


diameter is the same. i 

This experiment, unlike the earlier ones, provides us with 
evidence that this failure to co-ordinate the quantitative relation- 
ships only makes its appearance when there are explicit judge- 
ments of comparison. The child’s initial procedure is to co-ordin- 
ate the perceived qualities, but this co-ordination has not yet 
become operational or logical. It is still purely intuitive, and 
consists only in the attempt to produce a general resemblance 
between the model and the copy. This is why, when the child tries 
to find the same number of counters as he has been shown, he 
contents himself with a rough reproduction of the configuration of 
the model. The copy is only approximate precisely because the 
child cannot analyse the figure, i.c. he cannot find the relation- 
ships which, when logically composed, constitute its qualities. In 
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a word, it is the general shape, i.e. the total surface covered, 
accompanied by a vaguely similar structure, that the child of this 
level takes as the criterion for cardinal evaluation. When this 


To sum up, the most general characteristic of this stage is the 
irreversibility of the reactions. The evaluations of children at this 
level are purely perceptual, with the result that qualities that are 
not comparable are related and the synthesis can only be global. 
This means, in other words, that the child’s intuitive judgement is 
not yet combined with operations through which the elements 
isolated by his analysis can be put together again. It is precisely 


because the judgements of the child at this stage lack mobility, 
that his thought is essentially irreversible, 


Stage II: Intuitive correspondence 


We shall apply the term qualitative to correspondence that is 
based only on the qualities of the corresponding clements, as for 
example, when the child puts angles in his copy when there are 


angles in the model, irrespective of whether he knows how many 
there are, or whether there is the s 


Numerical correspondence, on the ot 


ception (or of clear recollection). We shall Say, on the other hand, 
that correspondence i 


18 operational when it is based on rclationships 
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crim proved by altering the configuration of the corresponding 
Bar s soon as this is done, the child no longer accepts the 
pii i _ This intuitive correspondence without lasting 
wi row justifies our assertion that there isa second stage, 
Nae ums from the first in that there is systematic use of cor- 
n ndence, and from the third in that the correspondence does 
ied i involve necessary equivalence. We must point out also 
pile d hile children at the first stage usually begin by putting a 
eis counters on the table and then arrange them to imitate the 
dia, (addi ng or removing elements where they think necessary), 
im en at the second stage usually begin by making the cor- 

spondence, taking the counters one by one to reproduce the 


ln parts of the model. 
irst we have some examples-related to category I; 


an (435) first looked carefully at the pile of 15 counters, then put 
bit b a elements one at a time, copying the configuration of the model 
on x Bue, looking to see that he was making the correspondence (his 
“Are s being due to the fact that he counted one element twice): 
(rem hey the same?—That one (copy) is bigger. I'll take some away 
sara ME the extra counter).—Are they the same ?—VYes.—Are you 
arent t. he elements of the model were then spaced rather further 
So -) Is there the same number of counters?—TYes ... no (he added 

€ counters to the model in order to imitate the new configuration 


of the copy). 
ay then distributed 13 counters in front of Ha, some in groups of 3 
ake making the configuration a recognizable whole. He was then 
Ex zu find as many matches as there were counters. He arranged 
ike = s hes in groups of 3 and 2 so as to reproduce certain details of 
psy odel.— Are there as many?— T here (counters), 
E matches), there are a lot.—Make it so that there’s the same number 

th. (Ha then spaced out the counters.) ’ 
Men 8 matches were distributed in front of him: ‘Find the same 
he ber of counters.—4 don’t know how to make the pattern.—Never mind, 

Y^ He spaced out the matches a little, then took 14 counters one by 
one and tried to reproduce the pattern of the model. The correspond- 
ence thus broke down when the difference in shape of the objects 
prevented an exact copy of the model, whereas the copy was an exact 
reproduction of the model when counters only were used. 

Ba (439) put down his counters one by one, looking at each of the 
15 in the model in turn: * Are they the same?—Yes.—Are you sure?— 
Yes.—Show me how you know.— This one and that one, etc. (pointing to 
the corresponding elements). He also succeeded in making the corres- 
spondence between counters and matches, by imitating the con- 
figuration. But when the configuration was changed, he was no longer 


certain of the equivalence, even without the matches. 


The next examples are of category II: 
Min (5;0) succeeded at once in reproducing series of four or more 


there arent many, 
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pairs, but ceased to assume the equivalence when the counters were 
spaced out. When he had to make the correspondence between matches 
and counters, he could only make an approximation, e.g. 10 matie 
for 8 counters: * Are they the same?— Js. —Count them.—(He counte 
correctly 8 and 10.)—Are they the same then?— zs? There was thus 
no precise relationship between his counting and the quantitative 
evaluation. (When the terms to be compared are qualitatively equ 
valent, the evaluation is made by correspondence; when they i" 
different, e.g. counters and matches, it is made by a combination o 
correspondence and the global relationships of the space occupied.) i 

Gis (5;5) provides another example of the distinction between verba 
numeration and actual operations. She counted correctly up to 27, 
pointing to each counter in the row in turn. After 27, there ceased " 
be any co-ordination between the counters to which she pointed anc 
the number she said, but she continued from memory up to 54. This 
verbal enumeration did not however correspond to any sg etd 
colligation except in the case of the first few numbers, because althoug 5 
she said that 12>8 and 10>7, she also said that 9> 13 and 197 21: 
* Where are there more (with the counters she had just counted in ERAS 
of her)?—79.—Why?—— Because there are a lol. —And there?—21.—We 
then?—That’s less because there aren't many? 


It is interesting to note that, on the plane of actual operatione 
Gis was at the second stage: correct correspondence, but withou 
lasting equivalence. For example, she made the correspondence 
between four or more pairs correctly, but no longer thought they 
were equivalent when one set was spaced out. 

We find the same reactions for categories III-V: 


and a circle of 10. In copying the circle, he 
When he was asked if it w 


finger to the one-one correspondence. On 


model so that the one-one correspondence 

ic circle larger in diameter: ‘Will there be 
enough counters to put Opposite each one?— Jes. —Why?— They’ re the 
rcle was completed, he no longer thought 

ere the same number of counters ?—jJVo.— 


1 8, after one or two slight temporary 
errors, figures such as the circle of 9 counters, a right angle of 11, the 
square of 9, etc., and was also able to make the correspondence 
between matches and counters, in various combinations, by always 
copying the perceived figure. For the rhombu 


Is of 13 counters, he pu 
in the centre a row of 5 (correct) and below a triangle of 4 (correct). 


But above, he put only 2 elements instead of 4: ‘Are there as many?— 
Yes.—How do you know?—(He pointed to each element in the model 
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and when he got to the 


and each corresponding counter in the copy, 
He at once corrected 


uP exclaimed): Z made a mistake, I did it wrong.( 
imself.)” 


" In spite of this, however, Ba did not assume necessary equi- 
m dee when the distribution of one of the sets was changed, 
although he himself had just made the correspondence. For 
a npls when a rectangle of twelve counters was turned so that 
€ long side became the base, he no longer thought it was 
€quivalent to the model. 
e s then are the reactions of the second stage. There is one- 
€ correspondence, but it is always based on the particular 
ENS of the figure, for without the figure, the child no longer 
inks the two sets are equivalent. 


Stage III: Operational correspondence 

cies the third stage, the correspondence no longer depends 

es € intuitive figure, and the child begins to use spontaneous 

i perations as a check, breaking up the figures himself and arrang- 
ng them in series. The correspondence thus becomes either 

qualitatively or numerically operational. Here we have some 
xamples of categories I and II: 


"s (530) was shown a collection of 11 counters: “Take the same 
ŒH er.—(He took 14, one at a tıme or ın twos.) Are they the same?— 
€ made the correspondence in order to find out.) Vo. (He removed 
Sj And now (his 11 counters were distributed at random, and bore 
e esemblance to the model)?—1zs.—(The elements of the model 
e then spread out.) And now?—Still the same." 
ons ha (650), when he was shown a collection of 12 counters, took 11, 
ks at a time, without making them into a figure, looking at the 
rresponding elements in the model, then of his own accord added one 
ms When the elements of the model were spread out, he continued 
recognize the equivalence. Same reaction in the case of the series of 
4 pairs: he at once took 8 counters and merely made the rows without 
copying the figure. 
And now some examples of categories III-V: 


Fav (536) had no difficulty in reproducing the figures in categories 
III and IV. He copied the figure, and also assumed the equivalence of 
the sets when the configuration was changed. For a figure of type V, he 
began by copying the model, and then counted aloud: ‘I must put 3 
more’, etc., then, getting confused, he stopped both copying the figure 
and counting, and adopted a procedure very typical of this stage, i.e. 
he made an ‘arbitrary’ correspondence. He separated the elements of 


the model, arranged them 2 by 2 in two vertical rows, then did the 
same with the counters of his own set, but placed these horizontally. 
He then saw at once that there was one missing and added it. 
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Maw (6;0) also correctly reproduced complex figures like those of 
type V, but in order to check them, relied only on the correspondence: 
“Are they the same?—(He counted 12 and 13.) Theres one too many 
(removing 1, which was wrong as he had merely made a mistake in 
counting).—Then why is there an empty space here?’ He then 
behaved in the same way as Fav. He destroyed his own figure and put 
the counters in a row, then, with his finger made the correspondence 
with the counters in the model, which had remained in position. He 
then saw that there was one counter missing and added it. 

Similarly, when he took 22 matches to correspond to 22 counters 
arranged in a complex figure, he counted to himself as he did so. 
‘Are there as many?— Yes. —How many?—4/ don’t know (having for- 
gotten the last cardinal number).—Then how do you know they’re 
the same?— Every time I put a match, I pointed to a counter.—And how do 
you know you didn't make a mistake? —(He then arranged the counters - 
in a row and put a match opposite each one.)? 


No examples could indicate more clearly that it is only when 
the correspondence becomes operational that the child feels 
certain of his counting. We can therefore distinguish a stage 
characterized by operational Correspondence, with recognition of 
the equivalence of Corresponding sets, and conservation of quan- 
tities. This stage is intermediary between mere intuitive corres- 
pondence and correspondence between the objects and the 


responding sets. Here, on th 
correspondence among the 


ation, i.e. to study, making use of like objects, how the child 
makes two sets of equal value. Moreover, although i 
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Ceding sections we have already seen these processes at work, we 
feel that it is desirable to simplify the problem, in order to dis- 
Cover whether the same results are achieved when single rows are 
used instead of complex figures. 


Stage I: Global comparison 
In the case of single rows, the reactions are very similar to those . 
observed earlier. Instead of making the one-one correspondence, 
€ child bases his evaluations on only one or other of the two 
global qualities of the row, its length or the density of the elements, 
without co-ordinating them. Here we have some examples: 


Don (451) had a sister, Myriam: ‘Mummy is giving Myriam all those 
Pennies to go to the fair. Now you take the same number of pennies as 
thee te He took a handful at random (5), but arranged them so 

1 cus row was longer than the model.) Is bigger, it’s not right! — 
rich Is one of you richer, or have you both got the same?— Yes, Pm 
nae then, make it so that it's right. —(He put them all back 
"i © the box, then took out 4 which he put close together, then 1 more 
h nich he put close to the others.) But this will be smaller (his row). PU 
du lo put some more. (He added 1 at each end, thus obtaining a row of 7, 

ft: same length as the model).—Are they the same like that, or will one 
9! you be richer ?— They're exactly the same.’ ` 

Char (4;4) also began by making a compact row of 11 buttons to 
sonal the 6 spaced out buttons of the model, then, as his row was longer 
1 an the other, he removed 3 from the end, thus obtaining the same 

€ngth: ‘Are they the same ?——Yes.—Exactly ?— Yes.—(The 6 elements 
of the model were then put further apart, and the 8 in his copy were 
Put closer together.) And now?— 7 Aere are more there (the 6)? 

f Boq (437): ‘Put as many sweets here as there are there. Those (6) are 
or Roger. You are to take as many as he has.—(He made a compact 
Tow of about ten, which was shorter than the model.)—Are they the 
Same?—Not yet (adding some).—And now?—VYes. Why ?— Because 
theyre like that (indicating the length).—(The 6 in the model were then 
Spread out.) Who has more?—4ARoger.—W hy ?— Because they go right up 
to there. —What can we do to make them the same?—Pul some more 
(adding 1).—(The 6 were then closed up and his were spread out.)— 
Now I've got more? ; 

Finally Boq was shown two rows of sweets, one containing 3 that 

the first row 


Were spaced out, and the other 4 that were close together, 
thus being longer: *Where arc there more?—There (the 3).—Why?— 


It's a bigger line? : j 

Arc (439): ‘Mummy is giving these sweets (8) to Luc. You're going 
to have some too, exactly the same number.—(He put 13 in a compact 
row, taking great care to make the row the same length as the model. ) 
—Have you got the same number?—Yes.—And now (spacing Luc's 
8 rather further apart) ?—JVo, Luc will have more.’ 

Ril (5;2) put 9 pennies to equal a row of 6: * There.—Are you as rich 
as Danicl, or have you got more?— We've both got the same.—(His 9 were 
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then put closer together and Daniel’s 6 were put further apart.) Who 
will be able to buy more?— Daniel? 

Ler (5;3) put 8 pennies close together opposite a row of 6, and then, 
when the 6 were spread further apart, he thought they were more than 
the 8 ‘because it’s bigger here? 


More rarely, the evaluation is based on the density of the 
elements, as in the following examples: 


Don (431), just after the experiment quoted above, put 7 red 
counters close together under 6 blue ones: * Are they the same?—Jz;.— 
(The model row was then closed up and his copy spaced further apart.) 
—And now?— [ye got more (7 red ones) because it’s bigger. No, Myriam's 


got more (6 blue ones).—Why?— Because they're close together; there are a 
lot.’ 


Lin (5;3) also, although most of his estimates were based on the 
length of the row, said more than once that 6 elements close together 
were more than n elements spread out ‘because it’s bigger.’ 


This brings us back to the questions raised in $1. What is the 
nature of this quantification prior to one-one correspondence, and 
why is one-one correspondence impossible at the level of the first 


these relationships, which are as 


adding the relationships abstractly, new 
doubtless appear sooner or later (cE Chapters V and VI), but as 
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long as it is only a matter of immediately perceptible relationships, 
these two criteria suffice for an elementary evaluation. It is clear 
that the child is also capable of comparing two rows from the 
point of view of the intervals separating the elements. He recog- 
nizes that in one row the elements are more (or less) compact than 
in the other, and he can translate this perception into elementary 
quantitative relationships. For Don, for instance, “because they're 
close together, there are a lot’, and for Lin, there are more when 
it’s bigger? (cf. Chapter III, in which Mou, Lid and Fran used 
density as the criterion for estimating the larger quantity). Each 
of these two relationships of total length and density thus con- 
Stitutes a beginning of what will later be cardinal evaluation, 
both of them being, from the start, inseparable from the 
quantity. 
For the adult, a row of n spaced-out elements keeps its cardinal 
Value z if its length is diminished by closing up the elements. It is 
therefore the relation between the length of the row and the 
intervals between the elements which determines the conservation 
of the whole, whereas the relationships of length and density are 
variable. It is precisely this co-ordination, or logical composition 
of the two relationships in question, that the child of this level 
cannot make, and that is why the notion of conservation of the sets 
and even of one-one correspondence is still impossible. The 
elementary quantitative relationships are merely practical 
Schemata which are still pre-logical because there is not as yet any 


Operation properly so called. 

Now why is it that onc-one co 
during the first stage? We must, of course, distinguish between 
Intuitive and operational correspondence. Operational corres- 


Pondence presupposes the intervention of special operations 


Which we shall discuss later, but intuitive correspondence, when 
it is qualitatively correct, is the result of elementary multiplication 
of the relations, and we have seen that the relationships of total 
length and density are not susceptible of composition at this first 
level. It is obvious, for instance, that when Boq prefers three 
spaced-out sweets to four close together because ‘it’s a bigger line’, 
he is disregarding both the elements as such and the intervals 
between them, and that when Don, reasoning in a similar way, 
uses the other criterion and says ‘because they’re close together 


there are a lot’, he is disregarding the length of the rows and is 
therefore incapable of comparing the elements as such. It is only 
when two rows are of equal length and density that their equi- 

dence and goes beyond global 


valence implies their correspon 
evaluation. It can be seen, therefore, that correspondence is the 


expression of a construction in the true sense, even at the level of 


rrespondence is not possible 


78 CARDINAL & ORDINAL ONE-ONE CORRESPONDENCE 


intuitive qualitative correspondence (i.e. before there is any 
question of numerical correspondence), the operation then being 
partially replaced by perception of the figures. 

This construction can be analysed as follows. First, there must 
be a decomposition, so that composition may become possible. If 
the global relationships of length and density of a row are to be 
merged in a single whole, it must first be understood that the total 
length is formed by the sum of the intervals separating the 
elements, and that consequently, in a compact row the intervals 


Secondly, when the two TOWS are compared, the construction on 


Suppose a multiplicative 
ws will correspond to one 
time equal in length and 


an be placed opposite an 
element of the other. 


In this connection, the hesi 
of this stage, and th 


view, then, disconcerted by the contra- 
; attempt to take account of both at once. They 
i Tespondence between both the 
Wo sets. Here is an example: 


a row equal to one containing 6 
sweets. She took 8, one at a time, and put them in a row: * Thal’s more. 
—How can you tell ?— Tou can see by the line.—('The 8 were then closed 
up and the 6 spaced 


Tows, one of 6 Sweets close together and the 
other of 4 spread out.) Where are there more? There (6).—Why?— 
Because there s more ( «close together). (She was then shown two rows 

r other spread out.) And there?— There (spaced 
out), because it’s longer, there are more Sweets.— (She was again shown two 
horter contained more elements. ) And now?— 
à » because there are a lot. (The original 6 were then 
put down again.) Put down the same number,— (Sty then made the 
correct correspondence and thus passed beyond the first stage.) 
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Stage II: Intuitive correspondence, without lasting equivalence 


When children at the second stage are asked to pick out a 
number of elements equal to those in a model row of six, they 
react immediately (or almost immediately) by making an optical 
Spatial correspondence with the model, but they no longer accept 
the equivalence of the two rows when the correspondence cannot 


actually be perceived: 


Jon (435): ‘Take the same number as there are there (6 counters).— 

€ put 7 counters close together, and then made the correct corre- 
Spondence.)—Are they the same?—Yes.—(His row was then spread 
9ut.)—Are they the same?—JVo.—Has one of us got more?— Me.— 
Make it so that you have the same number as I liave.—(He closed his 
up.)—Are they the same?—Yes.—Why ?—Because I pushed mine together. 

Pret (4;11) succeeded in making the correct correspondence after 
first putting one too many, but when the elements in the model were 
closed up, he said: ‘ There are more there, because there’s a bigger line. It has 
to be the same line, then they’re the same.—What must we do then ?—(He 
rearranged them so that the rows were the same length. (Same 
reactions in the case of the reverse operation. 

Hab (5;3) began by putting 9 sweets opposite the 6 of the model, but 
made the row the same length. * Thats it.—Are they the same?—I’m not 
Sure.— Where are there more?—There (row of 9, close together).— 
What must we do then?—(She put 6 opposite 6 of the model and 
removed the rest.)—(The 6 of the model were 
they the same?—No.—Are there as many here (model) as there ?— 
No, there (copy) there are more.—Is there more to eat on one side than 
on the other, or are they both the same?—Z shall have more to eat.— 
Make them both the same, then.—(She removed 2, then made the one- 
one correspondence, and finally put the 2 back when she found they 
Were missing!) ’ 

Per (5;7) had no difficulty in making a row of 6 sweets corresponding 
to the model. The model was then closed up: ‘I’ve got more.—Why?— 
Because it’s a longer line—(The process was reversed.)—Now there are 
more there, because it’s a big line.’ But a moment later, Per said the 
Opposite: ‘Are there more here (spaced out) ?—Vo.—Why not?— 
Because it’s long.—And there (closed up)?— 7 Aere are more there, because 
there's a little bundle ( —close together).—Then are there more in a little 
bundle than in a big line?—Yes.’ After this Per went back to using 
length as the criterion, made the two rows the same length again, and 
said: ‘ Now they're both the same." 

Plus (5;7) also used correspondence in order to find a set equal to 
the model, but chose 3 spaced out sweets in preference to 4 close 
together, because ‘there are more’. In order to make 6 closed up elements 
again equal to 6 that were spaced out, he merely spread out the first set. 


o the origin 


These examples clearly confirm our hypothesis as ti 
his form of 


of qualitative correspondence. Elementary though t 


then closed up.) Are , 
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correspondence is on the purely intuitive plane, it nevertheless 
constitutes a complex relation involving a system of comparisons, 
Le. of logical multiplications or divisions. If, for instance, the 
child is to compare the sides or angles of two rhombuses, he must 
decompose the figures in order to abstract the similarities in the 
position of the sides alone and the angles alone. Such rclationships 
obviously belong to a more advanced level than the undifferen- 
tiated, globally perceived relationships of the previous stage. In the 
case of our two rows, it is the co-ordination of the relationships of 
length and density of the rows that leads to correspondence. As 
long as the child judges the quantity by length or density alone, 
there is no possibility of correspondence. The children quoted 
above are now able to make a copy of the same length and density 
as the model, the twofold equality being ensured by the fact that 
each clement of the copy is placed opposite an element of the 
model. Thus Hub (like Jon, Pret, etc.), who begins, like the 
i » by putting too many sweets under the 
model, says that she is ‘not sure’ of the equivalence, and then 
iscovers the correspondence by spacing out her own sweets and 
thus co-ordinating the relationship of density with that of length... 
Moreover, when one of the rows is closed up or spaced out, and 
the child is asked to restore the equivalence in which he no longer 


believes, the reaction at this stage is different. Children at the first 
stage usually merely add 


ushed mine together’. Pret, Per, Plus and 
Hub also restore the equivalence by remaking the optical cor- 


respondence, i.e. by co-ordinating the density and length of the 
rows. 


As regards the first, it is clear that, while there is here a con- 
tinuous process of co-ordination, its stages indicate the existence 
of successive planes of structuration, First there are the elementary, 
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global, perceptual relationships that are inherent in perception of 
the length and density of the rows. Then, when these perceptual 
relationships begin to be co-ordinated by means of scriations and 
logical multiplications, the co-ordination takes place first of all on 
an intuitive and still perceptual plane, and is only semi-opera- 
tional. This is precisely what happens during the present stage. 
The child certainly considers the relationships ‚of length and 
density simultaneously, since he can produce a copy equal in 
length and density to the model, but the co-ordination does not go 
beyond the plane of perception, i.e. as soon as the perceived 
figure, which made the correspondence possible, is altered, not 
only does the correspondence vanish, but also the co-ordination 
between length and density.+ 

Indeed, when one of the rows is contracted or expanded, the 
child does not say: ‘it’s shorter, but closer together, so we can’t 
tell’, but chooses one of the two criteria at random, and judges the 
total quantity by it alone. Per provides an excellent illustration, 
Although this child could make a one-one correspondence 
between the model and his copy, he was at a loss as soon as the 
distribution of the elements in one row was changed. He then 
hesitated again between the two relationships, saying first that the 
spaced-out elements were more numerous ‘because it’s a longer 
line’ and then the opposite, because there was a ‘bundle’. This 
clearly proves that although Per could co-ordinate the relation- 
ships on the perceptual plane, and thus make a one-one corres- 
pondence between the rows when the elements were visually in 
contact, he was not capable of linking them sufficiently closely for 
the co-ordination to go beyond the intuitive level and to con- 
stitute a system of true operations. : f 

Even at this second level, however, there are signs of a begin- 
al co-ordination. For if, as it is the purpose of 
this book to prove, an operation is indeed a reversible action, it is 
clear that the reactions of Jon, Pret, Per, etc., who space out or 
close up the elements in orden o a Na aati are 

o ® H 

forerunners of the e o ies c WS Gnd. Hiat the global 
a ma ‘more or less close together’, which 


> 
relations ‘more or less long’, ; 
characterize the rows themselves and not the detail of the rela- 
tionships between the elements, correspond to the first level, that 


of unco-ordinated perceptual relationships. pes repu c 
between these two kinds of relationships, which ta SR ate 
the second stage on the intuitive plane only, is both additive 
(seriation. and multiplicative (correspondence), an us corres- 

1 We shall see later that the conservation of correspondence presupposes 
numerical, and not merely qualitative, operations. > 


ning of operation 


G 


Lj 
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ponds exactly to the beginnings of operations which we described 
in Chapters I and II in connection with the second stage ree 
servation of quantities. Indeed, on the one hand, the density od) 
row is nothing more than the succession (perceived or PHP i 
of the intervals separating the elements, and the sum of - 
lengths is identical with the total length of the row. Hence, be 
co-ordinate total length and density is merely to decompose t i 
former into segments which define the latter, and this constitute 
an additive seriation. On the other hand, to make the one 
correspondence between two rows is to construct two series -€ 
elements are exactly opposite one another, i.c. to multiply t ne 
relations ‘situated at a certain distance along’ by the relatior : 
‘situated above’. What the child discovers in making the per 
ceptual one-one correspondence is the beginning of seriation pe. 
of multiplication of the qualitative relations of position, ben: 
nothing more. When the density or total length of one of the si 
is altered, he ceases to believe in the correspondence, map ; 
cannot understand that the displacements compensate one e ue 
and that the differences can be equated, an understanding whic 
requires a higher level than that of mere qualitative grouping. but 
that the child can do is to restore the equality of the two rows; | ‘al 
he does not as yet deduce from this empirical return to the initia 
position that operational reversibility is always possible. 


Stage III: Operational correspondence and lastir 


ng equivalence 
At the third 


ca y quantifying, and from now on, expresses 
numerical equality and not 


oye A re 
merely qualitative equivalence. Het 
are some examples: 


Fet (535): ‘Take the same number of pennies as there are there (6)- 
He made a row of 6 under th i 


—Yes—A: 

another?— Yes. —(The pennies of the 

his were spaced out.)—And now?. 

are they the same? Because Jow ve 
Cran (538) was shown 6 beans Spaced out, and began by putting one 

opposite each one of the model. Hi 

the same?—Yes.—Th 


aft 


> * 
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counting, but looking at the corresponding elements. Having reached 
this point, he put his finger on the fourth match of the model, took 2 
more, then put his 6 matches in front of the model row, but in a heap, 
so that there was no spatial contact. We then spread out his matches in 
a row and made the others into a bundle: ‘Are they the same?—Of 
course.—Why?— Because before, those (his own) were in a bundle, and now 
pow ve put them like that (spread out), and these (the model) were spread out 
before, and now yow ve made them into a bundle.’ 


The contrast between these children and those of the preceding 
stage is obvious. In the first place, they do not rely on the per- 
ceptual contact between the elements, even when they make the 
one-one correspondence. Fet, for instance, at once made a series 
that was more compact than the model, and Lan put his six 
matches in a heap opposite the model row. What is more impor- 
tant; however, is that these children can relate the successive 
configurations of the corresponding sets by correctly co-ordinating 
their relationships. For example, in order to prove that the pennies 
in the model are still equivalent to those in his copy, Fet uses the 
same argument that the younger children used to prove the con- 
trary: ‘because you've put them closer together’. This justification 
can have one meaning only: when the pennies are put closer 
together, if none are added or removed the total length decreases 
but the density increases. The child is therefore now capable of 
considering simultaneously the relationships of length and density, 
not only when the series to be compared are similar, but also (and 
this is the progress over the second stage) when they differ in both 
length and density. In other words, if we consider the total length 
and density of the rows as two distinct relationships, as the child 
does before he co-ordinates them, or when he determines the 
density by the length of the intervals between the elements, we can 
say that the third stage indicates the completion of the mul- 
tiplication of these two relationships. Even at the second stage, 
there is already a beginning of this multiplication, but at that 
level the child either compares two corresponding rows correctly 
because they are equal in length and density respectively, or, 
when one of these qualities is the same in both, concludes cor- 
rectly as to the other. When the two qualities vary together, at the 
second stage the child’s estimate is wrong, while at the third stage, 
by multiplication of the two relationships, he grasps for the first 
time that a row which is both shorter and more compact than 
another can be equal to it. 

It is by the inclusion of each perceptual situation in the system 
of all the possible perceptual situations that from now on mul- 
tiplication of the relationships is independent of actual perception 
of the rows. There is therefore, in reality, a freeing from perception 
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in general, since each perception of the configuration takes its 
place in a coherent system of transformations governed -by the 
logic of relationships, each composition corresponding to a 
possible perception of the sets. a. ad 

It is this freeing from perception that marks the beginning of 
operations properly so called, which are thus seen to be the result 
of the progressive reversibility of thought. The terms used by Lan 
to explain the relationships between the two corresponding sets 
might be translated as follows: heap becomes row =row becomes 
heap. In other words, the two sets are still equivalent because 
their transformations are only reversible changes of position, i.e. 
they are the result of operations that can be reversed. "T 

We must, however, point out that logical multiplication of 
qualitative relations is not in itself sufficient to account for 
numerical correspondence, with lasting equivalence, just asit was 
not sufficient to lead the child to the notion of conservation of 
continuous and discontinuous quantities (Chapters I and II). In 
the case of correspondence, as in that of the relationships inherent 
in conservation of quantities, the transition from the qualitative 
to the arithmetical operation is explained by the equating of the 


differences, ie. by the implicit or explicit introduction of the 
notion of the unit. 


The assump 
term with a longer and less c. 


Hitherto, the elements of the corr 
sidered by the child as bei 
qualities: the first counter on the 1 


counter next to it on the right, and so on. But once the corres- 
pondence is accepted as lasting irrespective of these positions, the 
elements merely become units, each equivalent to the others, and 
the correspondence then rests only on the notion of equal units, 
differing one from the other only by their relative order of 
enumeration. In other words, the correspondence is now the 


eft in the upper row, the 
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logic, this operation being the equating of the differences, or to put 
it more concretely, the seriation of units seen as equal in all 
respects except the temporary relative position of each one in the 
series, 


§3. Conclusions 


The facts contained in this chapter are remarkably in agree- 
ment one with another and with those of the previous chapter. 
They provide us with the general picture of the stages through 
which correspondence passes, and thereby enable us to attempt 
a general explanation of the successive methods of quantification. 

We have scen, in the course of our analysis, that the problem 
has gradually become more and more precise. In Chapters I and 
II we saw that the child does not at first assume conservation of 
either continuous or discontinuous quantities when the per- 
ceptual configuration is changed. We then examined the ques- 
tion of whether one-one correspondence, in its more familiar 
forms (correspondence between container and content, and one 
for one exchange) was sufficient to ensure conservation, i.e. 
necessary lasting equivalence, of corresponding sets. Chapter IIT 
led us to give a negative answer to this question. There is a level 
of perceptual correspondence which is characterized by the dis- 
appearance of the equivalence as soon as the corresponding 
elements are no longer in contact. Reactions of this kind are a relic 
of a first stage during which the one-one correspondence is not 
grasped even when it is imposed by the external situation, the 
equivalence resulting from a global estimate of the space occu- 
pied. We found it necessary, therefore, to study the spontaneous 
processes of quantification used by the child in order to determine 
the cardinal value of sets, and we therefore devoted Chapter IV 
to the question of spontaneous correspondence. 

The tests used in Chapter IV involved the children in an 
activity which was a direct continuation of their everyday 
experience, and this activity yielded a rich crop of spontaneous 
procedures following a regular order: global evaluation, corres- 
pondence without lasting equivalence, and numerical corres- 
pondence with lasting equivalence. Three questions then. arose. 
Why does the child not feel the need, from the beginning, to 
decompose the global totalities that he thinks he can evaluate? 
How does the first form of decomposition or intuitive qualitative 
correspondence make its appearance? In what conditions does 
operational qualitative correspondence become numerical cor- 


respondence? 5 
In §2, we outlined the answer to these problems in the case of 


rows, but we must now generalize it. In so doing, we shall dis- 
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tinguish between (I) psychological analysis, which is causal and 
genetic, and (II) analysis of the logical construction of opcrations, 


though, as will eventually appear, the two kinds of interpretation 
are parallel. 


level (usually at about the age of 41—5), the child erem 
continuous quantities as if they were continuous, i.c. exten an 
quantities. His quantitative judgements are thus based only on t É 
~ general shape of the set and on global relationships such as ‘mor 
or less long’, ‘more or less wide’, etc. T 3 
There are two Possible explanations of this initial reaa 
Either the child does not feel the need to decompose the wholes s 
can perceive and is trying to evaluate, or he is incapable of T 
decomposition, Psychologically, the need and the capacity a 
course closely linked, but for the moment we shall assume t ý 
‘they are distinct. That the child should begin by considering de 
analysed wholes, without feeling the need to decompose them 5 
long as experience does not compel him to do so, is perfectly p 
sistent with what we know of the psychology of thought at thi 


Hence the child who is asked to pick out ‘as many’ counters al 
there are in a given set is in no Way equipped by p : 
Structure to consider the set as being a union of units, i.e. 1 +1 


first level is the intuitive global 
figuration itself, in the absence 
enable him to put together again 
ceptual intuition if it were broken 
there is an alteration in the data 


1 In The Language and Thought of the Child we h: 
Decroly calls the ‘global’, and Claparéde the * 
dren's perceptions, is a general attribute of th. 
thought. 


ave already shown that what 
Syncretic’, character of chil- 
© whole of the young child’s 


- 
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correct. Closed figures depending on a given number of elements 
are well reproduced, because they involve a ‘good’ configuration, 
but collections, rows, open figures, and even closed figures with an 
arbitrary number of elements, are not correctly copied. Linear 
series, in particular, are evaluated by their total length only, 
irrespective of their density. 

Although the method of global comparison allows of a rough 
comparison between two sets of the same form, covering the same 
area, and having approximately the same density, it becomes 
inadequate as soon as these properties differ substantially. Two 
sets which the child has stated to be identical by global com- 
parison, are no longer considered equivalent when the elements 
of one set are spaced out. He cannot understand that when there 
is a change in the shape, and therefore in the distribution of the 
parts, something remains invariant, namely, the number of 
elements. The reason is that he has not yet acquired the notion of 
number, but only of perceptual wholes. Hence, in our view, the 
notion of conservation of the set is lacking because the elementary 
relationships inherent in the global perceptions are merely juxta- 
posed instead of being co-ordinated. 

The method of global comparison is therefore not only vague, 
but lacking in mobility, since there is no operational mechanism 
by which the various successive states can be linked into a dynamic 
whole or system of relationships. Hence the characteristic feature 
of this first stage is the almost complete irreversibility of thought. 
It is true that each of the global qualitative relationships estab- 
lished by the child, e.g., ‘longer’, etc., is capable of giving rise to 
an inverse relationship, ‘less long’, etc., but as these relationships 
are not decomposable into units and are not co-ordinated one with 
the other, but merely put together in a non-structured whole, they 
cannot yet form a reversible system, and perceptual intuition 
therefore holds sway, operations being as yet impossible. 

The second method, which is characteristic of the second stage, 
and which consists in comparison of figures by intuitive qualitative 
indicates some progress, but this is less than 
. The progress lies in the precision brought to 
es and qualities, which results in a deeper 
understanding of the intuitive data. At the previous level, the only 
details noticed are those necessary for the construction of the 
overall shapes: angles, ends of rows, etc., but from now on there 
are no privileged details. Each part of the whole is perceived and 
taken into account, and the child begins to co-ordinate the 
various criteria. It is because he is puzzled at finding that he 
arrives at different evaluations according as he stresses one or 
other of the criteria, that he eventually comes to co-ordinate them. 


correspondence, 
might at first appear. 
the analysis of shap 
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The child's success in thus reproducing the various geometrical 
configurations of the sets is achieved through a new semi-opera- 
tional method, or rather through the development of a ven 
which already existed within the global comparison, but whic 
comes to the fore at this level, i.e. intuitive qualitative corres- 
pondence. Psychologically, to make a correspondence is rary 
systematize judgements of resemblance and difference. In fact, the 
child perceives the details of one figure only through their resem- 
blance to, or difference from, those of the other to which he is 
comparing it. He therefore works out the correspondence between 
all the analogous parts, and no longer concentrates only on certain 
outstanding details and the general configuration. This qua 
tive correspondence, or “comparison of the parts’ is the tool use 
by the child for the reproduction of all the figures whose shape 
depends on the number of clements, and although it is not always 
successful in other Cases, it constitutes a new and much more 
efficient method of reproducing the sets. : 

Yet this second method, although more precise than the first, 15 
not much more mobile. It enables the child to compare only 
certain privileged static States of the sets in question, i.c. those 
Which give the figures their particular shape. Ba, for instance, was 
doubtful as to the equivalence of two sets of twelve counters 
arranged as similar rectangles, because in one, the longer side was 


horizontal, and in the other, vertical, Similarly, Nil was not pre- 
pared to accept the equivale 


circles in spite of the fact th 


There is, indeed, a beginning 
ships of length, width, density, etc i 


is not yet the operation as such, 


n order to make his own figure cor- 
respond to the model, the child must of course take into account 


simultaneously dimensions, density, shape, etc. As compared with 
the first stage, the progress lies in the fact that in the actual 


nships are co-ordinated, but 


re Is | ld is incapable of abstract 
operational co-ordination of the relationships involved, and has 


recourse to the only available Principle of unification: the figure 
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he perceives. This explains why the child at this stage ceases to 
believe in the constancy or correspondence of the sets when the 
configuration of one is changed, and why he then again bases his 
evaluation on one criterion only, forgetting the others. 

To sum up, the second method is merely a continuation of the 
first. It is more precise, slightly more mobile, but still restricted to 
sensory intuition, and not yet capable of truly logical and opera- 
tional dissociations and compositions. It can be described as semi- 
operational, since on the practical plane it allows of qualitative 
correspondence, which implies intuitive co-ordination of relation- 
ships. With this semi-operational character goes progress in 
reversibility of thought, reversibility being the psychological 
expression of the operation. This can be seen from the fact that 
although children at this level think that the number of elements 
changes with a change in the configuration, they nevertheless 
assume that a return to the original figure is possible. Thus in 
order to restore the equality between two rows, they merely space 
out or close up the elements of one of them, and do not add or 
remove any elements. But obviously this reversibility is incom- 
plete and the relationships still do not constitute a reversible 
system. In other words, they are not yet independent of per- 
ception. 

The third method, on the other hand, represents a definite 
progress: correspondence leads to necessary and lasting equi- 
valence. The sets are now assumed to be equivalent, whatever the 

_ configuration or the distribution of the elements. The progress 
takes place gradually as a continuous process, the correspondence 
depending less and less on the figure itself, i.e. on perceptual 
intuition. As soon as qualitative correspondence is to any extent 
independent of the precise form of the respective parts of the two 
figures, the elements become interchangeable units, and the cor- 
respondence thus acquires a numerical character. But this freedom 
presupposes lasting co-ordination between the relationships, with- 
out recourse to the figure, i.c. correlation of successive perceptions 
hitherto assumed to be irreducible. 

The fundamental factor of this development is, in our view, the 
complete reversibility of the action involved in the child’s pro- 
cedure. The operation he performs is no longer immediately 
absorbed in the intuitive result obtained. It frees itself, as it were, 
and becomes capable of moving in reverse. Each transformation 
can be compensated by its inverse, so that any arrangement may 
give rise to any other, and conversely. Thus instead of relying on 
an all-important figure, the child proceeds exclusively by reference 
to the one-one correspondence, and thereby succeeds for the first 
time in decomposing the wholes and co-ordinating the relation- 
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ships. From now on, therefore, his actions constitute a sige 
system involving constancy of the set. This system serves as e: 
principle for generalization of qualitative correspondences a 
logical co-ordinations of relationships into numerical S gt 
pondence, in which each element, irrespective of its apa : 
considered as a unit equal to the others and differing from then 
only by its temporary position in the scries. , : 

II. We shall now consider, in its broad lines, the logical d 
turation of the child's Judgements, as it develops, by a series o 
transformations, from the elementary, unanalysed relationship to 
general one-one correspondence. : ine 

The logical construction of correspondence which takes pla a 
during the three stages analysed in Chapters III and IV finds E 
natural place within the framework of quantification peg 1 
described in relation to conservation of continuous and am 
continuous quantities, Global evaluation corresponds to CO 
quantity’, qualitative correspondence to ‘intensive quantity’, 5 F 
numerical correspondence to ‘extensive quantity’, it being und ae 
stood that the logical multiplications which give rise to qualita 
correspondence merely begin at the second stage and only on th d 
intuitive plane, and that they are generalized during the iat 
stage when they combine with those that give rise to numerica 
Correspondence. 


At the level of global quantification, the child is incapable of 
multiplying the relationshi i i i 


constituting the Correspondence, 
In the present case, this a, 


araüng one element from the next, 


; tions which makes qualitative 
correspondence possible, consists in t € construction of a new row 
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Having exactly the same length and the same intervals as the 
rst. 
In terms of classes rather than relationships, the correspondence 
of two sets will consist in the distribution of the second set in such a 
way that the elements of the two sets are similarly placed, and that 
they can also be paired to form similar sub-sets which are also 
similarly placed. 

When two rows of elements are in qualitative correspondence, 
the second series has the same total length and the same intervals 
as the first. From logical multiplication of the relationships it 
follows that in the case of 

(1) equal length and equal density, the sets are the same; 

(2) greater length and greater density, or smaller length and 
smaller density, one set has more, or less, elements than the 
other; 

(3) equal length and greater density, or equal length and smaller 
density, one row contains more, or less, elements than the 
other; 

(4) inverse lengths and densities in (3), the conclusion is the same 
as in (3); 

(5) greater length and smaller density, or greater density and 
smaller length, the number of elements in one series is larger 
and smaller than in the other, and therefore equal. — ^ 


The child at the second stage has no difficulty in grasping 
intuitively the first four of these compositions. The first merely 
expresses qualitative correspondence; the second states that if a 
row is both longer and denser than another it contains more 
clements; the third states that equal length and greater density 
implies more elements; the fourth states that equal density and 
greater length also implies more elements. None of these multi- 
plications requires an abstract operation, since perception 1s 
sufficient. The child at the second stage is incapable, however, of 
grasping the fifth composition, although it is implied by the earlier 
ones: if a row is both shorter and denser than another, it may con- 
tain more, less, or as many elements. It might be suggested that it 
is the uncertainty which is the obstacle to understanding, but the 
relation (5) could be expressed as follows, in which case there is no 


longer uncertainty: 
(6a) equal number multiplied by greater length implies smaller 
density, and equal number multiplied by smaller length 
implies greater density, or 3 
(6b) equal number multiplied by greater density implies smaller 
length, and equal number multiplied by smaller density 
implies greater length. 
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How is it then, that the child at the second stage who has just 
established the equivalence by one-one correspondence, and who 
understands the compositions (1) to (4), does not grasp the multi- 
plications of (6a) and (6b)? 

At the second stage, the child is still on the intuitive plane. He 
sees that the length and density of the rows are variable and he is 
perfectly coherent from the point of view of perception in assuming 
that this variation involves variation in the number, and this 
prevents him from attempting composition (6). Where he ceases 
to be logical, however, is in failing to grasp that in a contracte 
series the decrease in length carries with it increase im density. 
Instead of deducing that the result of composition (5) is uncertain, 
he then dissociates length and density and makes the mistake of 
assuming that the number of elements depends on one of the two 
only. 

How then does the child at the third stage succeed in Overs 
coming this difficulty and ‘discovering the constancy of number? 
Here there is a distinction to be made. On the one hand, if the 
comparison of two sets is merely a matter of ‘more or less numer- 
ous’ (e.g. all the blue counters that correspond to the red 
counters), it is obvious that generalization of logical multiplica- 
tions will suffice to establish the constancy of the sets, because of 
the operational reversibility of qualitative correspondence. The 
correspondence can be made and unmade, i.e. the two sets, which 
are two series of relationships, can be multiplied by another 
relationship which links them together and which can then be 
nship, the two sets become, an 
utes a certain constancy. When, 
» a set of blue counters has been placed*term for term 


A et o ;ounters, the two series remain linked by the 
relationship below or ‘above’, which ensures their equivalence 
from this particular point of view.1 


But this constancy of classes or 
nstancy of number. 


ing them in a triangle still 
and that only, they are still 


1 Is the notion of number essentia] before this fi 

i i i : t can 
exist? Logically the notion of extension of classes or fj ae an 
that of number are equivalent; Psychologically the two notions appear aie 
chronically (cf. Chapters VII and VIII). ‘PP 
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configuration. This is understood by the child in the third stage 
when, like Lan, he says that two sets which formerly corresponded 
are still ‘the same’ because the heap can be made into a row as 
easily as the row can be made into a heap. A further step involves 
the assumption that the three counters in a row still correspond to 
the three in the triangle, and to any other set of three counters, 
whatever their distribution. This also is grasped by children at the 
third stage, since they frequently succeed in making the corres- 
pondence without troubling about the shape of the sets. 

This brings us to the third stage in the logical construction of 
correspondence, that of numerical correspondence proper, which 
is parallel to what we called ‘extensive quantities’ in Chapters I 
and II and reaches its apex at the same time as the operations of 
logical multiplication, i.c. at the same time as the discovery of 
the constancy of classes and series of relations takes place. 

The explanation of the transition from qualitative to numerical 
correspondence can perhaps best be given in terms of classes. Let 
us again consider the case of the three blue counters in a triangle 
with a corresponding set of three red counters also in a triangle. 
Obviously any one of the counters can be used to start the cor- 
respondence, but once it is in the figure, its position is defined 
absolutely, and the correspondence is defined by the spatial 
properties of the counter chosen. Order in no way intervenes in 
the definition of the total classes formed by the corresponding 
elements. Such is the qualitative correspondence used by the 
child (and also frequently by adults). If, instead of making a 
triangle with the red counters, the child puts them in a heap or a 
row, or distributes them at random, the one-one éorrespondence 
he makes is of a new type, since each counter no longer carries 
with it qualities that distinguish it from the others, but becomes a 
unit equal to the others. Each red counter can then correspond to 
any one of the blue counters, but to one only. Hence the set of red 
counters acquires its quality of number three, and is no longer the 
class of counters forming a triangle, just as a pair of counters 
acquires the number two and is no longer the class of counters 
forming the ends of one side of the triangle. Moreover, any union 
of a pair of counters will produce the same class containing two 
elements irrespective of their qualities. 

In this numerical correspondence, how are the elements dis- 
tinguished one from another? It is merely by the order in which 
they appear in the correspondence, an order which is relative, and 
. varies from one operation to another, and which we shall therefore 
call *vicariant?. For instance, in order to find the number of red 
counters corresponding to the blue ones in a complex figure, one 
child will póint to each blue counter in turn, in any order (pro- 
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* 
vided he does not count any clement twice and does not omit any) 
and each time he will add a red counter to his row; another child 
will make a pile of red counters, and a third will merely take one 
each time from his reserve pile and put them aside at random, and 
so on. The only order common to all is in the act of pointing, but 
this order is essential if the correspondence is to be correct. 

The correspondence therefore ceases to be qualitative and 
becomes numerical when the elements are grasped as being 
equivalent in all respects, and when the differential properties that 
distinguished them within the set are replaced by the only differ- 
ence compatible with their equality, i.c. their relative position in 
the order of the correspondence. Once again, therefore, we find 
that it is the equating of differences that is the origin of the unit, 
and consequently of number. 

We find the same mechanism of arithmetization when we 
examine the evolution of relationships. Children at the third stage 
accept the fact that there is equivalence in spite of the distortion 0 
one of the corresponding rows, without feeling the necessity for à 
return to the initial state. This means that they replace qualitative 
correspondence by mathematical correspondence, and that they 
understand that the decrease in length is exactly compensated by 
the increase in density. The multiplication of qualitative relation- 
ships is thus from now on completed by a higher operation, that of 
the equating of differences, This being so, the length of the row 
and the size of the intervals lose their significance, and it is only 
the constant relationship between the two which counts for the 
child, Each interval becomes a unit equivalent to the others and 


the relation that represents the shift caused by the interval is then 
equivalent to ‘plus one’, 


It is clear therefore, that whe 


€.g., when counter B is on 
way, A and B are conceived 
cal relationships in one is to 
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add the differences. Symmetrical relationships are those which 


unite the elements of the same class, 


without thereby adding 


anything. None of these qualitative compositions, therefore, would 
make it possible to define units properly so called. The union of 


two classes in a third does not constitute two units; because their 
union results from their common qualities, and in the new class 
their differences are disregarded. The union of two asymmetrical 
relationships also does not produce two units, since the partial 
differences which are composed are not necessarily equivalent. 
The construction of number, however, consists in the equating of 
differences, i.e. in uniting in a single operation the class and the 


asymmetrical relationship. The elements 


in question are then both 


equivalent to one another, thus participating of the class, and - 
different from"one another by their position in the enumeration, 


thus participating of the asymmetrical 


relationship. Moreover, 


since these differences are differences only of order, they are all 


equivalent one to the other. It therefore 


follows that the criterion 


for the transition from an arbitrary qualitative series to the cor- 
responding numerical series is that each ‘elementary relationship 
shall be considered as equivalent to the others. 


CHAPTER V . 


SERIATION, QUALITATIVE SIMILARITY 
AND ORDINAL CORRESPONDENCE 


HE various forms of correspondence and eive 
examined in chapters III and IV are both ordinal and 
cardinal in character, but we have so far insisted on their 


seriation, of correspondence between two series of asymmetric 
relations, or ‘qualitative similarity’, and of ordinal corres- 
pondence, i.e, similarity that has become numerical. 

he making of a one-one correspondence between the elements 

i priori involve primacy of the cardinal sa 
the ordinal. It is indeed possible, as we stated in the conclusion © 
the previous chapter, to maintain that, in order that the eges, 
i.e. each term being counted once an 
once only), the different terms must be ordered in a sequence 1n 
which each clement is distinguishable from all the others. When 
i sets formed of equal elements only dis- 
on, the elements can be arranged in any 
order, provided that there is an order and that it permits of cach 


nd once only, This is what in the 


fame el € mixed. Thus there are three possible 
operations: simple qualitative seriation, qualitative corres- 
6 


9 


e shall now examine the question of 


" à " — 
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pondence between two seriations (similarity) and numerical 
correspondence (ordinal) between the two series. 

We shall now examine the reactions of the child with regard 
to these three operations. Will the intuitive character of the series 
that are to be correlated make for a more stable correspondence? 
Shall we find that the correspondences will produce more lasting 
cardinal equivalences? If this is not so, will the child at least 
achieve a notion of permanence of order, the understanding that 
even when the elements are disarranged a given position in set B 
always corresponds to a given position in set A? It is clear that the 
problems that arise in connection with ordinal correspondence are 
exactly parallel with those of cardinal correspondence discussed 
in the previous chapter, and we shall find that the reactions are 
the same and that the evolution of ordination goes hand in hand 


with that of cardination. 


§r. Technique and general results 


_ Ten wooden dolls of the same thickness, which can stand up or 
lie down, of clearly differing heights, the tallest being at least twice 
as big as the shortest, and ten sticks, also varying in size, but with 
less difference between them, represent the material. Ten balls of 
plasticine, also of clearly differing sizes, represent the rucksacks 
corresponding to the dolls, and are to be used as control material. 

The first problem (Question I) is to find the correspondence 
between the dolls on the one hand and the sticks or balls on the 
other when the sets are not in order. The child is told that the 
dolls are going for a walk, and the correspondence is suggested, 
but without explicit reference to size. For instance, he is asked to 
arrange the dolls and sticks so that each doll can easily find the 
stick that belongs to it. The experiment is continued until the 
child understands the principle of serial correspondence. 

Once the two rows have been arranged in correspondence one 
with the other, the following modification is made before the 
child’s eyes: the rows are left parallel, but the dolls are brought 
closer together and the sticks or balls are spread more widely, so 
that the corresponding elements are no longer opposite one 
another (Question II). Touching one of the dolls, we then ask the 
child: ‘Which stick will this one take?’ The question is repeated, 
the dolls and sticks being taken either in order or at random 
according to the child’s answers. 

When a number of experiments of this kind have been made, 
the order of one of the series is reversed and the same questions are 
put (Question III). A fourth problem with which the child is 
confronted is that of discovering the stick or ball corresponding to 


H 
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one of the dolls when one or both of the series are disarranged 
(Question IV). : F. 
The exact level of the child's understanding can be discover e 
by way of a fifth question. All the elements of the two series A 
mingled and one of the dolls, number 6 for instance, is pic fo i 
out. The child is then told that some of the dolls are going out for 
a walk, but not all, only those that are bigger (or smaller) eet 
the one chosen, and he is asked (Question V) to find the sticks 
belonging to the dolls that are going out and those belonging to 
the dolls staying at home. : i ay 
These five questions, which must be kept separate in questioni 
ing the child, can be reduced to three problems as far "ape 
zation of the results is concerned: (1) that of constructing a € 
Correspondence or similarity (Question I); (2) that of b. 
mining a serial correspondence when it is no longer direc rr 
perceived, i.e. of making the transition to ordinal correspondent é 
(Questions II and II); and (3) that of reconstructing t 
ordinal correspondence when the intuitive series are destroyee 
(Questions IV and V). The solution of each of these problem » 
involves three Stages which are almost Synchronic, and are a 
synchronic with the stages of cardinal correspondence and W: E 
those that we shall find, in the next chapter, in the relatio: 
between cardination and ordination, é 
The three stages in the construction of serial correspondence 
are: global comparison, without either exact seriation or spon 
taneous one-one correspondence, then intuitive, progressive set 


ation and Correspondence, and finally immediate, operationa 
Seriation and correspondence, 


In the reconstruction of 4 Correspondence when one or both 
rows are disarranged (Questions IV and V), we again find three 
stages. In the first, the child is incapable of reconstructing either 
one or other of the series and answers immediately and arbitrarily- 
In the second stage, he counts, but Pays no attention to the order; 
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" 
or else confuses the right position with that of the preceding 
element. In the third stage, he succeeds in finding the correct cor- 
respondence through co-ordination of seriation and cardination. 

As the facts to be analysed are very complex, we shall examine 
the three problems separately instead of proceeding by general 
Stages, the uniformity of the latter being sufficiently clear from the 
Beneral outline we have just given. 


82. Construction of serial correspondence (Qualitative similarity) 


One of the most interesting problems that arise in the con- 
struction of serial correspondence is the following. Is it easier for 
the child to construct a single series of objects, arranged, as in the 
present case, in order of increasing size, or to construct two cor- 
responding series, each element of the first thus being in relation 
not only to the larger or smaller elements of that series but also to 
those of the parallel series? It might be thought that it is simpler to 
construct a single series, without external correspondence, since 
the combination of relationships involved in one series might 
become twice as complex in the case of two parallel series. This 
would be true if the correspondence resulted from logical multi- 
plication and not merely from additive composition. On the other 
hand, it might be thought that, as in the case of cardinal corres- 
pondence, the finding of any correspondence is an analytic tool 
for the child and that therefore the construction of two similar - 
pn may be psychologically simpler than the construction of 

ne, 

It is interesting to find that experiment proves that the con- 
struction of a single series and the finding of a one-one corres- 
pondence between two series amount to the same thing, the 
difficulty involved in co-ordinating relationships in a single series 
being equal to that involved in finding a correspondence. The 
examples that follow show that at the level at which the child is 
unable to make dolls and balls correspond he is also unable to 
form correctly isolated series and that when seriation becomes 
Possible, correspondence also becomes possible. 

The following are examples of the first stage: 


Gui (4;6) began by arranging the dolls of his own accord in the 
following order: 2, 7; 1, 6, 9, 5, 8, 3, 4, 10. ‘Can you put them in 
order, the biggest first, then the one that's a little bit smaller, then 
getting smaller and smaller till you come to the smallest?—Yes (he 
arranged them thus: 7, 6, 1, 10, 2, 9, 8, 4, 5).—Which ball will this 
doll have (10) ?— 7 hat one (10).—Yes, and this one (1) ?—That one (1). 
— Yes. And now can you put the dolls in order so that they can easily 
find their balls? Put the smallest here, then the next biggest, then the 
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next until you get to the biggest of all.—(He put 1, 3, 2, d 5 de 9» 
leaving out 8 and 7 at first and then putting them between veris the 

We then helped him to make the correct series by disar ne No 
whole set and discussing each doll in turn until hc Succete oe small 
you must give them their balls. The small dolls must have 


qa jll you - 
ones and the bigger dolls the bigger ones and so on. Which balls will y 


IS B wil Yow, 
give to these two (1 and 10) ?—Those (1 and 10). That's right TOM 
go ahead.—(He then arranged the balls, each one Opposite: 1 liş will 
in the following order: 1, 5, 6, 7, 8, 9, 4, 3, 2, 10).—But these d E once 
cry because you've given them balls that are too small (He ved the 
removed balls 4, 3 and 2, but in trying to fit them in, disarrang ys 
first balls, which he then rearranged in the order: 1, 3, 4, 2, 5 x balls? 
Is there the same number of balls and dolls?—Yes.—How d 10. 
—(counting) ro.—And how many dolls?—(he had to count MA 1 (He 

Val (536): ‘Show me the stick belonging to this doll (Dio Good. 
pointed to S10.)—And to this one (D1)?—(He pointed to St.) 6,5 
And what about the other dolls?— , ., —Arrange the pc mies ont 
72,3 D 105 8, 4.) Which stick will go with that doll (D8)?— rrange 
(S6).—And with D4?—(He pointed to $4)—How must wa bes big- 
them so as to find the right ones? — , . - —Arrange the dolls: Saale 
gest here, then the one that's a little bit smaller, then the next s Wi 
until you get to the smallest of all—(ro, 9, 7, 4, 6, then 10, k (10); 
4, 8, 5, 2, 3, 1.)—Try to put the biggest first; you’ve got it, a: (9); 
then the one that’s a little bit smaller; that one's right too, lo vay he 
then the next smallest; is that one (7) right? etc.—(In this g M 
managed to get 10, 9, 8, 7, 6, 5, but then put 3, 1, 2, 4, then 4. A put 
then 4 2, 3, 1-)—In that right (2, 3)2— No (correcting it). Nis that 
the stick belonging to each doll.—(He put 9, TO, 8, 7, ::)—15 y-— 
right?—(He changed 9 and 10.)—And what about that one (4)! 
(He inserted 5.)—. . . ^ etc 

Clan (5;8) tried to make 
tion of either of the rows: D 
gest doll?—(He put Dg with Bio, 
the correction Bro with Dio 


e 
then Dg with B4, D2 with B2, ow 
and Bg with Dg; D4 with B6; etc.)— 


: rm the 
Size and so on.— (He then tried to form. 
les as the earlier children.) f 


nd then arranged them thus under the row 
dolls 10-1: B10,—,9, Ts 
dolls 9 and 6 having no balls. 


It is obvious that there are three methods, and three only, of 


*D=doll, S =stick, B=ball. 


| 


| 
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aing this problem of correspondence. The first is to seriate the 
i then make a separate series of balls or sticks in the same 
ihe E n then make each term of the first series correspond with 
call d enne the same position in the second series. We shall 
iri is the method of double seriation. The second method consists 
1 rming one of the sets into a series and then putting the 
E of the other set directly in correspondence with them, 
aking them one by one according to their position and in the same 
order, This is simple seriation with correspondence. By the third method 
Me is immediate one-one correspondence between balls and 
d without previous scriation, the seriation taking place, of 
ü 2m either in fact or by visual judgement, simultaneously with 
ne correspondence itself. T his is direct correspondence. 
pet point to notice is that not only were all the children at 
be e cg unable to use the method of double seriation correctly, 
mox cy were even unable to conceive of it. The idea of double 
Seriation does in fact presuppose that the problem has already 
been solved, that is to say it requires the ability to imagine as it 
were in the void the set of relationships involved in the series and 


the correspondence. Now since at this stage the child cannot at 
once even make the correct series of dolls, when making balls and 
ill not try to seriate 


Sticks correspond with them he obviously wi 
them, but will deal with them individually in succession. 

A second observation to be made is that when children at this 
stage use the method of simple seriation with correspondence they 
are not capable of exact spontaneous seriation. The first attempt 
of Gui, for instance, produced 2, 7, 1, 6, 8, etc., and that of Val 
7, 9, 6, 5. The interest of this first reaction, as compared with those 
of older children, lies in the fact that it is indicative of an attitude 
fut is still global and contrary to the analytic approach required 
or seriation. Indeed, when the child has produced his spon- 
tancous series and is then asked to form a true series, he is no more 
Successful. The seriation of a set of elements according to size 
requires awareness that cach term is both greater than the pre- 
ceding terms and smaller than those which follow, and it is 
obvious that Gui and Val forgot the latter condition. Gui first 
produced 7, 6, 1, regardless of the other terms, then added 10, 2, 
and finally 9, 8, 4, 5, while Val, after several corrections in his 
attempt to form a decreasing series, put 10, 9, 7, 4 6, and then 


added 8, 5, 2, 3, 1. 
The third fact that emerges is 


by the child do not go beyond t 
they are still global and pre-serial. There are two distinct cases, 


that in which, like Gui, Val and Ros, the child makes the balls 
and sticks correspond to dolls that have previously been seriated, 


that the correspondences made 
he level of these seriations, i.e. 


instance, put opposite dolls 1—10 balls 1, 5, 6, 7, 8,9, 4, 35 25 » 
and in spite of our Suggestions failed to find the correct onei 
pondence and finally inserted ball 2 between balls 4 and 5. hile 
made sticks 9, 10, 8, 7, 4, etc., correspond to dolls 1-10, Wolls 
Ros went so far as to make sticks 1, 3, 4, 6, 8, 9 correspond to balls 
1-6 and then for the Series of dolls 10-1 = aca produca Ec 
10575 9, 7; — 8, 6; 5» 4, 1, two balls remaining without do. s ing 
two dolls without balls. Ag for Clan, he only succeeded in e Ec 
_the following Pairs: 6-10, I-1, 2-2, 9-10, 3-4, then 10-10 and 9 
but finally 4-6, 7-7» 5-3; 6-5, followed by 5-4, 6-5 and 3-8. ess 
All this is a clear indication that the difficulties of serial cor 


taneous seriation is not possibl, 
and vice versa, It will b. 
Correspondence and ey, 


stage, we find a two-fold Progress. On the one hand, the child is 


: a 
f correct series after e 
error, and on the other, he can su 
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rany solve the problem of serial correspondence, in particular 
y the method of double seriation. 
We give three examples of this level: 


2 Tis (5:6) was looking at the dolls and sticks which were all confused. 
UE all the dolls alike?—Oh no, they get smaller and smaller, and that’s the 
find at- Do you know which stick belongs to which doll? How can we 
out?—We must arrange them smaller, smaller, smaller.’ Of his own 
accord, Tis then began to arrange the sticks in the following order: 
9, 10, 8, then said ‘No, I’ve got two the same size.’ He then measured 10 
and 8 and put 10 in position, then compared 9 and 8, put down 9, 8, 7 
(He had not compared 10 and 9 and had corrected his original mistake 
by chance.) He then picked up 6, 5, 4, measured them us against the 
other, then continued the series 6 5 4 3, 2, 1. After this he locked at 
the dolls and without any suggestion from me put the 10 and the 1 
Opposite sticks ro and 1. He then correctly placed doll 9, then 7, 8 
(correcting himself after comparing them) and finally completed the 
n les 6, 5; 4, 3, 2, the whole series of dolls thus being opposite the sticks. 
n spite of this brilliant beginning, however, Tis lost himself, as we 
shall see in $2, as soon as the sticks were moved rather closer to one 
another while the row of dolls remained untouched. 
bi Chou (7): *Which doll goes with that ball (the biggest) ?—The very 
ig one. —Now put the balls with the dolls they belong to.' He arranged 
the dolls in the order 4, 6, 7, 8, 3, 16, 9, 5; 2; 1.—Is that right?—Wo.’ 
ithout further suggestion he then produced 1, 2, 3, 5» 6, 7, 9, 10, and 
after some trial and error finally added 4 and 8. ‘And now?—4 must put 
the balls? He began by making the correspondence with the preceding 
term in the row of dolls, 6 with 5, 7 with 6, 9 with 8, etc., but corrected 
himself when he saw the whole set. j P l 
Cha (6;6). ‘How can we find the ball belonging to each doll?— 
. . . —Which ball will that one have (10)?—(He pointed to 10.)—And 
that one (5)?—That one (7).—How can we be quite sure?—P l put them 
like this (seriating): 10, 8, 9, then 10, 9, 7; 8, then 8, 7, 5, 6, then 
6, 5, 4, 3, 2, 1? After this he put the balls opposite the dolls, but making 
an error of one position in each case so that finally there was one ball 
without a doll and one doll without a ball. ‘Is there the same number 
of balls and dolls?—There are more dolls.—How many ?—(He counted 
the ro dolls.)J—And how many balls?—(Counting) ro.—So it's the 
same number?— zs (correcting the correspondence). x 
_There is no need to quote further examples to see the sig- 
nificance of this second stage. The difference between it and the 
first stage, i.e. the appearance of correct and spontaneous 
seriation and serial correspondence, is obvious. It is however,, less 
easy to distinguish it from the third stage, to which it is connected 
by all the intermediate stages. The difference of principle, which is 
evident in the clear cases, is that seriation and serial corres- 
pondence are still intuitive and perceptual in the second stage, 
whereas they become operational in the third, when the corres- 
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Bath alt es 
pondence is truly ordinal, i.e. numerical. The E m 
more evident by comparison with the results of inis: em e 
in 883 and 4, which show the mechanism of serial corres] 

t for the elves | er 
T criteria used by the child at the intuitive and ope 
tional levels in constructing his series and We iini -—— 

In the first place, at the second stage all the ep e child is 
series without intervention from the experimenter. T dee xd 
capable of arranging an element in a scries in such a bii a A 
both the largest (or the smallest) of those still to be wn is this 
the smallest (or the largest) of those already ^E tionships? 
operational logic or mere perception of practical relati 


Cha also is hesitant with reg; 


c rgets 
corrects himself, and seriates the balls but forg 
the first. It is not the hesi i 


a 
> 1€ compares the elements by 5! 
groups, or even by pairs, where 
tion over intuition he feels the st O 
whole set of data, i.e, to choose, for instance, first *the smalle 
all’, then ‘the sm 


hese 
are left’, and so on. T! 


k P k ec 
: Sgcsted interpretation is correc 
when we see (in Chapter VI 


: s 
1) that the child at this level Í 
elements 


> Again at this stage we find d 
i Seriation, but without bein. 

Operations are interdependent an 

ach child, there is a close analogy 


identical with it, since the two 
yet distinct. In the Case of e 


de 
ee  — 
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mq d he seriates and the way he makes a correspond- 
ai ee ae egins with arbitrary correspondences just as he began 
of 7 vara "s itrary seriation ; Cha, who puts 9 instead of 8, 8 instead 
EU uses instead of 5 in his seriation, has a lag of one place in 
oe demere. and Tis, who seriates morc systematically, 
Th his correspondence by double seriation. 
pend s fact is that the construction of a series or of a serial corres- 
nu nce involves co-ordination of the relations ABC . . . 
jon nr EF then at the same time E<A, B, C .. . and 
Sende I.,.etc. Now a comparison of the reactions of this 
Sihat js M with those of the first shows that the main difference 
telato mi first stage the child does not proceed by means ofsuch 
Chives 5, e by pre-relative qualities. Either his seriations and 
on niil ences are still arbitrary, or he puts the ‘small’ elements 
three n n the ‘big’ elements on the other in groups of two or 
(with Fe the latter case he is using the qualities ‘big’ and ‘small’ 
relatio e parpin relations that connect them), and not the 
“both bi ips ‘bigger’ and ‘smaller’, much less the co-ordinations 
e igger than X. and smaller than Y? which are the true 
Serial on for the relation. By such a method, both seriation and 
aie eee are clearly impossible, but as soon as the 
haem established between the elements acquire true relativity, 
ur ting co-ordination leads both to simple seriation and to 
ite correspondence. Once two relations are co-ordinated, i.e. 
offers at least three elements are related, further co-ordination 
qualit no new problem. The difficulty lies in the transition from 
do bli to relation, but once this is overcome, both corresponding 
ü € seriations and isolated additive series are possible. 

Pers reservation must however be made. As we pointed out 
devel r, the relations discovered during the second stage are only 
se oped on the intuitive, experimental plane, 1.c. they are only 
-operational and do not as yet constitute true operations 
Susceptible of being manipulated in abstract apart from per- 
ception. This final progress is achieved in the third stage, which is 

illustrated by the following examples: 
Shen (6;6), without preliminary seriation, at once made the biggest 
ball (10) correspond with the biggest doll (10), then B9 with Do, B8 
he looked for the biggest doll and ball 
of those that were left, and di the need to put them in a 
row, but placed them in pairs on the table. ‘Put the dolls in a row.— 
nd now the balls (these had all been 


(He arranged them 10—1).— 
mixed).—(He at once formed the series opposite the dolls).” 

Derc (6;10) also proceeded by direct correspondence. ‘How can we 
find at once the ball belonging to each doll?—7 don’t know.—Think 
hard. What must we do?—(He put Dro with Bro, Dg with Bg, D8 
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. x were 
with B8, etc., each time looking for the biggest of the element vas dolls? 
left and putting them into the series.) —Are there as many balls a 


: db ik i it 
— Yes (He then changed B7 with B6 and said: If it was like tha 
wouldn't be right.?) 


E " 4 ition which 
Pot (7;2) first seriated the dolls, making a single transposition 


3 Dye osite 
he immediately corrected, and then formed the series of sticks opp 
them. 


What is new at this Stage is that the child is all the time 
sidering the set of relationships between all the clement red 
with each new step he looks for the biggest (or the smallest) t any 
remaining elements. The series is thus built up withou E 
hesitation or trial and error. It is noteworthy, and is mory this 
confirmation of our earlier interpretations, that children >. like 
stage find it as casy to operate by immediate cortespondenei "then 

» Without previously seriating first dolls pon cd 
in by simple seriation and then make th 


S f an 
capable of co-ordinating both direct 
inverse relations, We h 


ee 
logical or qualitative aspect of this evolution. Now we sell 
eration is no longer linked with pore 
ect to be considered, i.e. the arithm lize 
utes ordinal correspondence or genera 


there is a second asp 
aspect which constit 
similarity, 
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co F im 
nur ree the right position with that of the preceding 
nd E third stage, however, he solves the problem by co- 
T E ermar of the required position with that of the 
deem ue of the sets in question. In the latter case, both 
ive serial correspondence and ordinal numerical cor- 


n ED MS are involved. 
ur first examples illustrate the first stage: 


Gui (4:6) had i : ; ; 
dei ; ad succeeded, with some help, in forming the series of 
re Ded balls. ‘Watch. We'll put the balls a bit imer together but 
dne ini be able to tell me which ball each doll will have. (This was 
doll + qus a way that ball 10 was opposite doll 9 and ball 1 opposite 
being a he order remaining unchanged and the correspondence still 
(8) whi m visible.) Which ball will this doll (7) have?— That one 
d ne h was opposite doll (7). And that one (D8) ?— This ball (B9).— 
at one (Dg)?—7Ais ball (Bro).—And that one (D10) ?—That 


on M 3 
e (Bro again). The balls were then moved still closer together so 
ite D8. Gui then 


t 5 

inl b still opposite Dı but Bro was oppos 

however g to D7 which was opposite, Bro to D8, and so on. When 

edis we took them in order from Dro to D5 he gave the correct 
pondence, but as soon as a random choice was made he again 


is wrong. 
os (5:6), when the balls had been moved closer together was told: 


Show me the ball belonging to this doll (Dro).—(He pointed to Bro.) 
d to this one (D5)? 


-ok to this one (Dg)?—(He pointed to Bg.)—An 
5, 8 € pointed to B6.)—And to this one (D8)?—(He pointed to B8, 
» 8, and then 7 again.)—And to this one (D9)?.—(He pointed to 


j) etc. 
The balls were then moved slightly closer together and we proceeded 
ght ball in each case, 


Da manoally from Dro to Dr. Ros found the ri 
h two exceptions. When however dolls were picked out at random 
ain chose the balls that happened 


he could not seriate mentally and ag: 
to be op A 
posite. 

th We then went on to Question III. Before the child's eyes the order of 

€ series of balls was reversed while the series of dolls remained un- 
Changed, the order of dolls being from Dro to Dı and that of the balls 
Br to Bro. Ros’s first reactions showed that he understood the position. 
Which ball belongs to this doll (D10) ?—(He first pointed to B1 which 
Was opposite and then went to Bro.) And to this one (Dt )?—(He first 
pointed to Bro and then asid: * No, thats the one (Br). But as soon as 
dolls were picked out at random he merely pointed to the ball opposite 
and ignored the inverse relations. 

Val (536) was asked, when the sticks had been moved closer together: 
‘Which stick belongs to this doll (Dro) ?—(She pointed to S10.)—And 
there the same number of 


to this one (D1)?— (She pointed to S1.) —Is 
dolls and sticks?—There are more dolls (because the row of dolls was 


longer: see Chap. IV §1).—Hang all the sticks on the dolls.—(She did 
so.)—Are there more dolls?— There are just as many.—(The sticks were 
removed and placed as before and Val again allotted S1o to Dro and 
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Sı to Dr.) Now show me the stick belonging to this doll (D7).—(She 
pointed to S6 which was opposite.)—And to this one (Dg) ?—(She 
pointed to Sro.)—And to this one (D8)?—(She pointed to S6.)— 
And to this one (D6) ?—(She pointed to S4.) —And to this one (D4)?— 
(She pointed to $2.)* 

The order of the sticks was then reversed (Question III). Val under- 
stood the position since she made S10 correspond to Dro, and S1 to D1, 
but then failed completely, making S8 correspond to D7, $3 to D2, 
84, 5, 6, 5, and finally 6 to D4, etc. 


from real understanding of seriation that he no longer sees the 
correspondence once the clements are no longer directly opposite 
one another, even when the two series arc parallel and there has 
only been a slight displacement of one series. ; 
And yet the child clearly understands the questions put to him, 
as is proved by the fact that when the dolls are taken in order, 


series is no longer followed, the child is lost. Instead of starting 
from the ends and working out the correspondence with his eyes or 
his fingers, he mercly points to the element opposite. Thus the 
series and the correspondences that he makes with the help of the 


We come now to some examples of the second stage, that of 
intuitive or empirical seriation and serial correspondence. 


Lie (5;6) had succeeded, after some trial and error (transposition of 
5 and 6, 7 and 8, etc.) in Seriating the dolls and finding the corres- 
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pondence with the balls. He was then asked to find the corresponding 
elements when the balls were spaced (before his eyes) so that ball 9 was 
opposite doll ro and ball 6 opposite doll 1. ‘Are there as many balls as 
dolls?—There are more balls.—How many balls are there?—(counting) 
10.—And are there 10 dolls? —JVo.—Count them.— (counting) Ah yes! 
T here are ten of them t00.—W ell then, which ball goes with this doll (D5). 
— (He pointed to B7.)—And with this one (Dr)?—(He pointed to Br.) 
He then pointed to Bro for Dro, Bg for Do, B8 for D8, B7 for D7, but 
when I picked out dolls at random he systematically made B8 corres- 
pond to D7, B2 to Dg (because he had pointed already to the two pre- 
ceding elements D1 and D2), B4 to Dg (this time pointing to the three 
elements preceding B4 in order to find the correspondence with D3), 
ctc. When we went back to the regular series from Dro to Dı he 
answered correctly (still pointing with his finger), but as soon as the 
elements were again picked out at random, he fell into the same error. 

With regard to Question III (the order of the dolls reversed), he 
answered correctly when the order Dı to Dro was followed, but was 
wrong by one position every time when it was not. 

Kel (6;6). When the sticks were moved closer together, Kel made 
Sı correspond to Dı and S10 to Dro, but at first put S7 with D6, cor- 


recting himself later. 

The order of the balls was then reversed. Kel cried: ‘Ah! I understand 
the game’, and wanted to reverse the order, but was prevented from so 
doing. He found the correspondence between Do and Bo, D7 and B7, 
but pointed to D6 for B5. “Are you sure?— (Using his finger he made 
the correspondence term for term between the two series from Dro to 
D5 and from Bro to B5.)—Then which doll does this ball (B5) belong 
to?—(He again pointed to the sixth doll, confusing its position with the 
number of preceding clements.)—And this one (B4)?—(He pointed to 
D7, mistaking the direction.) —And this one (B5)?—(He pointed to 
D6, confusing its position with the number of preceding elements.)— 
And this one (B4)?—(He pointed to D8, going in the wrong direction 
and confusing its position with the number of the preceding elements 
Br, B2 and B3.)’ Similarly he pointed to D4 for B3, and Dg for B2 asa 
result of the same systematic mistake. Then all the balls from 1 to 10 
were pointed at one after the other and Kel found the corresponding 
doll in each case. Doll 6 was then indicated, and Kel again pointed to 
ball 7. 

Pel (6;10), when the sticks were moved closer together, at once found 
the correct correspondence between sticks 1 to 10 and dolls 1 to 10.— 
And which stick belongs to this doll (D8)?—(He pointed to S8.)— 
How did you find out?—Because I saw that there were two there (D10 and 
Do, which were in front of D8) and there were two there as well (S10 and 
Sg).—And what about that doll (D4)?—(He pointed to So) 
that one (D1) ?—(He pointed to S1.)—And that one (D4) ?—(He 
again pointed to S3, after trying to put it opposite.) —And that one 
(D6) ?—(He pointed to S6 and then changed his opinion.) No, it’s that 
one (S5).—And for this one (D4) ?—(He pointed to S3.) 

When one series was reyersed (Ouestion III) and Pel was asked to 
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find the ball corresponding to D6, he used his finger to make the cor- 
respondence: he touched Dro and Bro; Dg and Bg; D8 and B8, but 
then D7 and B6 and lost his direction, He began again, lost himself 
once more, and then counted 1, 2, 3; 4, 5 for D6, counted the balls 1 to 
5 and pointed to ball 5, etc. ‘How many balls are there ?—ro.—And 
how many dolls?—Ten of those too. Oh no, eleven, because that row is longer. 

Chou (7;0), when the sticks were moved closer together was asked: 
“Whose is this stick (S1)?—(He pointed to D1.)—And this one (S10)? 
— (He pointed to Dro.)—And this one (S4) ?—Jt belongs to this one (D3). 
Why?— Because there (Dı and Da) there are 2 and there as well (S1, 82 . ) 
Oh no! (He then pointed to D4.)—And that one (S7)?— (He pointed to 
D8.)—And that one (S10)?—(He pointed to Dro.)—And that one 
(S7)?— (He again pointed to D8.)—How do you know ?— Because there 
(S10, Sg and S8) ... Oh no, is that one (D7), because there (S10, Sg and 
S8) there are three, and there too (Dro-8.)—AÀnd this one (S6)?—He 
pointed to D7.)—Why?— Because there (Sto to S7) there are four, and 
there are four there as well (pointing to Dro-D;7).* 

In the case of Question III, the reactions were the same. Chou 
pointed to Bro for Dro and Br for D1, but to Bs for D6. ‘Why do you 
think it’s that one?—Because there’s the same number (pointing to dolls 
1 to 5, but counting balls 1 to 5 and then pointing to B5).? 


These examples illustrate the first attempts at reconstructing the 
correspondence when one of the series is modified with respect E. 
the other. As we saw earlier when considering the question o 


Position. This attempt at finding the cor- 
ure of reversibility, and will lead 


The simplest reaction, once the idea of 
elements that are opposite one another has be 
start from the ends of the series and make 
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term for term either with the finger or the eyes. This is the pro- 
cedure adopted throughout by Lie and Kel, and by Pel for 
question III. But in the case of children who are not used to 
counting, this method frequently leads to omissions or to the 
counting of one element twice. Moreover, when one of the series 
1s reversed, there are often mistakes in direction. Hence at a given 
moment the child sometimes adopts a second method, that of 
counting aloud: he starts from the first or the tenth doll, going on 
until he reaches the one whose corresponding element is to be 
found, and then counts the sticks or balls up to that number 
(cf. Chou). 

Whichever method is used, the examples we have given, and 
Which are typical of this level, show that the children constantly 
make a mistake of one unit. The explanation of this fact is pro- 
vided by the children themselves, although it remains for us to 
examine the justification for it. When it is a case of finding the 
element corresponding to an element z, the child counts the pre- 
ceding z — 1 elements, then goes to the other series, finds 2 — 1 and 
Stops there. According as he starts from one end or other of the 
Series the position found will be one unit too high or one unit too 
low. For instance, Chou chose ball 5 for doll 6 * because there's the 
same number’; he had counted the dolls 1-5 before coming to the 
sixth, and then pointed to the fifth ball. But he also chose doll 7 
for stick 6 because after stick 6 ‘there are 4’, and doll 7 is the 
fourth starting from 10. Yet this child, at the beginning of the 
interview, had several times corrected this same mistake of his 
Own accord. Similarly Pel, who began by choosing stick 8 for 
doll 8 ‘because I saw that there were two there and two there’, 
afterwards chose stick 5 and ball 5 for doll 6 through counting 
dolls 1 to 5. In the case of Kel and Lie, who did not count aloud 
but made the correspondence with their fingers, the phenomenon 
was the same. Lie, for instance, gave ball 2 to doll 3 even when 
he showed with his finger the correspondence between ball 1 and 


doll 1, and ball 2 and doll 2! ] g , 
What then is the explanation of this type of mistake and its 


inevitability? As long as the corresponding elements are opposite 
one another, there is no difficulty, since the correspondence 
results from the qualitative similarity. The problem arises once the 
perceptual schema is destroyed. The child who is asked which 
stick goes with doll 5 has to characterize doll 5 by its position, 
but in order to determine this position in relation to that of the 
sticks, it is not enough to focus on the element in question. Its 
relative position must be calculated, and this can only be done 
by estimating the number of elements that precede it. This results 
in a dissociation, in the child’s mind, between the position to be 
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found (that of doll 5) and the number of preceding terms (dolls 
1-4). When therefore, in determining the position, he counts not 
5 but 4, it is because the numbers 1 to 4 and the number 5 do not — 
perform the same function for him in this particular case. The 
numbers 1 to 4 represent the set separating D5 from the beginning 
of the series, whereas the number 5 represents the position 
characterizing the doll. This explains why the child says ‘there are 
four in front’, or merely ‘there are four’, since for him the position 
does not as yet possess a number of the same nature as those he 
uses to count the preceding terms. In the same way, when he 
estimates the numbers by pointing to cach element with his finger, 
he dissociates the set of the first four clements from the fifth, _ 
whose position he is trying to determine. When, however; he 
then tries to determine the position of the corresponding element 
in the other series, the reverse phenomenon occurs. As this 
element is not already given, as was the doll pointed out by the 
experimenter, it remains throughout on the same level as the 
others, and there is no separation. Thus the child who counte 
four, either verbally or with his finger, before coming to doll 5: 
will apply the number 4 to the corresponding series of sticks, but 
in a different way, since there is no a priori distinction between Me 
element whose position is to be found and those which precede 1 
Thus when he applies to the successive sticks the numbers 1, 2; 3; 4 
these numbers bear both a cardinal and ordinal meaning for him, 
so that on reaching number 4 he is under the impression that he 
pa arrived at the corresponding term and couples stick 4 wit 
oll 5. : 
Although from the point of view of logic and arithmetic this 
lack of co-ordination between the cardinal and ordinal mechan- 
isms may appear to be the result of a temporary dissociation, JEU 
in fact an indication of the beginnings of co-ordination. "There is 2 
definite progress over the first stage, when the problem did not 
even arise, since the child was capable neither of correct seriation 
nor serial correspondence. With the progress in seriation, we fin 
the first link appearing between position and cardination, since in 
order to discover the position of an element in the case of optically 
displaced series it is necessary either to count the number ° 
preceding elements or to find it by one-one correspondence. As 
however the seriation of the second stage is still intuitive and not 
yet truly operational, it does not include cardination. The 
position of an element is still only its situation in a qualitative 


scale and there is not as yet correlation with a cardinal value- 
Hence the lack of co-ordination found at this level. 


, But this is not all. The hesitation characteristic of this stage is an 
indication of the beginnings of dissociation between qualitative 
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"d nomen relations, i.e. between serial and ordinal cor- 
vance ence. There is qualitative similarity between two series of 
Pia when two sets of objects are seriated according to the 
a Sequence of asymmetric, qualitative relations, the position of 
ch element in the first series corresponding to that of a given 
element in the second. Thus when the child does no more than 
Seriate the sticks and dolls according to their size, making the two 
series correspond, it is a case of mere qualitative similarity. But 
m such seriations cach element is different from all the others 

I Lii? or * eC end : 
ger’ or ‘smaller’ in this particular case), and moreover each 


n is different, since the difference in size between one doll 
nd the next is not necessarily constant. In ordinal seriation, on 
it, equivalent in all 


the contrary, cach element counts as one uni 
respects to the others except for its position in the series, and each 
relation of order linking two elements is equivalent to any other. 
When therefore the child at the second stage is confronted with 
two optically displaced qualitative series, he is compelled to com- 
bine ordinal correspondence with mere serial correspondence, i.e. 
to consider the dolls and sticks as units to be counted as well as 
seriated. He is thus faced with the problem we considered a 
moment ago: if each element of an ordinal series counts as one 
unit equivalent to any other, the only difference between the 
element n and the element n +1 is that the element z comes after 
hi other elements, while the element n + 1 comes after n others. 
Ordinal position thus presupposes cardination, and the converse 
is also true, as we saw at the end of Chapter IV. It is at this point 


RE children at this level fail. They understand that in order to 
ind the position of a given clement the preceding elements must 


be counted as equivalent units, but they cannot conceive o the 
clement in question as being a unit comparable to the others. We 
find therefore that in determining a given position by numeration, 
the child separates the qualitative position of the element in 
question from the cardinal number of the set of preceding ele- 
ments. He fails to understand that each position is itself a number 
and that this number is inseparable from the whole aggregate of 


which it is a part. 
We now come to s 

progress made in operational 

ordinal correspondence. 


stage, showing the 


ome examples of the third 
f both serial and 


construction 0: 


Bos (6;6), Question II: ‘Whose is this ball (B8)?—(He pointed to 
D8.)—How do you know?—4 can see 3 there (B10, 9 and 8) and there 
(Dro, 9 and 8).—And this one (B6) ?—It belongs to that one (D6) because 
before there were 3 and now it’s jumped to 6 (so he had counted balls. 1-6). 
— What did we do?—Before, there were 3 (10, 9, 8) and now weve jumped 


I 
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to 5 (this time counting balls 10, 9, 8, 7, 6 and dolls 10-6 and again 
pointing to D6 and B6)» 

When one series was reversed, he pointed to D7 for B7, D4 for Ba 
and so on. He then counted the preceding elements each time, bu 
without making a mistake in the corresponding series. For example, m. 
the case of B4 he said: * There, there are 3 al the side (Br, 2, 3)’ then 
counted Dr, 2, 3 and pointed to D4. sidt 

Vig (6;6), Question III: ‘Whose is this ball (Bro)?—(He pointe E 
Dro.)—And that one (B8) ?—7/t belongs to that one (D8).—How did b 
find out?—There are 3 here (Dio, 9, 8).—And that one US lame 
(D5).—Why?—I looked to see if there were 4 (counting the preceding 
oncs).' He also pointed to B6 for D6, etc. sated 

Question II: ‘Which stick will this doll (D6) have?—(He pona 
to S6.)—How did you find out?—Z looked to see how many were left (S7; 
8, 9, 10)? etc. e 

Nel (7;0), Question III: *Will every doll have its stick all the uto 
—Yes.—Which doll will have this stick (86)?— That one (D6).— 
this stick (S3)? —(He first pointed to D8, then to D3),’ L ont 

Question II: * Which stick must we give to this doll (Dos e 
(S5) because there are 4 dolls here (D 1-4) and 4 sticks here (S1-4).— 


this stick (S7)?—That one (D ) because there are 6 sticks in front (S1—6) 
and 6 dolls in front too (D1-6).’ 


From the cardinal point of view, there is no longer hesitation pe 
the part of the children in stating that the number of sticks is 
balls is still equal to the number of dolls even when the order 4 
inverted or the series is displaced. This new progress constitutes " 
fact of capital importance for the arithmetization of serial epe 
pondence. Morcover, in determining a position z, all the childre: 
use numeration whether they count from 1 to n or from ^ to 1 ? 
When, like Nel, they only count the preceding terms, they do t 


same thing in the corresponding series. In some cases, like Vig» 
they count the remaining terms 


Or 
now on, the clement z represents f 


$4. Reconstruction of cardinal corresbondence 

'The accuracy of the foregoin: 
carrying the experiment furthe 
arranging the series. We shall 


interpretations can be tested DY 
r and completely or partially = 
then see how much of the corre 
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iem the child retains and how he sets about reconstructing 
As before, the same three stages can be identified. In the first 
there is no longer correspondence, the series are not reconstructed, 
and elements are chosen at random. In the second stage there is an 
effort to solve the problem, but without systematic reseriation or 
cardination, while in the third the reconstruction is achieved by 
Co-ordination of ordination and cardination. 

Here are some examples of the first stage: 


os (436). The series of dolls and sticks had just been mixed up. 
P ook. All the dolls smaller than this one (D6) are going to bed now. 
ut them over there.—(He took D4, 1, 3, 2, 6.)—So which sticks will 
stay in the cupboard ?—(He began by adding doll 7 to the set that were 
Staying at home, then put sticks 1, 2, 4, 6, 3 into the cupboard and left 
Sticks 5, 7, 8, 9, 10 on the table.)—And which dolls are going for a 
walk?— (He pointed to the set that was left, Ds, 8, 9, 10.) —How many 
Sticks are staying in the cupboard?—(He counted) 5.—And how many 
dolls are staying at home?—6.—Well then?— . . .—(He seemed in 
no way disturbed by this lack of correspondence.)’ 
n Val (536). ‘Look. All the dolls smaller than this one (D7) are going 
or a walk. So which dolls will stay at home?—(He pointed to Dg and 
10.)—And which sticks will stay in the cupboard)—(He pointed to 
S10, 8 and 9.)—And now all the dolls smaller than this one (D5) are 
going for a walk. Which sticks will stay at home?—(He made the 
Series S10, 9, 8, 7.)—Which sticks will go out?—(He pointed to the 
wp nh dolls will stay at home?—(He pointed to Do, 10, 8, 
; 6. 

Rei (5;6). ‘All the dolls bigger than this one (D6) are going for a 
walk. Which sticks will they take?—(He pointed to S10, 9, 8.) —Which 
dolls are going for a walk?— (Dro, 9, 6, 7.)—Now the dolls that have 
stayed at home are going to play with their balls. Get them ready.— 
(He made a row of B4, 1, 3, 2, 5, 6.)' 


Question IV naturally gives us nothing new at this stage, since 
neither seriation nor correspondence is as yet spontancous. With 
respect to Question V, however, the above reactions provide new 
confirmation of the evidence we already have as to seriation and 
Serial correspondence on the one hand and the relationship 


between ordination and cardination on the other. ‘ 
In the first place we see that when the child is asked to pick out 
(D6, for instance), 


dolls larger or smaller than a given one 
ting the other elements so as to 


instead of comparing or seria its SO as 
divide them into two groups, he makes a general division into 
two classes, those larger and those smaller, without paying any 
attention to detail. Thus Gui includes D7 in the set of those 
smaller than D6, and D5 in the set of those larger than D6, while 


Val forgets 8 between 7 ar.d 10, and so on. Morcover, when the 
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same children are trying to find the sticks corresponding to these 
sets, instead of making the correspondence or counting, they again - 
mercly make a rough estimate, putting the bigger sticks with the " 
big dolls and the smaller sticks with the small dolls. These reactions 
fully confirm our earlier findings with regard to seriation and serial 
correspondence at this stage. ] 

We find, however, in these reactions new and interesting facts 
with regard to the relationship between cardination and seriation, 
facts which support our interpretation in the previous paragraph. 
When the child is required to find the same number of sticks and 
dolls, the problem is both cardinal and ordinal, which was not 
the case in the earlier questions, when the series were to be con- 
structed with a given number of sticks and dolls or when the 
correspondence could be discovered optically. What is most 
revealing in the present experiment is that although the children 
are content to make global seriations and serial correspondences 
they completely disregard cardination and cardinal corres- 
pondence. Thus Gui allots five sticks to the six dolls staying at 
home, and leaves five sticks on the table for the four dolls that are 
going for a walk. Similarly Val keeps three sticks for two dolls and 
puts four sticks in the cupboard for the five remaining dolls, while 
Rei gives three sticks to four dolls, and so on. - 

It is therefore obvious that absence of spontaneous seriation 
implies absence of spontaneous cardinal correspondence. We have 
already seen that absence of seriation implies absence of the notion 
of preservation or lasting equivalence, and now we find that at 
this level there is not even spontaneous cardinal correspondence 
when the child is confronted with a problem of double seriation. 

We now come to some examples of the second stage: 


Tis (536), Question IV: ‘Can you tell me now which stick this doll 
will have (D6)?—Yes, we must do what we did before (making the series 
of dolls, but not of sticks, and immediately giving S5 to D6).—And 
what about this one (D3)?—This one (83); etc. 

Question V. ‘All the dolls smaller than this one (D6) are going for à 
walk.—(He collected Dro, 9, 8, 7, 6, 5, and pointed to Dr, 2, 3; 4)» 
Saying: They've gone for a walk—(he then added D6 and 5 to the Sc 
Di-4.)—Now show me the sticks they've taken with them.—Oh! 
that’s dificult (he then put S5 with D6, S4 with Ds, $3 with D4, S2 with 
D3 and S1 with Dr).—Oh, there's one missing (adding S6 and gradually 
correcting the correspondence by trial and error.—(The sticks were 
then retrieved, and mixed with the others.)—Now put into the cup- 
board the sticks of the dolls that are staying at home.—(He put 1? 
S10, 9, 8, 7.)—Are you sure?— Yes, it’s all the big ones.’ 

Tal (535). The dolls were in a series, but the sticks were disárranged- 
Question IV. When asked for the stick belonging to D7, Tal chose S5; 
without seriating the sticks. For Dro he chose S1o, but again for D7 he 
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counted 4 (Dro, 9, 8, 7), made a row of 4 sticks (S10, 8, 5, 9), and then 
pointed to S9 as corresponding to D7! 

Question V was however successfully solved, since the dolls were still 
seriated. ‘How many sticks will stay in the cupboard?—(He counted) 
5-—And how many dolls will stay at home?—(Without counting) 5.’ 

Cha (6:0). The sticks were seriated, but the dolls disarranged. 
Question IV: ‘Which stick will go with this doll (D6)?* Cha put Dro 
some distance from the series of sticks, then arranged Do, 8, 7 and 6 
after Dro, without paying any attention to the sticks. D6 happened 
to be opposite S4 and Cha cried: ‘Is that one! —NWhere's the stick of 
this one (Dro)?— There (S10).—Then where must we put this one 
(D10)?—(He put it opposite S10 and then completed the series cor- 


rectly from Dro to D1.)’ 
d and the sticks disarranged. 


Ora (6;0). The dolls were seriate 
e stick belonging to this doll (D4)?— 


from the roth, made a row of sticks 


1—7, and then pointed to S7.)—And to this one (D6)?—(He counted 
k from the end, S7). 


the 4 preceding dolls and pointed to the 4th stic ? 

Question V : * Look, All the dolls bigger than that one (D6) are going 
for a walk. Which sticks will stay in the cupboard?—(He made the 
correspondence from $6 to Sro with D6 to Dio and pointed to the 
other sticks.)’ . 

Chou (7;0), Question V: ‘All the dolls bigger than that one (D6) 
are going for a walk.—(He seriated dolls D6 to Dro.)—Put into the 
cupboard the sticks that will stay at home.—(He put on one side 

I, 5, 4, then, separately, S10-6, and put away Si, 5) 4 and oe 
remaining two.)—Count the dolls that are left.—(He made a mista. E 
and said 6.)—And how many sticks are left?—(He counted 5 an 
added stick 6 to make the number correspond with the presumed 


number of dolls.) 


Question IV: *Can you find th 
(He counted 7 dolls, beginning 


We shall begin by analysing the answers to Question V, which 
generally speaking is easier than Question IV for reasons that we 
shall see later. d E. 

The important new element at this stage is the beginning of 
relationship between cardination and ordination. In contrast to 
the children at the first stage, each of these children knows 
beforehand that the number of sticks that. will stay in the cup- 
board is equal to the number of dolls staying at home and that 
the rest of the sticks equal in number the dolls going for a walk. 
Tis, for instance, when making the second of these Ps 
pondences, finds that one doll is without a stick and meos y 
looks for it. When Tal counts five sticks in the copboan e al 
once says that five dolls stayed at home. Chou, who: ma k 4 
mistake of thinking that six dolls had stayed at home, conc y e 
that there should be six sticks in the cupboard and therefore 
added one. There is no contradiction between this result and the 
fact that at this stage cardinal equivalences are ephemeral (as we 
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saw in Chapters III and IV and in $83 of the present chapter). 
Here it is not a matter of comparison between two displaced 
series, but merely of stating that it is possible for the child to re- 
make the correspondence once it has been destroyed. : 

In order to solve problem V, all that is necessary is to divide the 
dolls into two groups, those ‘larger than or equal to n’ and ‘those 
smaller than n’ (or those ‘larger than n’ and those ‘smaller than 
or equal to n’) and to do the same in the case of the sticks. This 
does not however imply the existence of the operational system in 
which each new position represents one more cardinal unit, and 
vice versa. It merely means that two series or sections of series that 
are in serial correspondence are also in cardinal correspondence. 
This distinction is important, for in the second case the only 
relations of order the child requires are those of the two groups 
‘greater than or equal to z? and ‘smaller than n’. For example, 
Tis collects the sticks that are longer than S6 and says ‘it’s all the 
big ones’; Ora, having seriated sticks S6 to Sro promptly puts 
the remainder into the cupboard, and Chou does likewise. What 
the child actually does, therefore, is to estimate by numeration the 
elements contained in the classes, without proceeding from the 
ordinal to the cardinal numbers, since at this stage he is incapable 
of grasping the direct relationship between these two, as We shall 
see from the difficulties he encounters in tackling Question IV. 

The attempts of children at this stage to relate the cardinal and 
ordinal aspects of correspondence are as yet only intuitive, an 
take four different forms: 

(1) The child either merely makes a guess at the correspondence 
or orders one of the series and then makes a guess at its corres- 
pondence with the other. This is what Tis does, making a mistake 
with $5 and D6, but getting the right answer in the case of the 
extreme elements. The child is here making use of implicit co- 
seriation that is purely qualitative, 

(2) The child uses cardination but ignores ordination (cf. the 
case of Jen, Chapter VI §3). Tal provides a good illustration of 
this. In order to find the stick corresponding to doll 7, he counts 
dolls 10, 9, 8, 7, which gives him 4, then looks for four sticks, 
which he certainly chooses from among the bigger ones, but in 
arbitrary order (10, 8, 5, 9) and then points to stick 9 as the right 
one, since it came last and must therefore correspond to D7! Yet 


Tal was able to solve problem V correctly, which proves that the 
two questions are not directly related. 


(3) The child makes use of ordinati 
ignores cardination, and thus arrives 
again is not correct. Cha, for exampl 
belonging to doll 6 when the sticks a 


on, or rather seriation, and 
at a correspondence which 
€, 1n order to find the stick 
re already seriated, seriates 


Fw 
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dolls 10, 9, etc., down to 6, but without putting them opposite 
the sticks, and chooses S4 to correspond with D6 because they 
happen to be opposite one another. 

(4) The child uses ordination and cardination simultaneously, 
but still does not co-ordinate the position of the element looked for 
with the cardinal number of the set of elements. Ora, for instance, 
in the case of doll 6, counts the four preceding dolls starting from 
Dro (10, 9, 8, 7), then points to S7, i.e. the last of four sticks also 
counted starting from 10. This is the same type of mistake as we 
found earlier with regard to Questions II and III at stage two. 

These four methods of procedure show clearly that the child is 
attempting to reconcile order with cardinal value, but is incapable 
of keeping both in mind at the same time. When he is thinking of 
the cardinal value, he forgets the position (method 2), when he is 
thinking of the position he forgets the cardinal number (method 
3), and when he is taking both into account he is unable to keep 
them together when he comes to the detail (method 4). What he 
has learnt since the first stage is this: if there are ten dolls of 
different heights, cach having a stick of appropriate length, the 
total number of sticks will also be ro, and if the five tallest dolls 

o out with their sticks, these sticks will be the five longest of the 
set. What he has not yet grasped is that the stick corresponding to 
the nth doll will not only be the nth in the series of sticks, but will 
also form with the preceding ones a set whose cardinal number is 
n, or to put it more simply, that the nth element must be the last 
of a series of n elements. It might seem that the second of these 
statements is implied in the first, but this is not so. Between the 
two there are two essential differences, one related to the logical 
structure of the operations and the other to their psychological 


mechanism. 
From the logical point of view, problem V can be satisfactorily 
solved by qualitative logic. In the first place, seriation of the dolls 
or sticks is merely a question of asymmetrical qualitative relation- 
ships, each element being seen as different from all the others, 
and the relationship that distinguishes two elements also being 
dly, the construction of sets 


different from all the others. Secon 1 
1 to n? and ‘smaller than n? merely involves 


*greater than or equa 1 1 : 
defining two classes, in each of which any one element is equi- 
valent to any other (e.g., when Tis says ‘it’s all the big ones’ any 
one of these big ones is for him equivalent to any other), though 
obviously each sub-class differs from any other by its peculiar 

ualities that make seriation possible. Thirdly, the total class of 
dolls is composed of the class of those ‘smaller than n’ plus the 
class of those ‘greater than or equal to n’. And lastly, the equi- 
valence between the class of dolls ‘smaller than n’ and the class 
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of sticks ‘smaller than z^ can be obtained merely by dupla 
qualitative correspondence between elementary classes, since the 
two classes have the same extension, or to put it more concretely; 
each doll has its stick. Problem IV, however, or rather the gda 
standing of the fact that the nth doll must be the last term of a se 


of n dolls, presupposes disregard of qualities and consideration of 


each element as being at the same time equivalent to, but a 
in position from, any other, the difference between any pe 
position and the next also being equivalent to any other. In oi ps 
words, it presupposes that cach element is considered both as a 
clement of a class and of a relationship, not alternatively ae 
separately as in the preceding system, but simultancously, i be 
ing one and the same operational whole, and this, it wil 
remembered, is our definition of number. in 

Corresponding to this logical opposition there is the plonas 
psychological difference. Problem V, since it depends only ee 
qualitative logic, can be solved intuitively, because (i) quai 
seriation is intuitively achieved at this stage, (ii) the plasses Du 
question can easily be defined intuitively, (iii) the division r* 
class into two sub-classes can casily be made intuitively, and (s, 
qualitative correspondence between the classes in question of v 
this stage frequently made intuitively. In the case of problem b ; 
however, the numerical operations used by our subjects gamon t 
carried out intuitively and involve operational co-ordination. T! = 
is why children at this stage fail to find a correct solution and it t 
only when they reach the third stage that they succeed wither 
difficulty. We have here further confirmation of the fact tha 
qualitative serial correspondence can be mastered during the 
second stage when it can be done intuitively, whereas generaliza- 
tion of qualitative operations and construction of ordinal corr es 
pondence, which require a strictly operational mechanism, par- 
ticularly in the case of co-ordination between cardinal an 
ordinal numbers, are reserved for the third stage. Our general 
conclusion, therefore, is that stage two is characterized by the 
beginnings, but only the beginnings, of co-ordination between 
ordination and cardination. 

During the third stage, however, as we shall now see, not only 
is problem V solved immediately, but also spontaneously correct 
results are achieved with problem IV, sometimes after trial and 
error, because ordinal correspondence is in its final stage, essenti- 
ally linked with the progress in cardination already analysed in 
Chapters III and IV. Here are some examples of stage three: 

Shen (6;6), Question V: ‘The dolls bigger than that one (D5) are 
going for a walk. Put the sticks that will stay at home into the cup- 
board.— (Shen looked carefully at the dolls; then took sticks 1, 2, 3,455 


QUALITATIVE SIMILARITY 121 


and put them into the cupboard.)—How many dolls are staying at 
home?—5.—How do you know?—I counted them from 1 to 5—This doll 
(D5) is going for a walk too.—Then there'll be 4 sticks at home. (He went 
to get a stick from the cupboard.)—What are you doing?—I’m finding 
the one that must come out (He seriated the sticks and took out 85). 

_ Shen had counted the dolls from 1 to 5, and was then asked: ‘Which 
is the biggest?—The last (D10).—We could call it the first as well, 
couldn't we?—Yes.—And what about this one (Dg)?—The second.— 
And this one (D8)?—The third . . . etc.—If we say that a doll is the 
fourth, how many are there in front of it?—3.—And in front of the 
-i ?—7.—How do you know?—I counted in my head how many were 
eft.” 

Question IV: ‘Which doll will this stick (S5) go with?—That one 
(D5).—Why?—Z counted in my head (pointing at D10-5 and S10-5).’ 

Vig (6;6), Question IV: ‘Which stick will go with this doll (D7)?— 
(Vig seriated Dro, 9, 8, and pointed to S8, but went on with the series 
and about the middle said: No, it’s that one (S7) because they've all got their 
sticks In other words, he corrected his mistake by co-ordinating 
position and cardination. ‘And with this one (D6)?— That one (S6).— 
How did you find it?—4 looked to see how many there are.’ 

Co-ordination between the order and the cardinal number is 
thus completed. Vig, who begins by giving S8 to D7, thus making 
the mistake of the second stage, spontaneously corrects himself by 
using the principle of cardinal correspondence. As for Shen, not 
only is he prepared to reverse the order of his own numbering 
(which proves that for him position has become relative), but he 
also understands that, whatever the order, there are always seven 
elements before the eighth, etc. Ordinal correspondence is there- 
fore acquired on the operational level, owing to its fusion with 
cardination. 


CHAPTER VI 


ORDINATION AND CARDINATION? 


UR examination of serial correspondence, or rom 
similarity, and ordinal correspondence, or similarity 


generalized to any succession of units, has led to d 
hypothesis that ordination always involves cardination, and vic 


versa, and this conclusion is in line with the one we reached when 
analysing the origin of cardinal correspondence. 


How indeed, in the case of correspondence with necessary and 
lasting equivalence between 


two sets, does the child succeed in 
attributing a cardinal value to these sets even when he has no 
clearly defined numbers at hi 
the terms in two corres 
is he able to distinguis 
the other'? He can d 


st by itself, the third makes with the 

; and so on. It is only when each element 

e Preceding ones that its position can be 
Y their position that differentiates the 

ts are all equivalent. 

d stage, when one-one correspondence 

notion of necessary equivalence, ordina- 


previous chapter, that there 


a etween the position of the elements of 
n8 


Our analysis of the various types of corres- 
W that we can, b 


of course, the aid of 
seriated and evaluated 
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Cel the eed of steps already climbed and then, after 
Dun to E P the series and picking out one of the steps, asking 
ane ane how many steps would have been climbed when 
ce = reached. The second consists in getting the child to 
35 the fi rds shaped in such a way that the second is twice as big 
then. h rst, the third three times as big as the first, and so on, and 
ae, HC aper oe the cards and picked out one at random, 
E im into how many units it can be divided. The third 
sever 2 getting him to seriate hurdles of varying heights, 
ludis. Y mats in such a way that there are n +1 mats for n 
y mei and then, having disarranged the material, asking either 
voni oy 4 mats a gymnast vaulting over one of the hurdles 
ae eA anded, or to which hurdle a given number of mats 
ibis Tha : s. We shall examine the results of these experiments in 
DERE pter and shall then draw a general conclusion with respect 
ination by comparing them with the results of our analysis 


of ordi 3 
ordinal correspondence in Chapters and 


h sticks and the problem of seriation 


I : E 
plius previous chapter we touched on the problem of seriation, 
ane chil experiment with the sticks, in which the questions put to 

ild can be to some extent modified, will provide us with a 


certai os : 
dps amount of additional data. It is therefore useful to take up 
problem again as an introdu f numerical ordina- 


lon itself ction to that o 
Ns ance e used is the following. The child is given 2 set of 
odium sticks of varying lengths and is asked to form the series 
a c shortest (A) to the longest ( ). When this has been done, 
(CURIE wort one at a time and in any order, nine more sticks 
n we shall call a-i). He is told that these had been forgotten 
are now to be inserted in their right places.* 
HAliKk. The child is 


ray then get the series: AaBbCeDdEcEfGg 
en asked to count all the clements of the series, including the 
mber of elements corresponding to a 


inserted sticks, and then a nu 

figure with which he is familiar is left in front of him. If, for 

instance, his counting tant after ten, cight sticks 
i of the sticks, we then ask 


would be left, and so on. Pointing to one 
the child how many stairs à doll will have climbed when 1t reaches 
ither be indicated by a gesture or by 


that point (the action can ei 

making a little doll go from one stick to another as though going 

upstairs). We also ask how many steps are behind the doll and how 
1 The sticks A, B, C, etc.» differ in length by about 0-8 cm., and the sticks 

a, b, c, etc. differ from A, B, C, etc» by about 04 CMs the complete set 

ranging from about 9 to 16 cm. 


§r. The experiment wit 
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many it will need to climb to reach the top of the stairs. Finally, 
the series of sticks is disarranged and the same questions as before 
then obliged to reconstruct the series 


€ still to be climbed). In the 
y needs to consider the 
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bigger, then another a little bit bigger, and so on.—(Lil took I and 
put it next to A, then E, then H, etc., regardless of order.)—We put 
them like this, look (A, B, C). They make a kind of staircase. Now you 
go on.—(Lil continued with K, E. D, LG disregarding the order.) 
Like that?’ Having reached this point Lil discovered a procedure, 
Characteristic of this stage, for making a staircase. She took stick B, 
then stick H, but made the top of B project slightly beyond that of H 
Without paying any attention to the base. She then added E,F,D,LG, 
etc., making a series only with the tops.—She was then asked to begin 
again, but with a ruler as base to ensure that the sticks were placed 
horizontally. She made the series A, C; H, G, E. This was disarranged 
and the whole staircase constructed and then broken up, and Lil was 
ree remake it. She placed the sticks in the order A, B, C, D, H, 

,E,G. 

HI: No estimate was possible. j 

Eli (4;0) I: ‘Show me the smallest step.—(He pointed to the right 
one.)—And the biggest?—(He pointed to one of the big ones.)—Now 
arrange them (giving him indications that they should make a kind of 
Staircase.) —He put A, B, G, K, H, etc. and then arranged A, B, K, 
etc., so that the tops made a staircase but the bases were ignored. After 
various attempts of this kind, he was shown how to make a staircase 
with a horizontal base. This was then disarranged and Eli tried to 
reconstruct it, the result being A, I, H, F, D. When asked to count the 


Sticks, he counted 1, 2, 3, 5, 10, 3; 14 ete. 


The reactions of these children clearly indicate that they had 
not yet reached the stage of even intuitive seriation. It is true that 
Very early on, even just after the appearance of sensory-motor 
intelligence at about ten to twelve months, the child is capable of 
arranging three objects, e.g. three bricks, in order of size, just as 
he is capable of distinguishing that these three objects constitute 

more’ than two objects, and this is a beginning of cardination. 
But just as, from the cardinal point of view, the child of 3 or 4 15 
still unable to decide whether there are more beans in a set 0 
twenty or in a set of twenty-five because he cannot yet make a 
one-one correspondence between the elements of these sets and 
cannot make a global estimate of their respective contents, so, 
from the ordinal point of view, the same child will be incapable of 
Seriating cubes or sticks when their number exceeds a certain 
limit or when the difference in size or length is so slight as to make 


systematic comparison impossible in view of the number of 


elements. We therefore make no claim that children such as Lil or 
Eli are entirely incapable of any seriation or that they are at a pre- 
serial stage in the absolute sense of the term. We merely assert that 
as far as the problem in question is concerned, that of the ten 
original sticks and the nine to be inserted, these children failed to 
make any regular seriaticn without help, and were thus at a pre- 
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serial level as regards this particular problem. As for cardination, 
it follows that they could not estimate the number of elements in 
sets of more than two or three ob 
ordination. Eli, f 
his attempts at counting. There was ther 
between ordination and cardination. 


TUA XE 
nts, but scems merely to look for one that is ‘big 
‘small’ ones. In the 


second place, a s able direction in the relationship 


between the elements and this al 
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Cla (436) I. He began by pointin out thi i 
the sticks, then, without arranging the Stent on ae sene eat 
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base, made two series, related to A and K. On the left he put the small 
ones A, C, F, D, E, G, B, H, and on the right, after removing G from 
the other set, he put the big ones, G. I, K. He then corrected himself, 
putting A, C, H, F, then A, B, C, H, E, F, D, then A, B, G, D,.E, E; 
H, and added the elements G, I, K, after H. He then brought the bases 
into line, corrected the end to F, G, I, K, H, changed the three last 
into D, H, G, then into F, H, K and finally discovered the correct 
arrangement. We intervened in no way, except to ask after each 
arrangement: ‘Is that right?" 

IL. In inserting the extra sticks, he put d between C and D, then 
after E, before B and finally in its correct place before E. He placed a 
correctly, then put f between B and C, etc. 

III. After this, he was asked to count the sticks and all were taken 
away except Aa BbCcDd. Cla understood Question IV. The 8 sticks 
were then disarranged and he was asked: * If the doll is here (b), 

Ow many steps are there behind it?—2, because that one (a) is behind it. 
—How many steps has it climbed.—2, no 3 (he put A, B and a in front 
of b).—How many steps has it still to climb ?—(He counted the empty 
space after b) 8—Why 8?—Because there are 8 altogether.—(The sticks 
Were again disarranged.)—Look, it’s there (C). How many steps has it 
climbed?—(He built up the whole staircase and counted) 4.—How 
many has it still to climb?—z0, no 3.’ Á 

Vot (4;10) I. He at once indicated the smallest stick, but picked out 

at random as being the biggest, then arranged his series without 
taking into account the need for a common base: A, H then A, B, H 
then Å, B, C, D, E, F, G, H, I, K. j 

I. He put g before K. He put c in place of A, then inserted it cor- 
rectly, He put g between C and D then i between H and I, etc. 

IIÍ. When the whole series had been correctly arranged, 8 elements 
Were kept and Vot understood Question IV. But when the sticks were 
disarranged, he thought that the doll on b had climbed steps a, d, and 

; etc. ‘How many has it still to climb?—(He counted 8.)’ 

San (530) I. He chose correctly the smallest and biggest sticks then 
arranged A, B, C. When he came to D, he compared it with each of the 
others in turn, even the biggest, and put it after C. Sticks E-K were 
then seriated with some trial and error, the corrections being made in 
the series itself. j 

II. He correctly inserted i before K, then compared e to ER D E; 
then to all the others in the row before putting it in position. He did 
the same with g. When he had put h before G he cried: ‘No, that’s not 
right, it’s too difficult.’ 

III. He counted correctly u 
counted them correctly. 

IV. The sticks were disarranged and San pointed to steps A, b and B 
as having been climbed when the doll had got to C (forgetting a). For 
the steps preceding D he reconstructed the whole staircase, and for the 
steps still to be climbed he pointed to the whole series. 

Bru (5;6) I. After some trial and error he arranged the correct series 
from A to K. 


p to 9. Eight elements were left and he 
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nd ight 

IL. In order to insert 4 he moved K, I, H then put it s edd 
place. For g he removed G, put g before H, removed E pn 
etc. Similarly, he began by putting e before E, then after F. 

II. Correct replies up to E . à steps 

IV. Sticks ae Bru was at a loss to discover how page oe E 
there were before C: he took d and put it first before and ther ve 
put A before C, then made the whole series. ‘How many has i 
climbed?—s ( 


correct) —And how many has it still to climb?—4. 
Dit (536). I 


. He began by making a series of unrelated puo 4 À 
HG, EF, IC, DK and finally made the correct series excep 
which he added afterwards. 


II. Great difficulty: he put ^ after K. 
etc. Finally he put A, a, B, b, C, Gd, “ected it. 
‘Is your staircase a good one?—No, not very.’ He gradually or venit 
Suddenly he saw that d Was too small for the position he had g 
and merely moved it along a few millimetres. 

.. III. Correct up to 8. 


IV. Sticks disarran. 


, g after H, d between C 3 D 
D, E, e, F, f, H, g, G, I, h, K, 


d 
counted the 5 rem -—And if there were 11 VA ede em 
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climb before getting to the top? 


in 
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y using the empirical method char 


me Corrections, 
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5 i 
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8 


re D he counte; 
on the table, decid 


^ ied 
ty spaces previously occupi 
7, then looked for the stick 
smaller than D and finally made the whole series and gave the correc 
answer 6. When the doll was on C, Mic counted correctly 5 preceding 
Steps, but for those still to be climbed he thought he needed to seriate 
them instead of merel many were left, 
Chal (5:10). I and ÍI as in the earlier cases. 
III. Correct up to 10, 
IV. (Sticks disarranged.) To count th, iated 
ODI and der put d, E) «1, nt the Steps before D, he seria 
rect).—And ho 
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which the child is incapable of seriating sticks A-K (stage I) and 
that at which he can make the series without hesitating, including 
the insertion of the extra elements (stage III). From the point of 
view of seriation, this second stage is still very homogeneous. Each 
of the children succeeded, after trial and error, but without help, 
in constructing the series A-K. Moreover, once the first series had 
been made, none of the children was able to insert the extra sticks 
without mistakes and continual trial and error. The present level 
appears to be characterized by this opposition between success 
with the first series and failure to insert new elements, and we shall 
see its consequences in the relationship between ordination and 
cardination. 

First of all, how do these children succeed in seriating the ten 
sticks supplied simultancously at the beginning of the experiment, 
whereas children at the first stage fail to do so? As we saw 1n 
Chapter V (§2), for seriation to be possible it is logically necessary 
that each element should be chosen as being at the same time the 
smallest of those that are left and bigger than those that have 
gone before. It involves therefore on the one hand relating each 
term to the rest, and on the other, following a constant direction 
in this co-ordination. For instance, Cla and Vot, who begin like 
children at the first stage, the one by dividing the sticks into ‘þig’ 
and ‘small’ as if the series were not continuous, and the other by 
Picking out one of the big ones (H) at random as being the biggest, 
succeed eventually in forming the series by means of a number of 
rearrangements and corrections which seem to imply these 
relations, Similarly San provides the clearest evidence of this 
dawning of relativity when, after seriating A, B, C, he compares 

with all the other elements, measuring it against each one, 
even the biggest. On the other hand, the fact that the construction 
Of a series requires not only that each element shall be related to 
the others but also that the directions in which the comparisons 
are made shall be constant, is clearly shown in the case of Dit, who 
proceeds by heterogeneous pairs and has to adjust them later on to 
form a single series. E 

This twofold progress is, however, limited, in comparison with 
the method characteristic of the third stage. When San, for 
instance, conscientiously compares element D with each of the 
others, though he is certainly more advanced than children at the 
first stage, it is clear that cach of his measurements involves a series 
of others. It is even clearer in the case of Dit, when he makes his 
pairs, and generally speaking the trial and error of these various 
children gives the impression that what is lacking at this level is 
simultaneous co-ordination of the whole. The series is constructed 
step by step, not grasped as.a logical act ‘grouping’ all the rela- 
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tions. The reason for this is obvious: these children merely vA 
intuition instead of logical „order, i.e. perceptual enp able 
instead of operation. All that is in fact necessary, if = is ne 
of making an additive or multiplicative connection eX ms 
detail and all the others, is to construct a unde nus I d 
trial and error. This is exactly what was done by the ee 
advanced children at the first stage when they eee dub 
staircase taking into account only the tops of the sticks. abe 
dren at the second stage do the same thing, but take into conic ic 
tion the length of each stick, and the figure thus becomes aot of 
and precise, but it is still no more than the intuitive equiva 

an operational series. 

The best proof that it is no more than this can be seen in e 
difficulty experienced by the child in inserting the extra de 
a-i in the initial series. It is a remarkable phenomenon, Ww. EE. 
appears to be constant, that the construction of a series is cà 
than the insertion of n 
least difficult 
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exclusively perceptual is that the child not only makes mistakes in 
inserting a-i (which is in no way surprising) but is also satisfied 
with his incorrect results. Vot, for instance, made no attempt to 
correct his insertions without suggestion. Similarly, as long as 
there was no adult intervention Dit was satisfied with the series 
CedD and HgGIhki, and Mic with the series DeE. It is no longer a 
question of perception, since it would be easy to rearrange the 
Incorrect series. The fact that the child does not do so means that 
he feels that he is confronted by a new and baffling problem. 

If we now look at the relations between ordination and car- 
dination we find an exactly parallel situation. It is only in so far as 
Seriation becomes operational, i.c. in so far as it is based on simul- 
taneous co-ordination of all the relationships, or more precisely on 
their ‘grouping’, that the child can combine cardination and 
ordination. Until this is so, position is merely qualitative for the 
child, and does not involve a definite number of elements. Thus, 
between the cases of Cla and Vot on the one hand and Mic and 
Cha on the other, we can see a continuous evolution taking place, 
from almost complete lack of understanding to the ability to find 
re dee the correct solution (after considerable trial and 
error). 

It must be remembered that at this stage all children can indi- 
Cate correctly how many steps have been climbed, how many are 
below the doll, and how many it still has to climb, provided that 
the series is not disarranged (Question III). This proves nothing 
as far as the relations between ordination and cardination are con- 
cerned: it is merely perceptual reading of a situation by means of 
Counting aloud and does not involve operations proper. It is 
when the series is disarranged that the extent of the child’s under- 
standing becomes clear. What is extraordinary is that, although he 
recognizes the questions he has just been asked for test III, he now 
fails to give the correct answers. 

Yet Cla, Vot and San were able to reconstruct short series of 
two or three sticks as early as the lowest level of this stage, which 
Proves that they understood the sense of the questions. Cla knew, 
for instance, that when the doll was at B it had climbed steps A, a 
and B, and San said that when it was at C, steps A, B and b were 
behind it (forgetting a). But although they could grasp this in- 
tuitively in the case of short series, they were apparently unable to 
divide the whole series into two sections separated by the step 
reached by the doll. Cla and Vot, for instance, who knew that at 
b the doll had climbed three steps, counted the eight terms of the 
Series to discover how many steps remained to be climbed. Bru and 
Dit, who were at the medium level, understood without difficulty 
that the number of steps already climbed depended on the present 
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position of the doll, but although Bru counted correctly that it had 
climbed five steps when it was at C, he could not say how many 
remained to be climbed and counted the whole series. We must 
again insist, to avoid any misunderstanding, that these children 
gave correct answers to the same questions when the series was 
undisturbed, and that it was only when it was disarranged that 
they were baffled. As for Mic and Cha, who were on the border- 
line between stages II and III, they succeeded in solving the 
problem only by constructing the whole series of steps, including 
those that had already been climbed. 

The explanation of these difficulties becomes clear when we look 
at the way the child constructs his series. In so far as the seriation 
is truly operational, i.e. with simultaneous co-ordination of all the 
relations, it is clear that each element arranged according to its 
height is conceived as being at the same time longer than those 
that precede it and shorter than those that follow. Hence, when 
this qualitative seriation, which has become operational, has to be 
translated into terms of ordination and cardination, that is to Say; 
when the position of a given term has to correspond to the sum © 
the preceding terms, the relations involved in the construction of 
the series will ensure that the series can always be seen to be 
divisible into two sections, the one beginning at A and ending with 
the given element N, the other extending from the clement N to 
the final element T. Two facts are then evident: the ordinal 
number N can be translated into a cardinal number N repre- 
senting the sum of the elements A to N, and the second section is 
equal to the cardinal number T (corresponding to position T) less 
terms A to N, i.e. T-N. When however the series has not been 
constructed through operational co-ordination of relations, but 
simply by means of a succession of perceptual connections, this 


intuitive seriation is untranslatable in terms of numerical ordina- 
tion and cardination, the one de 


series cannot be divided. Pee ier deditus a 

By concentrating on this co 
series and qualitative or nu 
easy to understand wh 


Since an intuitive series is 
relationships, the child finds 


d i, and then count. them. 
d ped, however, involve the complex rela- 
ton A... SH <... T, ie. the co-ordination (both additive and 
subtractive) of the two inverse relations N> Aand N T 
which in terms of cardination beco Fe end 


mes the subtraction T — N and 
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no longer the simple additive series A. . - N. This fact explains 
the difficulty experienced by Dit in understanding the relation 
8—5= 3 and in counting the remaining sticks without recon- 
structing the whole staircase. Generally speaking, this is the 
explanation of why the child succeeds in translating his qualitative 
seriation into ordinal and cardinal numbers as long as the series 
is intact and visible, but is baffled as soon as it is disarranged, 
every intuitive series varying between rigidity and chaos. 

The child's difficulty in translating a position into a number 
once the series is broken up is thus comparable to the difficulty he 
finds in inserting new clements into a completed series, and the 
ease with which he counts the terms of the visible series is com- 
parable to the ease with which he makes an intuitive series of 
Sticks. In both cases there is the same opposition between semi- 
operational intuition and operations proper which give to the 
number a reality based on rational relations. To conclude, then, 
we find that these results confirm and complete the interpretations 
at which we arrived after our analysis of ordinal correspondence. 
: Finally, we have two examples of the third and last stage, which 
is characterized by grasp of the operations involving both the logic 
of number and that of seriation of asymmetric relations: 

Sin (6;0). I. He at once arranged the series A, B, C, D, F, then 
replaced F by E and continued with F, G, H, med 

II. He was asked to put c in position. He measured it against C and 
placed it correctly on the right of C. He then measured d against D 
and put it also in the correct position. He placed i correctly between 
K and I, and so on, making 9 successive insertions without a mistake. 

III. Correct. 

IV (with the 1g sticks disarranged): ‘If the doll is there (c), how 
many steps has it climbed ?—(Sin began by assessing with his finger on 
de c the presumed heights of the preceding sticks, then tried to count 

€ presumed positions in the space A-c, but without putting A in 
Position, and finally said) Z’U have to put the staircase back. (He arranged 
the Sticks before c.) —Well now, how many has it climbed ?—6.—Which 
one is it on? —The sixth How many steps are behind it?—5 (without 
counting).—How many has it still to climb?—(He counted the 
remaining sticks without attempting to arrange them and gave the 
Correct answer) 13.—And when it’s on this one (F) which one is it on? 
—(He arranged the staircase as far as F.) The eleventh (correct).’ 
eis Pus I-III. He constructed the series A-K immediately, 
ini a the extra clements almost without hesitation and clearly 
ae the questions related to the number of steps when the 
doll RARER unbroken. IV. The 19 sticks were disarranged: “Look, the 
in the here (f). How many steps has it climbed?— (Ald began like Sin 
did so) ies i), and then said PU have to arrange them as far as that (he 
counts, ema es 12.—How many steps are behind it?— (Without 

nting.) rr—And how many has it still to climb?— (He counted the 
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: . 3 
scattered sticks without arranging them and gave the correct answer,) 
7? 


The contrast between 
stage is obvious. Althou 
seriation A-K all the gr 
found (cf. the misplace 
in behaviour with reg: 


these reactions and those of the pem 
gh from the point of view of the pe 
adations between the two stages arc to be 
ment of one clement by Sin) the difference 
ard to the extra elements to be inserted 1S 
characteristic. Whereas children at the second stage pona dr 
these elements almost as foreign bodies, Sin and Ald react to the 

as to the others, compare them, measure them if necessary, oe 
place them in position keeping in mind simultaneously the re ke 
tionships > and <. Let us note that such progress cannot ta 


place unless the child has penetrated deeply into the relationship 
between ordination and cardination. à rel 

It is in fact quite clear that these children know immediately, 
without testing it, th. 


order to discover how many steps remain 
to be climbed They grasp perfectly that the number of steps to be 
climbed is represented by the 


: i » that these children know at 
ence, without counting, that € number of steps behind the doll 
Md hs (N - 1), oo showing that they understand that the 
position corresponds to a Cardinal jon the 
same time greater than th. value N which is at 


at of th = d 
-less than that of the elements (N id ements A , N-1)an 


er. 
4 roots n : fore 
lies between these two sections, ) and that it there 


Se. The experiment with cards forming a Staircase 


We have as material a Square of cardboard A, representing one 
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unit, a rectangle B the same width but twice as high (thus repre- 
senting two units), a rectangle C representing three units (same 
width as A but three times as high), etc. Thus A=1; B=2A; 
C 23A; D =4A; E=5A; F -6A; G=7A; H=8A; J =9A; and 
K =10A. The cards therefore form a staircase, but one which is 
based on a construction of units and not on arbitrary relations 
like the staircase in §1. 

We begin by asking the child to make the series himself so that 
he may grasp the principle of this ordination, and then get him to 
count the cards as far as he can without hesitating. He is then 
asked: ‘How many cards like A could we make with (B) or (C), 
etc.’, until he understands that the second card can be cut up 
into 2A, the third into 3A, and so on. Once this is grasped, a card 
is picked out at random ( (F) for instance), the staircase remain- 
ing in position, and the child is asked how many units this card 
represents. It is the child’s solution to this third type of question 
that interests us here. If he can at once make F's cardinal value 
six correspond with its position (sixth), it is clear that he has 
grasped the relation between ordination and cardination. If, 
however, he needs to measure each time how many times A goes 
into E, F, etc., we shall be justified in stating that this corres- 
pondence has not yet been grasped. We find three stages, corres- 
ponding to those of §1. In the first, seriation is still global and the 
relation between order and cardination is not understood beyond 
three or four, even when the order AK is followed. In the second 
Stage, intuitive seriation gives a correct result after trial and error, 
and the relation between ordination and cardinal value is under- 
stood provided that the order is followed, but not when the cards 
are mixed. In the third stage, the last question also is successfully 
solved. Here are some examples of the first stage: 

Tes (4;6) seriated the cards correctly as far as D, then made the 
mistakes typical of this level. He could count up to 15. ‘How many 
cards like that one (A) could we make with this one (B)?—Two.—And 
with that one (C) ?—four . . . No, it’s the same as those (B +A). (Count- 
ing.) One, two, three, three, it makes three —And with that one (D)?— 

He counted with his finger.) Four.—etc.—And with that one (J =9)?— 

He counted again, following with his finger imaginary sections of the 
card.) 1,2... 8—And with that one (C)?—1, 2 . . . 5.—And with that 
one (C again) ?—That makes 4 cards." 

Fiv (5:0) also merely made a global seriation, which we then cor- 
rected with him. He counted them correctly. ‘How many cards like 
this one (A) could we make with that one (B) ?-— Two.—And with that 
one (C)?—Three.—And with that one (D)?—Five.—Why?— - - + 
How can we see that that one (D) is bigger than this one (C) ?—By that 
(pointing to the difference in height).—How many more are there 
each time?—One.—Then hew many cards like this one (A) can we 
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make with that one (D)?. 
the whole series from A to 
we make with this one 
And with this one .(C) ?. 


These children 


d 
—Five, no two.—How many?—(He M. 
K.) 12 +++ 10.—Then how ya 
(A)?—One.—And with this one Dr j 
—Three.—And with this one (D)?—Five. 


series 
show that they can count the eun vd 
without hesitation, and that they can even ons MAT or r. Te 
Successive terms are compared, that the difference is 


: cee s M tes that _ 
for instance, sees that C is identical with B +A, and 2 y how 
there is ‘one more each time’. And yet, when aske 


: rd 
ike Tes, or else they judge by appearances, like Fiv. In a word; 
they are in possessi i 


for 
on of all the empirical elements necessary 
understanding the law, but t 


1 
: a 
cr what happens since the children Fe E 
Dow quote as examples appear to discover the law when t d is F 
gressive order is followed, but are baffled when the or d 
reversed, when cards are picked out at random, and even m 
When the visual Seriatio 


n is destroyed, 
Bet (530) first made 
inserted E, etc., 


—3-—And out of (D)? 


? 
€ (pointing to in)?—9.—And out of (H)? 
—10.—And out of (Gy) Asa ay E 2 n 
series Was reversed, Bet began Correctly by 


Mic (530) successfull 


Y seriated 
many of those (A) can 


d the ten cards. ‘How 

f(D)? one (B)?—2.—And Kam 

d out o e 3», Cte But when, with the 

i was indicated, he did not think of ‘using the 

system he had discovered and said that F Was (counting on the card 
i), 9d), E was 5 and F ‘8, no r2° (same 
ethod). 

PIS (530): ‘Which is the first one?. 


— (He pointed to A.)—And the 
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second?—(B).—If we cut up that one (B), how many little cards like 
this one (A) can we make?—2.—And out of this one (C)?—3.—And 
out of this one (D)?—4; etc., up to 10? But when, without disturbing 
the series, we pointed to cards at random, he thought there were 4 in 
E, 6 in H, 3 in D, 7 in E, and so on. 

Dit (530) succeeded after trial and error in arranging the 10 cards as 
a staircase and at once understood the law: ‘ That one (A) is 1, that one 
(B) makes 2; that one (C) makes 3; that one (D) is 4; that (E) makes 5; that 
(F) 6... and that (K) makes 1o little cards? The row was then dis- 
arranged and F(6) was indicated. ‘How many does this one make?— 
4 little ones.—Are you sure?—WNo, but I think so.—What could we do to 
make sure?— Make a staircase .(He remade it and counted.) 6 little ones.’ 
But in the case of D(4), Dit failed because he reversed the order. He 
began by seriating the first 6 cards: ‘Can we tell from those how many 
it makes?—4JVo, we must pul the others as well? He made the complete 
row of 10, then counted from the roth to the 4th and said: * That one 
(D) makes 7, we can make 7 little ones.—NW hy ?—Because there are 7 places.— 
How’s that?—(He put card A seven times on card D and said): That’s 
7; that’s how it is. 


_ The significance of these examples is clear, and they throw con- 
siderable light on what occurred at the first stage. There is no 
doubt that at this stage the child understands the law of the series 
and adds one to the cardinal number for each new ordinal when 
the order A—K is followed. And yet, even with the staircase still in 
place, when a card larger than three or four is picked out at ran- 
dom he can no longer estimate the cardinal value of its units by 
reference to its position, and at first tries only direct evaluation, 
tracing with his finger the hypothetical divisions on the card itself, 
as did Bet, Mic and Bru. Dit, who was more advanced, having 
reached the upper limit of stage II, understood that once the 
cards were disarranged he had to reconstruct the series and find 
the position of each element in order to determine its value. And 
yet, on the one hand, he thought he had to reconstruct the whole 
Series from A to K and could not tell from the first four cards that 
the fourth represented four units, and on the other, when he had 
reconstructed the whole series he calculated the position of D 
from the wrong end and thus made it seven instead of four. 

These strange behaviours make it reasonable to suppose that 
children at this level have systematic difficulty in grasping the 
relations between ordination and cardination. What is the 
explanation, since in this experiment with cards arranged as a 
staircase the material represents with the maximum of intuitive 
clarity the law governing the formation of the first ten finite 
numbers, each ordinal corresponding to each cardinal and vice 
versa? Obviously the most natural hypothesis is to relate this 
difficulty to the lack of understanding we found in our analysis of 
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cardination. Tt wi 
development, in w 
present stage, the 


ll be remembered that at a certain ws a 
hich the average age corresponds to that of t - 
child who is successful in making a "A 
Correspondence between two sets of six objects no longer grasps 
their cardinal correspondence once the elements of one set ar 
displaced. What appeared to be a one-one correspondence leading 
to stable colligation thus proves to be only a system without con- 
servation and therefore without true cardination. In this system 
the colligation is still only intuitive, i.c. dependent on eet, so 
of the figure or of the Space occupied by the sets in question, ane 
although the child can use numbers to enumerate the elements, 
this enumeration does not as yet involve true cardinal numbers. 


Similarly, in the present case it may well be that what appears to 
be ordinal understandi les i 


ing of the series is dependent on the 1n- 
tuitive act of passin 


This com 
ordination is justifi 


c A : mes operational precisely when e. 
is co-ordination - Conversely, colligation an 

] € cardination only when he 
become Operational, and this occurs 


: | as ac i lastin 
equivalence) the child can only vali. e pd 


stage, he can only b 
positions are linked 


n element andt th- 
out following the Progressive order step by ste Nos hs 
‘after’ lose their cardinal Significance. P, 
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third stage, characterized by complete understanding of the 
problem, i.e. by operational ordination and cardination. 


Let (6;0): ‘How many cards are there?—ro.—How many like this 
one (A) can we make with that one (B)?—2.—And with (C)?—3. 
(he counted on the card).—And with that one (D)?—(He began by 
counting on the card and then cried: We can make 4.—And that (E)?— 
5, because I know how the figures go!—(I passed over the next element.) 
And that one (G)?—7,’ etc. The cards were then disarranged and G 
was indicated: ‘How many with that one?—(He counted and then at 
once began to seriate from A to G and said): * Yes, it’s x 
" Ald (6;6) made the series without hesitating and was first asked 

How many like that one (A) can we make out of (C). He replied: 
3, I knew I had to count that one (A) as well? He had therefore at once 
counted the positions. ‘And with that one (F)?—6, because there are 3 
there (pointing to K, J, H), that makes 10, 9, 8, then that one (G) 7S 
When the series was disarranged, he reconstructed the staircase as far 
as the element in question and thus found: 5 for E, etc. 


These children were immediately able to find the value of one 
of the cards, whether it was pointed out at random in the stair- 
case or when the series was disarranged. In other words, the 
series had ceased to be rigid and had become mobile or opera- 
tional, each term being susceptible of consideration in itself and in 
its relation to the others, whatever the order, Thus Ald recon- 
structed the cardinal value of F by determining its position in the 
decreasing order and Let found the question so easy in the increas- 
ing order that he said, ‘I know how the figures go’. 

„In conclusion, we find that the gradual co-ordination of car- 
dination and ordination confirms, on this essentially numerical 
plane, our earlier findings as to qualitative seriation and serial 
correspondence. 


83. The experiment with mats and hurdles 


In view of the difficulty of dissociating the ordinal from the 
cardinal in ordinary numeration, we devised a further experi- 
ment, involving a lag between cardinals and ordinals. When we 
Say that a person is in his twentieth year, we mean that he has 
completed only nineteen years of life. In a case such as this, it is 
easier to distinguish the ordinal aspect, that of the current year, 
from the cardinal, that of the completed years, than in cases 
where the two notions coincide. As however the notion of time is 
extremely difficult for the child, we tried to find a spatial equi- 
valent for this situation, and suggested a boy practising jumping 
who has to clear a succession of seven hurdles of increasing height. 
To take off and to land he has a series of mats, eight in number, 
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terial 
one of which is placed before and after each hur de, Tae ma doll, 
given to the child to represent this situation b ais; When 
seven little hurdles of varying heights and eight little ue de 
the doll has reached mat three it will have jumped tw ached si 
and when it has jumped the fifth hurdle it will have to 
mats, and so on. sare 
The questioning then proceeds as follows. The first pee» am 
placed in position, one before and one after the first uc Once 
the child is asked how many mats are needed for the hur site 0 
the series of mats and hurdles has been constructed, bits a ee the 
doll jump and bring it to a stop after one of the hurd pides put: 
third, i.e. on the fourth mat. The second question is th mats 
“How many hurdles have been jumped and how gle ous 
n is repeated with the doll in a some 
stion, asked when the eight mats an how 
n removed, requires the child to AE, 
many mats are needed for the remaining hurdles. The 


: a 
question is put when the hurdles have been mixed and one, 5aY 
the fourth, is selected. The child is as 


n = ats 
sixth and last question some of the m 
are again put down and th 

d 


since they have been studied earlier on 

In different forms, Pro lems (2) and (4), however, present the 
question of the relationship between ordination and cardination 
he problem of Seriation provides evidence of the same stages 

as before: (1) global Seriation, (2) intuitive seriation, the success 
of which depends on actual perception of the Seres and (3) 
Systematic seriation, resultin: : 


8 from the Srouping of relation- 


5 i € taw; either he is con- 
f 5 15 equal to the number of hurdles 
or, having been undeceived, he of : 


: counts unsystemati lly each 
time. In the second stage, he discovers the law empirical through 
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trial and error, and in the third he sees it at once, no matter how 
many hurdles are involved. 

The problem of the number of hurdles corresponding to a given 
position also shows the three stages with which we are familiar: 
failure in the first, success in the second, only on condition that 
the whole series is reconstructed, and complete understanding in 
the third. 

In the case of the fourth problem, again there is no under- 
standing at the first stage. At the second, although the child 
recognizes that there must be one more mat than the number of 
hurdles, he meets various difficulties of an ordinal character. At 
the third stage he is completely successful, notably in solving the 
question as to the position of the last hurdle jumped, given a 
certain number of mats (whereas at the second stage this position 
is considered to be equal to the number of mats). 

. We give here some examples of the first stage, in which there 
is neither correct seriation nor understanding of the relationship 
between the ordinals and cardinals involved in this problem: 


Lic (430) could only count up to 6. He was given 5 hurdles and only 
succeeded in seriating them with suggestions from us. ‘Now we're 
going to put the mats one on each side of the hurdles so that the doll 
won’t hurt itself. (The first two mats were placed in position.) How 
many mats will there be altogether ?— (Guessing) 4—How many 
hurdles are there?—/ don’t know (he recounted), 5.’ He then put down 
the 6 mats himself. ‘How many mats are there?—(He counted.) 6.— 
And how many hurdles?—(He reflected and looked at them.) 6.— 
Count the hurdles.—r, 2, 5, 6.—Try again (pointing to each one).—5- 
—And how many mats?—5.—Count them.—6.—And how many 
hurdles?—6,’ 

Lic was then given the doll, and he himself made it jump, starting 
by running across the first mat. It jumped the first and second hurdles 
and stopped on the 3rd mat. ‘How many hurdles has it jumped?—3. 
—Watch carefully (repeating the demonstration).—2 hurdles—And 

-how many mats did it touch?—2.—Show me them.—1, 2, 3.—And 
how many hurdles?—(Without counting them.) 1, 2, 3-—(The doll 
was then made to jump 3 hurdles and was put down on the 4th mat): 
How many hurdles has it jumped?—3.—And how many mats has it 
touched ?—3.—Count them.—1, 2, 3; 4-—That’s right, and how many 
hurdles?—3.—And how many mats?—3.” 

All the material was removed and the first 3 hurdles were then 
placed in order in front of the child: ‘How many hurdles are there? — 
3.—How many mats must we put down so that the doll won’t hurt 
itself?—(He put 1 before and 1 after the first hurdle and then of his 
own accord added 2.) It’s 4.—And how many hurdles are there?— 
(Counting) r, 2, 3.—Why are there more mats Ed 

Ray (4:6) did not succeed in seriating the 7 hurdles without sug- 
gestions from us (he put them in unco-ordinated pairs). We then got 
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4 ved the 
him to put down 6 mats for the first 5 hurdles (hav xh egre doll 
other 2). *How many mats are there?—6.—W. atch en How- many 
jump the first 2 hurdles and leaving it on the pss jars Qj. 
mats has it touched ?—3._And how many hurdles di J 


a ?—2,—(We 
Count them.—r, ». And how many mats did it touch? 
then made the doll jump the first 


; mats did it 
Jump 4 hurdles and Stop on the 5th mat.) How many mats 
touch?—5.—And how many hurdles did it jump?—5. 

The mat: 


y the first 3 hurdles left: Reel 
it going to jump?—5. And how many mats ed down 
i un without hurting itself? 3 (putting t A 1 
are there now (adding o 4th)? 
ave to put down?—q,’ etc. vs 
Bü notum to the 3rd and asked Ray H 
11€ pointed to the 2nd. ‘And any ps e 
He pointed to th * any did it jump altogether ?—3. 
however with four. 


" x then 
8 mats were mixed together, and 


hese 
3 mats were put in front of the child: ‘Look, the doll ce put 
mats. How many hurdles did it jump?—5.. Show me them.— 

hurdle r Opposite mat r 


ith 
» hurdle 4 with mat 2, and hurdle 5 wi 

These then are the reactions dps 
these children can neither seriate the hurdles without help, 
discover the car 


selected at rand 
us here, 


tionship between n hurdles and n +1 mats, there 
lack of understand 


a 5 . i a 
ng. Admittedly there is an artifici 
convention in the data, but it ; 


after counting five h 
decided th 


di ere only 
five, he then refused to believe EY ffe Ing that there w 
there were five. i 


nan can T€ were six mats and e 
counted t i C 
cluded that there Were six hurdles! [a led pee Ba after 
saying that five mats were needed for five hurdles inf put 
down six, yet he constantly wavered between the idea that there 
must be n mats because there were n hurdles and that there must 
ben +1 hurdles since there Were n 4.1 mats, ' 
Although at first sight this Confusion appears to affect only car- 
dinal correspondence, it is of interest also in the Study of ordina- 
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tion. It is not a question of an isolated phenomenon, the same 
thing occurs, for example, in the case of the child who, trying to 
cut a strip of paper into three, makes three cuts and fails to see 
that he is dividing it into four. In both cases the mistake is due to 
lack of co-ordination between cardination and position. To under- 
stand that if each hurdle is between two mats there will be n +1 
mats for n hurdles, requires the capacity to view the position 
simultancously from the two sides, whereas the child has an 
irresistible tendency to place himself at one point of view only, 
either * before" or ‘after’ and thus forgets either the first or the last 
mat. Hence, although in practice he is perfectly capable of con- 
structing a sequence of n +1 mats for n hurdles, he gives a simple 
one-one correspondence as its cardinal description, merely 
identifying the number of mats with that of hurdles. 

We now come to the reactions of the second stage: intuitive 
seriation and empirical discovery of the relationship between the 
number of mats and hurdles, but without understanding of that 
relationship. 


Ris (530) succeeded in seriating the 7 hurdles, but only after some 
mistakes. A mat was put down on each side of the first hurdle: ‘How 
many mats will there be if we put one each side of all the hurdles? — 
(He put down the other mats without replying, and then said): 
"They're all the same size.—How many mats?—(He counted) &.—How 
many hurdles are there?-—(He counted them again) 7. 

The doll was made to jump 4 successive hurdles and was left on the 
5th mat: *How many hurdles has it jumped?— (He counted) 4.—And 
how many mats did it touch?—(He counted) 5.—And how many 
hurdles does that make?—(He counted again) 4.—And how many 
mats does that make for 4 hurdles ?—(Once again he counted) 5. 
Ris's lack of confidence in deducing the law is obvious: at each question 
he recounted the set. 

Four hurdles were left in front of the child, in order, but without the 
mats: ‘How many hurdles are there?—4.—And how many mats must 
we put so that the doll won't touch the ground?—(He counted the 
spaces before the 1st, between the hurdles and after the 4th) 5.—And 
how many hurdles will it jump?—(He recounted) 4.’ 

The hurdles were mixed together on the table and the 5th was 
selected. After some trial and error Ris succeeded in arranging the 4 
preceding hurdles, but only by forming the whole series: ‘How many 
hurdles has it jumped?—5.—And how many mats must we put down? 
— (He recounted the spaces) 6.’ 

The hurdles were mixed and 4 mats, end to end, were put before the 
child: ‘I’m going to ask you a riddle. Which hurdles has the doll 
crossed ?—(Ris inserted H2 between Mı and Mg, H3 between M2 and 
M3, and H4 between M3 and M4. He knew quite well which was the 
smallest hurdle, Hr, but had put it aside and began with H2, ending 
with H4.)—Does the doll begin by jumping this one (H2)?—JVo. (He 
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put Hr before Mr.)—Is that right?—(He removed Hr.)—But which 


hurdle does it jump first?—The rst—-Well then?—(He put Hr in 


front of Mr again.)—How many mats are there?—4.—How many 
hurdles must there be then ?—4. 


Finally 5 mats were placed end to end and the child was asked: 
*Which 


wards, however, he thought that when 4 hurdles had been ju) 
there were 4 mats, and then for a series of 5 hurdles he was intending 


ELT s ction when he counted the spaces 
€ filled. 


. Four mats were placed end to end: ‘How many hurdles has the don 
Jumped when it gets to this point (the doll was on mat 4)?—(He too 

Hı before Mı, He before Me, etc. He then 
added H5 and prom it). We began again with 4 mats: 
: jumped?—4.—Which ones?—(He then 
inserted Hr between Mr and Ma, etc.) Ah! it’s 3^ But he put 5 

y H4 should M4! 

Five mats were then placed dove Side ot ek the doll on a 
been jumped last. He pointed a 
ts before finally saying: Ah, th 


veen these reactions and those of the ee 
Portance to our analysis. In t n 
at these children learn to seriate like a 


Systematically makin -one cor- 
Sng g a one 
earlier, the child uses US €r of hurdles and mats, as he did 


counts mats and hi 
ing any conclusion 
children of this Stage, acquires a. 
it is merely a Seneralization of 
involve real understanding, 


Y empirical method. Ris, for instance; 

urdl : od. Ris, for ins 
6 on thé» correctly, but without draw- 

7 € other hand, like the more advance 

"elementary grasp of the law, but 
1S own experience and does not 
; numb, i 
to a given number of mats, to the oj. der. of hurdles corresponding 
R t, produce Teacti “whee hurdles and to h s 
but which show certain striking Do PN Wüich are still uncertain 
pelled to insert the right number of Nut he child is almost com- 
6s, since their position 1$ 
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determined between one mat and the next (cf. Ris). Yet he falls 
into the same mistake as at the first stage if, instead of inserting the 
hurdles one at a time, he tries to express the relationship or to select 
all the required hurdles. Both Ris and Jen, for instance, think they 
will need four hurdles for four mats, thus showing that the law is 
not really grasped. . 

From the ordinal point of view, two features are worth noting. 
It sometimes happens that the child's tendency towards one-one 
correspondence makes him put hurdle n immediately in front of 
mat z, but on the other hand he sometimes puts the last hurdle, 
the seventh, in front of mat n and then makes the correspondence 
backwards. Ris, for instance, inserts hurdles 2, 3, and 4 when there 
are four mats, and fails to replace hurdle two by hurdle one, 
and both Ris and Jen put hurdles four, five, six and seven 
a. there are five mats, so that hurdle seven shall be the 

ast. 

. In conclusion, these reactions show once again the child's 
‘incapacity at this level to co-ordinate seriation and cardination. 

hen he is concerned with the cardinal number of the hurdles he 
cither forgets the ordinal aspect or seriates in relation to the last 
mat only, and when he is concerned with seriating in relation to 
the last hurdle, he forgets the number of mats and forms series such 
as 47, 

We a come to the reactions of the third stage, in which all 
the questions produce correct solutions. The first example illus- 
trates the transition from stage II to stage III: 


Bru (530) seriated the hurdles correctly. ‘How many hurdles are 
there? —7. How many mats (putting down the first 2)?—7.—Put 
them down.—4.—Why are there more mats than hurdles?— Because 
there are two more mats (pointing to the two ends).” 

_ The doll was made to jump to the 4th mat: ‘How many hurdles has 
it crossed ?—4.—And how many mats does that make?—3, no 4.—And 
how many hurdles?—3.’ 

The first 4 hurdles were left on the table, without mats: ‘How many 
hurdles ?—4.—And how many mats shall we need ?—7." 

Four mats were put end to end: ‘How many hurdles will the doll 
Cross?—5. Then with 5 mats: ‘How many hurdles?—4.—Which will 
be the last one?—(He at once seriated 1—4 and pointed to the 4th.)’ 

Shen (6;6) seriated the 7 hurdles correctly. * We're going to put the 
mats one on each side of the hurdles. How many will there be?—6, 
because there are 7 hurdles (He put them between the hurdles.)—No, 
watch (putting down Mı and M2).—4 then (He put them down.).’ 

The doll was made to jump as far as the 4th mat: ‘How many 
hurdles has it crossed?—3.—And how many mats has it touched? —4. 
—Why?— Because there are 3 hurdles.’ 

A series of 6 hurdles was ieft, without mats. ‘How many mats has 
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—Oh yes 
the doll touched ?—4, because there are 7 hurdles.—Look at them. Oh y 
because there are 6 hurdles.’ ». (He put 
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this stage—of ordering the hurdles, beginning with the smallest 
without thinking that the biggest must necessarily be the last, 
whatever the number of mats involved. 

„In short, the solution of this problem, like those of the cards and 
sticks, shows that operational ordination and cardination are 
essentially interdependent. Understanding of the cardinal relation 
between n objects X and (n +z) objects Y presupposes, in fact, 
Operational ordination of the relations ‘before’ and ‘after’, and 
this ordination presupposes a cardinal relationship of the same 
nature. 


§4. Conclusions: Ordination and Cardination 


We have now reached the point at which the results we have 
reached in this and the preceding chapter with regard to the 
ordinal number must be compared with the data obtained con- 
cerning cardinal correspondence. 

_The law of succession that we found in the experiment with the 
Sticks (i.e. global seriation, intuitive seriation, and operational 
Seriation) was found in all the various tests in which seriation 
intervened. Even in the case of the cards, where seriation was par- 
ticularly easy since the elements differed considerably from one 
another and formed a regular scale, the same three stages occurred. 

The results obtained in our examination of serial and ordinal 
correspondence are in full agreement with this first finding, but 
the results of the experiment with the dolls, with their sticks and 
balls, provide a valuable complement, viz.: there is no more 
difficulty for the child in making a one-one correspondence 
between two series that he has to construct simultaneously, than in 
ordering a single series. We find, in fact, the same three stages in 
the development of serial correspondence as in simple seriation : 
(t) failure to make the correspondence, (2) intuitive corres- 
pondence, and (3) systematic correspondence. We find also that 
at the second stage there begins to be dissociation between 
qualitative seriation and serial correspondence on the one hand, 
and between purely numerical ordination and ordinal corres- 
pondence on the other, a dissociation which becomes complete at 
the third stage, so that at the operational level both qualitative 
operations and numerical operations come into their own. 

Before going further we shall indicate how these three stages of 
seriation and ordinal correspondence are related to the levels of 
colligation and cardinal correspondence. 

(1) Corresponding to the first stage of seriation, both as regards 
the structure itself and the average age of the children, there is the 
first stage of cardination. In both, the various reactions have at 
least two characteristics in common: their global nature, and the 
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there may be a lag between the two discoveries of cardinal equi- 
valence and permanence of position, the fact remains that we find 
the same attitudes in both fields in the second stage, as in the first. 

(3) In the third stages, we find the same homology between the 
structures and the results shown in the tests for ordination and 
cardination. Both are characterized by the victory of operation 
over intuition: in both cases the child co-ordinates beforehand all 
the relations involved, because operational composition triumphs 
over perception, or rather, because the latter is from now on con- 
trolled by the former. 

Clearly then, the same processes and the same levels are to be 
found in the development of both ordination and cardination. | 
But obviously any attempt to express the situation in statistical 
form and to apply correlation formulae to these tests would 
involve us in questions for which we must confess we have little 
Interest. Is, for instance, this or that problem of ordination of 
Which we have made usc, of exactly the same difficulty as this or 
that other problem, either of ordination or cardination, inde- 
pendently of ordination and cardination in general? It is obvious 
that in each test a considerable number of heterogeneous factors 
intervene, e.g. the words used, the length of the instructions given, 
their more or less concrete character, the relationship between the 
instructions and the individual experience of the child, the num- 
ber of elements involved, the intervention of numbers the child 
knows, etc., etc. We noticed wide differences in the results of the 
various tests of cardinal correspondence, showing that we never 
Succeed in measuring understanding of this correspondence in its 
pure state and that the understanding is always with respect to a 
given problem and given material. The calculation of the correla- 
tion between the levels of cardination and ordination, without the 
accompaniment of an extremely thorough qualitative analysis, 
Could therefore give only misleading results, unless our experi- 
ments were transformed into ‘tests’ in which statistical precision 
could no doubt easily be obtained, but at the cost of no longer 
knowing exactly what was being measured. We shall now consider 
how far our various analyses of the progressive co-ordination 
between the cardinal and the ordinal number converge, and shall 
attempt to explain this convergence. 

During the first stage there is as yet no co-ordination between 
processes of a cardinal nature and those of an ordinal nature. Two 
different kinds of experiment are to be distinguished here, those in 
which the child has to determine a class by means of a position in 
a series (ie. to discover a cardinal value by reference to an 
ordinal), and those in which he has to determine a position in a 
series by means of a class (i.e. to discover an ordinal value by 
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reference to a cardinal). The experiment with the sticks, for 
instance, belongs to the first of these groups. The child has to dis- 
cover which steps (class) and how many (number) have been 
climbed when a given step is selected (qualitative position 2 
ordinal number). What happens is that the child who understands 
the question when the staircase has been constructed (all he has to 
do is to count the Steps as far as the point indicated), proves to be 
incapable, during the first stage, of grasping that he only needs to 
count the sticks below the one selected. 'The card experiment also 
belongs to the first group, the only difference being that it involves 
a process of composition by units, thus enabling the child to 
obtain a visual intuition of the series (1), (1 +1), (1 +1 +1), et 
And yet, even when he has the whole series of cards before him 
and the order one to ten is followed, the child at the first stage fails 
to find the cardinal value (the number of units) of a card PY 
reference to its position, if it is higher than two or three. In the 
experiment with hurdles and mats, both of the groups we have jue 

distinguished are exemplified. For instance, when the child 15 

asked to determine, by reference to a given hurdle, which and how 

many hurdles have been jumped, or which set of mats and how 

many have been touched, we are still dealing with the first type ° 
test, and during the first stage the child is unable to discover th¢ 
right solution. 


stage the child is not capable of le that at the level of the first 
corresponding cardinal value Meque from a given position the 
ceptible, and conversely, that he 15 not actually per- 
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reference to a given cardinal value if he himself has to reconstruct 
it, even by manipulation. 

The reactions of the second stage are much more complex, since 
they represent a beginning of co-ordination between cardinal and 
ordinal structures. It is therefore essential to examine carefully 
how far the results of our various experiments converge. As for 
those of the first type, it can be said that, generally speaking, the 
child is beginning to understand the relationship between order 
and quantity, but only when the whole series is involved, and 
without grasping that a given position necessarily corresponds to 
an exact cardinal value. In the card experiment, for instance, the 
child at the second stage succeeds in giving the value of each card 
when the sequence 1-10 is followed, but if one is picked out at 
random, even with the complete series before him he cannot find 
its cardinal value by merely counting from 1 to its position. 
Towards the end of this stage, he does succeed in doing so, but fails 
if the sequence is destroyed, in spite of the fact that he can of course 
reconstruct the series if he wishes. In the experiment with sticks, 
the child succeeds in discovering, in the case of each stick, how 
many steps the doll has climbed and how many remain to be 
climbed, as long as the staircase is complete. He can still do so even 
when the increasing order is no longer followed and a stick is 
picked out at random, because here the question does not involve 
a law of composition, as was the case with the cards, but merely 
the counting of one or two visible sets. But once the staircase is 
broken up, when a given stick n is selected the child finds system- 
atic difficulty in answering the same questions, i.e. in remaking 
the series 1 to z, and more particularly z to the last element t. 
Even if he succeeds, after considerable trial and error, in dis- 
covering that 1 to n steps have been climbed, he needs to 
remake the whole series in order to find out how many remain to 
be climbed, not realizing that he need only count the remainder. 
Even then, he confuses the whole with the part”. . . f. 

These two reactions seem to be typical of the second stage: 
understanding of the relationship between an intuitive series seen 
as a whole and a cardinal value also seen as a whole, but lack of 
understanding of the necessary bond between a given position and 
the corresponding cardinal number. This is fully confirmed by the 
experiment with the hurdles. On the one hand the child discovers 
by experience that n +I mats correspond to 7 hurdles, but fails 
when the series is destroyed and he is asked how many mats will 
be needed for, say, threc or five hurdles. On the other hand, if one 
of the hurdles is selected, after the series has been destroyed, he has 
to remake the whole series (as in the case of the sticks) in order to 
discover how many hurdles have been jumped. 
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parison with the previous stages. The child successfully solves all 
the problems, whether he is asked to determine the cardinal value, 
given a particular position, or the converse. He has therefore 
grasped the close correspondence between ordination and car- 
dination, and co-ordination in the case of particular elements is the 
sign that this level is operational. 

Now that we have made clear these general characteristics, we 
shall try to explain them. It will not be difficult, since the three 
Stages in co-ordination of cardinal and ordinal numbers correspond 
to the three stages in seriation, which in their turn correspond to 
the three stages in cardination and cardinal correspondence, 
as we saw earlier. 

The impossibility, during the first stage, of relations between 
Ordination and cardination is due entirely to the fact that at that 
level cardination and ordination properly so called do not yet 
exist. Cardinal evaluation is merely global judgement, without 
Conservation or even one-one correspondence, depending on the 
Configuration of the set, the space it occupies and the spread of the 
elements. As for seriation, it is merely the juxtaposition of one 
term to another, in a sequence in which there is no law governing 
all the terms, and in which the ‘big’ elements are merely con- 
trasted with the ‘small’ elements, either in pairs or in disconnected 
elementary series. Between these two processes there can be no 
Connection: they are even to some extent antagonistic, for the 
following reasons. There is no dissociation in this case between 
ordination and qualitative seriation, or between cardination and 
the construction of totalities or sets of the nature of classes. But 
Seriation requires that each element shall be distinguished as 
different from the others, whereas classification consists in putting 
together a certain number of elements seen as equivalent. Experi- 
ment has shown that at this level the child, in his efforts to seriate, 
disregards sets (which he is capable of forming), and in his 
attempts to evaluate totalities, disregards order. 

In the second stage, things are different. There is a beginning of 
Systematization of qualitative operations within the field of per- 
ception. Although the class and the asymmetric relation cannot be 
composed one with the other on the qualitative plane, since for the 
former the elements are seen as equivalent and for the latter as 
non-equivalent, it is not difficult to express seriation in terms of 
classes, and vice versa, and this constitutes a first connection 
between the two systems. In the problem of dolls and sticks, for 
instance, the child at this stage can divide the series into two 
classes, ‘those bigger than or equal to n’ and ‘those smaller than n? 
for the various values of z, and conversely he can make the serial 
correspondence between the sets thus defined. Such constructions 
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the position of each element in the series cannot yet be translated 
immediately into a cardinal value. Conversely, for a cardinal 
value to correspond exactly to a given position, it is necessary that 
the nth position shall be seen to be permanently after the (n—1)th 
and before the (n +1)th, and this presupposes the invariance of the 
sets (n— 32 {n}, {n+ 1}, etc. In a word, the intuitive, semi- 
operational character of the cardinal wholes and the series 
explains the non-conservation of the sets and positions. 

During the third stage, however, co-ordination is achieved, as a 
result of the triumph of operation over perceptual intuition, i.e. of 
reversible grouping over static recognition. Hence we find (1) 
generalization of qualitative operations; (2) differentiation 
between these and numerical operations, and (3) necessary inter- 
action of cardinal and ordinal. 

(1) What constitutes the operational character of the reactions 
of the third stage is that, as in the case of conservation of quan- 
tities and lasting cardinal equivalence, the relations involved have 
become reversible. There was no reversibility in the arbitrary 
seriation of the first stage, and intuitive seriation vanishes with the 
disappearance of the configuration. Only operational seriation 1s 
independent of changes in the field of perception, being based on 
relations that can be composed because they are susceptible of 
rigorous inversion. As we have seen, to seriate operationally is to 
co-ordinate the two inverse relations s> r and s <t, and this implies 
the possibility of setting out the series in either direction. ] 

,. Once reversibility is achieved in seriation and classification, 
groupings’ of operations become possible, and define the field of 
the child's qualitative logic (obviously on the concrete plane 
appropriate to the mental level at the age of 7 to 11, and not on 
the formal plane, for which several more years will be needed). 
. Let us consider any set of elements shown to the child, the dolls 
in Chapter V, for instance. On the one hand, he may conceive of 
them as similar, i.e. disregard their differences and only consider 
their common properties. This first point of view, that ‘of equi- 
valence of the elements, leads to the construction of the concept of 
logical classes. For example, any two dolls may differ in size, but 
both belong equally to the class of the dolls on the table. If P is 
this set of dolls, the child will form the class by putting together the 
dolls A -A'4B'4 ... =P, where the sign + means putting 
together, and each of the elements is the singular class formed by 
each individual doll. But on the other hand, by the very fact that 
the child distinguishes the clements one from another, he con- 
ccives of them as different by other qualities than their common 
quality of ‘doll’. This second point of view, that of non-equivalence, 
is that of asymmetrical relations. Every asymmetrical relation is an 
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the qualities and to consider each element as a unit equivalent to 
the others. We then have, simultaneously, A =A’ —B' . . . etc., 
which expresses the equivalence characteristic of classes, and 
A—A'—B'...in accordance with the non-equivalence inherent 
in any system of asymmetrical relations. In other words 
(A + A' =B) becomes (A + A —2A), and (B + B=C) becomes 
(2A + A —3A), etc., which defines the iteration of the unit in 
the system of integers. : 

Obviously we are not suggesting that number is reduced to 
classes and relations; we are merely indicating their mutual 
relationship. It is essential that there shall be no misunderstanding 
as to this point, for as we shall see in the next chapter, the concept 
of class does not precede that of number, but is acquired simul- 
taneously, the two concepts being interdependent. Without the 
notion of the cardinal number that is implicit in the words a 
‘none’, ‘some’ and ‘all’, it is impossible to conceive of classes 
included one in the other. Classes are therefore, in a sense, non- 
Seriated numbers, just as numbers are seriated classes, and the 
psychological, as well as the logical, constitution of classes, relations 
and numbers is a single development, whose respective changes 
are synchronic and interdependent. 

(3) There is then no doubt as to the explanation of the co- 
ordination between ordinal and cardinal numbers during the 
third stage. A cardinal number is a class whose elements are con- 
ceived as ‘units? that are equivalent, and yet distinct in that they 
can be seriated, and therefore ordered. Conversely, each ordinal 
number is a series whose terms, though following one another 
according to the relations of order that determine their respective 
positions, are also units that are equivalent and can therefore be 
grouped in a class. Finite numbers are therefore necessarily at the 
same time cardinal and ordinal, since it is of the nature of number 
to be both a system of classes and of asymmetrical relations 
blended into one operational whole. 


PART THREE 


ADDITIVE AND MULTIPLICATIVE 
COMPOSITIONS 


CHAPTER VII 


ADDITIVE COMPOSITION OF CLASSES 
RELATIONS BETWEEN CLASS AND NUMBER 


On the one hand, we have to examine how the construction 
- of the positive integers is completed by the discovery of 
additive and multiplicative operations. We shall not here be con- 
cerned with investigating how the child learns addition and 
subtraction tables, etc., at school, learning which is frequently 
merely verbal. Additive and multiplicative operations are already 
Implied in number as such, since a number is an additive union of 
units, and one-one correspondence between two sets entails mul- 
tiplication. The real problem, if we wish to reach the roots of these 
Operations, is to discover how the child becomes aware, when he 
discovers that they exist within numerical compositions, that they 
are necessary. On the other hand, we shall develop rather further 
than we have hitherto done the analysis of the relationships 
between number, class and relation, through the use made by the 
child of numerical operations. In Chapters VII and VIII we shall 
€xamine simultaneously the relationship between class and num- 
ber, and the additive compositions of one and the other. Chapters 
X and X will be devoted to the beginnings of multiplication as 
the result of the development of correspondence between several 
Sets given simultaneously, and between their relations. 

Hitherto, we have considered number as a seriated class, i.e., as 
the product of class and asymmetrical relation. But this in no way 
implies that class and asymmetrical relation come before number. 
On the contrary, number can be regarded as being necessary for 
the completion of truly logical structures, as we shall attempt to 
Show in this chapter. Instead of deriving number from class, or the 
Converse, or considering the two as radically independent, we can 
regard them as complementary, and as developing side by side, 
although directed towards different ends. 

If we regard the extension of concepts as being inseparable from 
their comprehension, every notion thus corresponding to a class,* 

1It is as false psychologically to suppose that we always think in terms of 
comprehension as to affirm that reasoning only proceeds by means of classes. 


The mind constantly oscillates between these two aspects of the concept, 
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tion inherent in any addition, either of classes or numbers. For 
this purpose, we planned a series of experiments of the following 
type. B was a set of objects forming a logical class definable in 
purely qualitative terms, and A a part of that set forming a sub- 
class also definable in qualitative terms. The problem put to the 
child was then merely that of discovering whether there were more 
elements in B than in A, or in other words, whether class B was 
wider than its sub-class A. 

We began by using the same material as for the problems of 
correspondence and conservation of quantities. We took, for 
instance, a box containing only wooden beads (class B), most of 
them brown (class A), but two of them white (class A’). The child 
was then asked whether the box contained more wooden beads 
or more brown beads. This question involves the most elementary 
form of additive composition of classes: A +A’ =B, therefore 
A =B- A’ and A <B. As this problem proved to be very difficult 
for children of from 4 to 6, we expressed it in more intuitive terms. 
On the one hand we asked the child which of two necklaces would 
be longer, one made with the brown beads or one made with the 
wooden beads. In order to ensure that he grasped the difference 
between A and B, before putting the question we placed two 
empty boxes by the box of beads, and asked: *If we take out the 
brown beads and put them here (first empty box), will there be 
any beads left in this onc (the full box)?’ and: ‘If we take out the 
wooden beads and put them there (second empty box), will there 
be any left in this one (the full box) ?? Understanding of these two 
questions in no way implies a correct solution to the problem of 
the necklaces. On the other hand, we varied the data of the prob- 
lem in several ways: e.g., by using for class B a set of blue beads, 
most of them square (A) but two or three round (A’), or by 
making class B a collection of flowers containing twenty poppies 
(A) „and two or three blucbells (A^, the question then being 

which will be the bigger bunch, one made with all the flowers, or 
one made with all the poppies?’ etc. 
. The various types of material produced similar results, which 
indicate three stages, corresponding to the three stages found 
earlier. At the first stage, the child is not yet capable of under- 
standing that the B classes will always contain more elements than 
the A classes, the reason being that he cannot think simultaneously 
of the whole B and of the parts A and A’, which means, logically, 
that he does not yet regard class B as resulting from the addition of 
A and A’, and class A as resulting from the subtraction of A' from 
B. During the second stage, the child gradually comes to under- 
stand that the B classes contain more elements than the A classes, 
but he makes this discover; intuitively. It is only when he is com- 
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wooden beads, and a necklace with the brown beads, which would be 
longer?—The one with the brown beads.’ 


_ As there was still the same difficulty for the child, we tried to 
simplify the problem further by putting near the box containing 
the beads two empty boxes, in one of which he was to imagine the 
brown beads, and in the other the wooden beads. The problem 
still remained insoluble for the younger children: 


Bes (6;2): ‘Are all these beads made of wood, or not?—They’re all 
made of wood.—Are there more wooden ones or more brown ones?— 
More brown ones.—If I put the brown beads in that box, will there be any 
beads Jeft in this one?—Yes, the white ones.—And if I put the wooden 
beads in that other empty box, will there be any left?—Vo.—Well then, 
if we made a necklace with all the wooden beads that would be in that 
box, and if we made another necklace with the brown beads that would 
be in the other box, which would be longer? —The brown one.” 

Eug (5;6): ‘What are these beads made of ?—Wood.—What colour? 
—Brown.—And those?— White.—And what are they made of?— 
They're made of wood too.—If I put all the wooden beads into this empty 
box, will there be any left?—JVo.—And if I put all the brown beads into 
that other box, will there be any left?— Yes, the white ones.—Then which 
would be longer, a necklace made with the wooden beads out of that 
box, or one made with the brown beads out of the other box?— The one 
made with the brown beads.’ 

Oli (532): ‘Are all these beads brown?—4ANo, there are two white ones.— 
Are they all made of wood?—Yes.—If we poured all the wooden 
beads into this, would there be any left?—No.—If we poured all the 
brown beads into that, would there be any left?— Yes, the two white ones. 
Then which would be longer, a necklace made with the brown beads 
out of this box, or one made with the wooden beads out of that box?— 
The one with the brown beads." : 


Our final attempt to simplify the problem apparently made it 
more complicated for the child, but it has the advantage of 
bringing out one of the main difficulties in the solution: 


Laur (5;5): ‘If I put the brown beads in this box, will there be any 
left?— Yes, the two white ones.—And if I put the wooden beads in that 
other box, will there be any left?—No.—Why?—Because they're all made 
of wood.—Well now, two little girls want to make necklaces with these 
beads. One of them wants a necklace made of the brown beads, and the 


e one with the wooden beads?— The 


one with the brown beads.—Why?—Because there are more of them.— 
Show me the beads that the girl will take to make the necklace of brown 
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much polarized in one direction. What would be the result if the 
proportions or the perceived qualities were varied? 

In order to answer the first objection, we put the same questions 
to the child, but using logical classes each designated by a specific 
ine Here we have some examples of reactions in the case of 
flowers : 


Arl (5;0): ‘Look, are there a lot of flowers or a few in this field (a 
drawing representing 20 poppies and 3 bluebells)?—4 lot.—What 
colour are they 2— 7 Ay re red and blue.—lhe red ones are poppies and 
the blue ones are bluebells.—Yes.—I want to make a very big bunch. 
Must I pick the flowers or the poppies?— The poppics.—Show me the 
poppies. (She pointed correctly.)—Show me the flowers.—(She made 
a circular movement to indicate the whole of the drawing.)—Then 
will the bunch be bigger if I pick the flowers or the poppies?—If you 
pick the poppics.—1f I pick the poppies, what will be left? — 7e bluebells. 
—And if I pick the bluebells, what will be left? — The poppies.—And if 
I pick the flowers, what will be left? — (Reflection.) Nothing at all.— 
Then which will be bigger, the bunch of flowers or the bunch of 
poppies?—]J've told you already.—Think (repeating the question).— The 
bunch of poppies will be bigger.—And what about the bunch of flowers?— 
It wont be the same.—Will it be bigger or smaller?—Smaller—Why ?— 
Because you've made a big bunch of poppies.” 

Ric (5:11): ‘Look at these poppies and these two bluebells. If I take 
all the flowers, or if I take the poppies, which will be the biggest 

-bunch?—The bunch of poppies because there are more.—Show me the 
poppies.—(She pointed correctly.)—Show me the flowers.— (She 
pointed to the whole picture.)—Then which bunch will be bigger, the 
one with all the flowers, or the one with the poppies?—The one with the 
poppies? 

. Stro (6;0) was watching me drawing 15 buttercups and 2 bluebells: 
What are those?— Butlercups.—And those?—Bluebells —Are they all 
flowers?—Yes.—Are there more flowers or more buttercups?— More 
bultercups.—NW hy ?— T here are only two blucbells.—But aren't the butter- 
cups flowers ?—Yes.—Then are there more buttercups or more flowers? 
— More buttercups.’ 


And now two examples of reactions to questions about girls and 
children: 


Juil (5:6) watched me drawing 12 girls and 2 boys: ‘Are there more 
girls or more children in this class? — More girls.—But aren't the girls 
children?— Yes.—Then are there more children or more girls?—More 
girls? 

Bes (6;2): ‘Are there more girls or more children?— More girls.— 
Why?— There are only two boys.—But are the girls children?— Yes.— 
'Then are there more girls or more children ? — More girls.’ 


These two questions thus give rise to the same kind of answer as 
was given in the case of the beads. And yet the question referring - 
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with the blue beads?—The one with the square beads——Why?—Because 
there are more of them.—Why?—Because there are more square ones.’ Jea then 
drew the two necklaces, one made only of the square beads, the other 
of both round and square ones (ten squares for the first, and eight 
Square ones plus two round ones for the second).—Good, then which 
will be longer?—The one with the square beads.—W hy ?—8Because there are 
more. 

Hub (5:6). The questioning began in the same way. ‘One little girl 
wants to make a necklace with the square beads. Another girl wants 
to make one with the blue beads.—(Hub laughed and said spon- 
taneously): They're all blue/—Yes. Which necklace will be longer then? 
— The one with the square beads, because there are more.’ 


These answers are exactly the same as those given in the case of 
the wooden and brown beads. 

We now come to some reactions to questions relating to brown 
beads and wooden beads when the two sub-classes are approxi- 


mately equal in number: 


Tap (5;6). The questioning was the s: 
necklace will be longer, then, the one mad 
or the one made with the wooden beads (20 brown and 18 green) 
The one with the brown beads.—Why?—Because there are more.’ Tap was 
then given two sets of beads in two separate boxes, each one containing 
20 brown and 18 green, all made of wood. ‘The little girl who has this 
box makes her necklace with the brown beads, and the girl who has 
the other box makes her necklace with the wooden beads in it. Which 
necklace will be longer?—The brown ones, because there are more.—And 
what colour will the necklace of wooden beads be?—Only green.’ 

Jea (630): Same replies. 

Ros (536) had not been asked the earlier questions, and was shown a 
set of 20 brown and 18 green beads. The questions he was then asked 
followed the same pattern, but the whole set was referred to as ‘the 
round beads’: ‘What colour are these? —Brown.—And those?—Green. 
—And what shape?—They are all round.—If I put the brown beads in 
this lid, will there be any left in the box?—Yes, the green ones.—And if I 
put the round ones in that lid, will there be any left in the box?—JVo, 
they're all round.—And if I put the brown ones in this lid, will there be 
any left in the box?—Yes, the green ones.—And if I put the round ones in 
that lid, will there be any left in the box?—JVo, they're all round.—Well, 
then, if you make a necklace with the brown ones, and then undo it 
and make a necklace with the green ones, and then undo it and then 
make a necklace with the round ones, which one will be the longest? — 
The one with the brown beads —Why?—Because there are more.’ I then gave 
Ros two identical sets of green and brown beads in two separate boxes 
and said to him: ‘Have you got two friends at school?—Yes, André and 
Oliver—Well now, I’m giving one box to André (putting it on the 
right), and the other to Oliver (putting it on the left). Are they the 
the same?—Yes.—Now André is going to take the brown ones out of 
his box to make a necklace, and Oliver is going to make a necklace 
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said later that all the brown ones and also the white ones were 
made of wood. These children were therefore clearly conscious of 
the general definition of the total set in question. Moreover, they 
were able to draw the two necklaces, the one made with all the 
beads (including the two white ones) and the other with the brown 
beads only. In addition to this, all these children grasped without 
difficulty that, if all the wooden beads were taken out and put into 
an empty box, there would be none left, whereas if only the brown 
ones were taken out, the white ones would remain. It cannot 
therefore be disputed that all these children possessed the notion of 
total class required by the questions and were capable of the 
general statement defining that class: ‘All the beads are wooden.’ 

And yet, as soon as it becomes necessary to think simultaneously 
of the whole and the part, as our question requires, difficulties 
arise. The child apparently forgets the whole when he thinks of the 
part, and forgets the part when he thinks of the whole. Or rather, 
when he thinks of the whole, he can envisage the parts which have 
not yet been dissociated, but when he tries to dissociate one of the 
parts he forgets the whole, or disregards it, and merely compares 
the part in question with the remaining part. Thus when he is 
concerned with the brown beads, he compares them with the 
white ones, and not with the whole set of wooden beads. In other 
words, the children quoted above cannot establish a permanent 
inclusion between the whole and the parts: as soon as the whole is 
divided, even in thought, the parts cease to be included in it and 
are merely juxtaposed without synthesis. 

It thus seems to be the relationship of inclusion that is the 
stumbling-block for these children. For them, wholes are not 
logical classes, but elementary schemata of assimilation or syn- 
cretic aggregates, in which the relation between the part and the 
whole is fot yet a quantitative relationship, or even ‘intensively’ 
quantifiable, i.e. there is ncither part nor inclusion, but merely 
qualitative participation. The child is well aware that the brown 
beads are made of wood and that they therefore form part of the 
same whole as the white ones, as he proves by his drawing of the 
necklace which includes both the white and the brown beads, and 
by his statement that if all the wooden beads are taken out of the 
box, none will be left. But when it is a question of envisaging 
simultaneously the class of wooden beads and the class of brown 
beads, i.e. of taking the point of view of the inclusion, in their 
extension, of two classes, difficulties reappear, and the child is 
incapable of including in the ‘wooden’ class the elements he has 
just counted in the ‘brown’ class. It can therefore be said that 
qualitatively the child understands that one bead can be at the 
same time both brown and wooden, but that from the point of 
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view of quantitative classification he cannot place the same Pr 
in two sets simultaneously. If he is merely counting. the woo s 
beads, he includes the brown ones, but if it is a question of € 
ing first the brown ones and then the wooden ones, he pia ae 
brown ones into the first set only, and does not understand tha 
first set forms part of the second. atel 
To sum up, as soon as the child envisages one part Pipa n 
the whole as such is destroyed. If we call the whole B, the vui be 
question A, and the other part A’, the difficulty found by childr 


becomes a new set charac 
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how many stones?— ot as many.—Why?—Because you haven't taken all 
the stones —Why haven't I taken all the stones? —There weren't any more 
leaves to take.—Then have I got the same number of leaves as you have 
of stones?—.Vo, because there are a lot of leaves. There are more leaves.— 
Why?—Because there weren’t enough leaves to put a lot of stones.’ 

Obs. II, A moment later, Arl had 8 stones and the experimenter had 
a lot. A one for one exchange was made, the stones being placed in two 
Separate heaps of 8 away from the experimenter’s supply: ‘Have we got 
the same? —JVo.—Who has more?—I have-—Why ?—Because you gave 
them to me from that big heap —And what did you do?—I only had a few.— 
Well?— You had more stones (pointing to the big heap).— Yes, but what 
about these and those (the two heaps of 8)?—I’ve got more.—Why?— 
T've got stones from there (pointing to the original supply).’ 


These very interesting reactions, which at first sight appear to 
be in contradiction to the earlier ones, and even to contradict one 
another, are in reality a useful control experiment. The two 
Situations are different. In the first, the whole B was compared 
With its own parts A and A’, while in the second, a part 1s com- 
pared either to another whole or to a part of that whole. In the 
Second case, that of correspondence, what usually happens is that 
When A is separated from the whole B, the whole or the remainder 
are simply forgotten. This occurred with almost all our subjects in 

hapters III and IV, but it sometimes happens, as 1$ shown by the 
exceptional cases quoted above (Gfe, Stro; Arl and others), that 
the child's evaluation is influenced by the original sets. . 

hen this is the case, we find two kinds of reactions which seem 
to be contradictory. Arl, for instance, first thinks (obs. I) that his 
ten leaves form a larger set than ten stones, because the ten leaves 
orm a whole while the ten stones are only part of a whole. In 
Contrast to this, Arl (obs. II), Stro and Gfe think that if A’ is part 
of a whole B’ larger than B, then A’ is larger than B even if 
and B are in one-one correspondence. ] 

These curious facts are due to exactly the same cause 2% the 
child’s incapacity to envisage the part and the whole simul- 


taneously, ie. to the primacy of global quantification over 
Gfe, 


Operational quantification. . 

t must be remembered that the observations just quoted ( a 
tro and Arl) were related to one-one correspondence, an 
“nabled us to prove that for children at this first stage corres- 
ro one is not a criterion for quantification. Their en 2 
excl obal evaluation of the sets. Hence, when Arl (o a ai 
or thoes ten leaves for ten stones says there ps Pu 
and ere are a lot? because there are none left after the DP d, 
nd that there are less stones because they have not all been used, 


what he means is that the leaves form a closed set, in contrast to 
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the ten stones which are only part of a whole that has not been 
exhausted. ‘All’ the leaves are therefore more than ‘some stone 
irrespective of any correspondence, because a whole d 
intuitively perceived at the same time as a part is greater than 
part. cite not 
Conversely, when Arl (obs. II), Gfe and Stro concentra a n 
on the part but on the whóle (provided that the remainder is co 
siderably larger than the par 
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incapable of additive co asses, i.c. of grasping logic 
- This means that he cannot handle suc- 
cessfully the relati i i i 


actions of the first stage in 
1 Conservation of wholes. 
Our analysis both of the first level 


A eads are in the 
original container that whole no longer exists rbe ET E ae 
numerical plane, therefore, exactly the same phenonicgos occurs 
as on that of conceptual inclusion, with Which we are concerned 
here: once the part is separated from «he whole, it is me [pig 
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defined or conceived in terms of the initial whole, but only in 
relation to the present situation and to the remaining parts. Thus 
both on the numerical and the logical planes we can say that the 
relationship of part to whole is at first neither a fractional relation- 
ship nor a relationship of inclusion, but merely a qualitative par- 
ücipation. 'The parts placed in the two containers are indeed seen 
a deriving from the original whole, but they are definitely not 
considered as essentially belonging to a logically indestructible 
whole. That is why the whole, whether number or concept, is not 
regarded as invariable from the start, but as varying in qualitative 
value according to the displacements of its parts. 

. It follows that in the realm of concepts, the child under 7 is 
incapable of the colligation that gives rise to logical classes and 
ensures their permanence by defining the inclusion of their parts. 
In other words, in the case both of numerical sets and logica 
Classes, totalities are not preserved because the parts are not 
united in a whole, this synthesis being the additive composition 
that is common to numerical sets and classes. 


§3. Stages II and III: Progressive reversibility of operations 


The second stage is characterized by the intuitive discovery of 
d not by immediate 


the Correct answer, i.c. by trial and error an 
composition, Here we have three examples: 


Gail (6:0): ‘If you make a necklace with the brown beads in this box 
Or with the wooden beads, which will be longer?— The necklace of brown 
beads will be bigger—Why?—Because there are more brown beads.—Are 
there more wooden beads or more brown beads?—More brown beads. 
No, more wooden beads. No, they’re the same!’ Thus Gail almost succeede 
In including one class in the other: the only thing he had not under- 
stood was that the class of wooden beads contained two more elements 
than the class of brown beads. ` 

Tail (7;2): ‘Are there more brown beads or more wooden beads in 
this box?— More brown ones.—Are the white ones made of wood ?— Yes. 
—And the brown ones?—Yes.—Then are there more wooden beads 
or more brown ones?—More wooden ones, because there are two white ones 
as well.—Which would be longer, a necklace made with the brown 
beads or one made with the wooden beads?— 7 hey d be the same.—Are 
the white beads made of wood?—Yes.—Then which necklace would be 
longer?—Oh! the wooden one would be longer because there are the two white 
ones. è 
Gon (7;2): ‘If we made a necklace with all the wooden beads and a 
necklace with all the brown beads, which would be longer?— They d be 
the same.—Draw the necklace with the wooden beads.—(Gon drew a, 
row of brown beads close together.)—Are all the wooden beads brown? 
—Oh no! There are two white ones (adding them).—Now draw the neck- 
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lace of brown beads.—(He drew them close together in a line.)— 
Which is longer?—They’re both the same.—Why?— They're the same.— 
Are the necklaces the same?—One of them only has brown beads, and the 
other has white.ones as well—Then which one is longer ?— They’ re the 
same.—How many brown beads are there?—About Jorty.—And how 
many white ones?—Two.—Then which is longer?—Oh, the wooden one! 
—Why didn’t you see that before?—J thought they were the same. 


These children begin either by thinking, like those of the first 
stage, that there are more brown beads than wooden beads (Gail 
and Tail), or that the brown beads and the whole set have the 
same extension (Gon). Gail and Tail afterwards remember (as 
Gon does from the beginning) that the brown beads are also made 


of wood, and therefore decide that the class of wooden beads is 


identical with that of the brown beads. Gail goes no further than 
this, but Tail and Gon then 


discover that ‘there are two white ones 
as well’. It should be noted that Gon, in order to conclude that 
the total class of wooden beads is wider than that of the brown 
beads, is compelled to have recourse to the approximate numbers 
of the two parts, while Tail docs so implicitly in one case an 

explicitly in the other. It is evident, therefore, that it is when these 
children are able to think simultancously of the total class charac- 
terized by the attribute ‘wooden’ and the partial classes defined 


by their colour, that they gradually discover correct additive _ 
composition and inclusion 


At the third stage, the discovery is spontaneous and imme- 
diate: 


Bol (6;6) : * The wooden necklace will be longer than the brown one.—Why? 
—Because there are more.—But why are there more?— Because there are 
the white ones as well? 

Plat (639): ‘Are there more wooden beads or more brown ones?— 
More brown ones.—1f we made a necklace with the wooden beads and a 
necklace with the brown ones, which would be longer?— Te one with 
ve rei br, (without hesitating). —Why?—Becanse there are the two 

Laur (7;2, the same child who was at si 
more brown beads or more round beads i 
Oh no! (spontaneously), more round 
as well.—Which would be lon. 
ones, or a necklace made with 
wu ] (8:0): “Are there more b; b 

al so) € brown beads |: 
More wooden ones.—NW hy?— Because the tiwo white ones Ao Oden Pee, p 
is ERU ae ua m i necklaces, e — Well, the doin 


tc. ?. 
s are the same, and it t 
and the brown one. > it would be longer with the wooden ones 
hildren are capable, at 
All of these c panies BORE, oF Almost at once, 


tage one at 555): ‘Are there 
n this box?— More brown ones- 
ones, because there are the two white ones 
Ser, a necklace made with the brown 
the round ones?— The one with the round 


because there are the two white ones as well. 


of 
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thinking simultaneously of the total class and of one of its parts. 
They can therefore see that the part and the whole are defined by 
the same attribute, but that the whole also comprises the remain- 
ing part. ‘They are the same’, says Nal, meaning that the brown 
eads are also made of wood, and ‘There are the two extra white 
Ones’, says Plat. All of them therefore understand both that 
=A +A’ and that A =B — A’. 
hese correct answers appear so simple that we are led to 
Wonder how children at the first stage can fail to solve the problem. 
+0w is it that they cannot envisage the whole and the parts 
Simultaneously when the children quoted above understand the 
Same inclusions without any difficulty? Two separate problems 
are involved here, that of the synthesis of the attributes and that of 
addition in extension. 
logical class is a union of elements possessing a common 
quality, Thus class A is composed of the beads defined by the 
Colour ‘brown’, and class A’ is composed of those which are “not 
brown: (in this case white). Adding these two classes consists 1n 
defining the smallest class that will contain them both, the sum 
cing defined by the qualities common to both. Addition of 
Classes therefore always implies logical multiplication, i.e. each 
cement belonging to a system of added classes necessarily belongs 
to two classes simultaneously, all the elements of cither of the parts 
Possessing the attributes of that part and of the whole. Thus one 
‘Possible explanation of the difficulty experienced by children at 
the first stage might be that these children are unable to think of 
the two attributes at the same time, whereas the older children 
Can do so without difficulty. A second possible explanation, how- 
Ever, is that the difficulty lies in the additive composition, and 
this was our explanation in $2. These two interpretations coincide 
and neigfer is sufficient to account for the initial difficulties. 
Children at the first stage are well aware that the brown beads are 
made of wood, and say so explicitly, but when part A is separated 
from the whole B they forget that the brown beads are also 
Wooden. We could therefore equally well say that the additive 
Synthesis fails for lack of logical multiplication, or that the mul- 
Uplicative synthesis fails for lack of logical addition. For the sake of 
Simplicity, we shall confine ourselves to the additive point of view 
1n order to explain why both of them fail, but the same arguments 
Would hold from the point of view of multiplication. 
he real reason for the difficulty of the younger children and the 
Success of the older ones is that the former are still on the plane of 
Perceptual intuition, which is immediate and irreversible, while 
the latter use an operational mechanism that is reversible. The 
additive synthesis of the parts into a whole, or the co-ordination of 
N 


` 
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the attributes defining the classes in question, are only possible as 
the result of reversible intellectual constructions made by the 
child, and it is in so far as his mental experiences remain, ge 
sible that co-ordination of the attributes, additive inclusion, an 
arithmetical colligation are impossible. è 

Let us look first at the very revealing examples of Laur (535). 
and Sout (6;10) in $2. Laur began by stating quite clearly that? 
the brown beads were removed the two white ones would remain; 
and that if the wooden beads were removed nothing wou 
remain ‘because they're all wooden’. He went even further, 22 
asked spontaneously whether for the wooden necklace he shou 
take ‘only the white ones’, and when we said no, he added the 
brown ones as well... because they're made of wood as well - 
There was therefore apparently no doubt in his mind. And e " 
when asked which necklace would be longer, he replied ‘the on 
with the brown beads . . . because there are more’. He was aske 
to point to the beads corresponding to the two possible necklace 
and it was then that his first real difficulty arose. He pointe 
correctly to the brown beads for the first necklace, but for the 
wooden necklace he pointed only to the white beads *becaus 
there aren't any others’, in other words because the brown bea 5 
had already been used up mentally in making the first necklace: 
In the same way, Sout, who like Laur understood the dat 
thought that the wooden necklace would contain only the white 
beads ‘because the other girl will have taken the brown ones’ The 
difficulty is clear. These children could picture taking the brown 
beads from the set to make a necklace, but when they ha 
construct mentally another necklace with the set of wooden bea 2d 
they regarded the brown beads used for the first necklace as 2° 
longer available, and thought that only the two white ones were 


ult there is no diffi ince what 
A . culty here, since , 
ERA deduction, in contrast to Sepia. manipulation, s 
precisely the capacity to construct all the possible combination? 


to the starting point, and then comparing 


trary, apparently regards hi 
therefore, when he has co: 


+ y 
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vents him from acquiring the power of decomposition that is 
necessary for combining analysis and synthesis, and therefore for 
the understanding of inclusions and relations. . 

There is no difficulty in explaining the other examples in the 
Same way. The child succeeds in drawing the necklaces correctly 
because he does not need to think of one while he is drawing the 
Other.! The drawing of the necklaces is correct while their mental 
Construction is not, because in the drawing the necklaces are 
reproduced one after the other and merely juxtaposed, which 

965 not involve any internal reversibility of the operations, 
whereas reversibility is essential for their simultaneous mental 
Construction. 

In the same way, the child can divide the set of beads and can 
Put, in imagination, the brown ones into one empty box, and then 
the Wooden ones into another empty box. When he does so, he 

inks first only of the brown beads, and can then think of the set 
of wooden beads leaving aside the question of colour. In this case 
there is again no reversibility of thought, but merely the juxta- 
Position of two successive thoughts without logical connection 

tween them, i.e. without operations. This accounts for the fact 
that, when these children are again required to construct the two 
necklaces mentally at the same time, they again fall into the same 
mistake, in spite of having answered correctly the questions about 
the two empty boxes. Examples like those of Gail, Gon and Tail, 

Owever, whose answers are correct, or almost so, show that at that 
evel they can think simultaneously of the brown necklace and the 
Wooden necklace made with the same beads, since they begin by 
*aying that the two necklaces will be the same length. This means 
m the construction of one necklace does not prevent their 

Ought from returning to the initial set and making anotber 
necklace with it, It is this beginning of reversibility which enables 
these children eventually to discover the correct inclusion. Gail is 
not entirely successful, Gon is successful when he uses numbers at 

€ same time as he combines logical classes, and Tail succeeds 
through direct intuition of the relationships of inclusion. . 

Clore going further, a possible objection must be considered. 

It might be argued that the child’s difficulty in mentally con- 
structing two simultaneous sets is not due to the irreversibility of 
his thought, as we have just suggested, but merely to lack of 
Understanding of his instructions. Might he not think that two 
necklaces were actually to be made with the same material? It was 
Precisely with this possibility in mind that we finally used two sets 
1 This is still true, as we have seen, even when the child is given two identical 


Sets of beads, because the mental use of the first prevents the free use of the 
Second, 
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a A u 

of beads in two separate boxes, and as we have seen, this E 

made little difference to the results. The difficulty is there 

due to verbal misunderstanding. . — be 

On the logical plane, this psychological irreversibility eem. z 
expressed in the following way. To conceive the pat ts uations ` 
of the whole is to compose simultaneously the two cin af 
A +A' =B and A =B — A' i.e., to carry out both the inv Ex con- 
the direct operation. To think in an irreversible way, 0? ations t0 
trary, is to be unable to proceed from one of these e. It is to 
the other, i.e. to be unable to use operations as such. ccessiVe 
replace a two-way mobile operational mechanism by = there- 
static perceptions which it is impossible to synchronize an 
fore to reconcile. E hich they 

Children at the third stage have reached the point at w - sition 
are capable of psychological reversibility and logical co ne view; 
of inverse and direct operations. From the additive pont" re the 
Nal’s statements (‘the wooden ones and the brown ones G ones 
same’ but the necklace ‘would be longer with the wonder e to 
because there are the two white ones as well’), are equiv that 
saying that B =A +A’ and A =B— A’, It is equally obvious ge 
from the multiplicative point of view the child at the thir in the 
regards the elements in the part as being at the same time? 
part and in the whole. live; 

In conclusion, we should have a quite false picture obtruss tatic 
logical thought if we regarded it as being merely the $ ple 
schemata of syllogistic inclusions. Every reasoning is 2 Fever exe 
construction, and there are as many different reasonings},@5 A; p 
are types of construction. Even when, as here, the reasonino 


pt € 
related explicitly only to a set of classifications, thought nev 
appears as a static nesting of elem 


ive 
x n ents, but as a system of ac 
operations of groupings and dissociations, in a word, as ea 
continuous construction. Just as arithmetical algebraic Or ee 
metrical reasoning consists in combining objects (numbers, sig? 
or figures) by means of the operations of arithmetic, algebra ° 
spatial construction, so in the case of classification, reasoning cop. 


sists in combining objects by means of operations on classes (logic? 
addition and multiplication, etc.), and in thus grou ing object 
and classes in hierarchical systems, or Senara a ae E ec from 
another. Thus in our problem, when the child hr tos mul- 
tancously of the brown beads and the wooden Beds he Haste 

unite objects and then separate them again in order to construe 
another union, each element being at the same Hine in bot 
constructions. Similarly, co-ordinating the various lengths COD: 
sists in constructing a real series, and the g 


i E n unmaking it and 
reconstructing another one containing more elements 
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E: If then thought, when classifying, has this active, operational 
BA oen it is obvious that, when we attribute the difficulties of 
clusion merely to the fact that the child cannot think simul- 


I" t ot 
aneously of two or more data, we are only describing the surface 


of things, i.e., mercly observing in the field of consciousness the 


outcropping of the underlying operations. The real truth is that 


oe = lacking is the mobility necessary for carrying out the 

fud scie for combining and separating them, for constructing 

eee simultancously. It is therefore in. terms of 

m iar. ity that the difficulties of synthesis must be described, or 

of th words, dynamism must be introduced into the static terms 
€ description. 


$4. Number, and additive composition of classes 


z The lesson to be learnt from the preceding facts is that class and 
umber have a common mechanism, that of their additive and 
multiplicative operations. Let us now consider how classes must be 
alse in order to function normally, how the ' grouping’ of 
tal es differs from ‘groups’? of numbers, and what are the 
ationships between these two kinds of systems. 
apa equations which determine the solution of the problem 
the beads examined in this chapter, 1.€., A +A' =B and 
d — A’, constitute the elements of any additive ‘grouping’ of 
E ses. Once these elements are acquired, the following sequence 
an be composed: if B is included in C, and C in D, then B +B 
=C; C 4 C' =D; etc., and the inverse operations will be D - C' 
=C or D-G=C’; C- B' =B or C-B =B’, etc. These equations 
Be associative with respect to addition and subtraction, i.e., 
B +B' +C =C +0’, etc., and D- C' =B +B’ =A +A’ +B’, etc. 
ut with respect to itself, each term is an ‘identical operation’, 
Since A +A =A, and in the case of classes containing others 


A +B =B, if A is included in B.* j Jue 
. This peculiar relationship which distinguishes logical ‘group- 
ings’ from ‘groups’ of integers, 1 + I =2, 1 +2 =3, etc., indicates 
the fundamental differences between classes, in which iteration is 
disregarded, and numbers, of which iteration is characteristic. | 

In what does this difference consist from the psychological 
Point of view? If we again take the example of the beads, class A 
Is defined by the union of the elements having the common 


quality ‘brown’, but obviously the number of these elements, like 
those of class A’, is not fixed, unless by a convention which has 


di E Cf. *Le groupement additif des classes’, Comp 
e Physique et d’ Histoire naturelle de Genéve, vol. lviii (1941), PP- 10771 12 


te rendu des séances del a Société 
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noting to do with the logic of classes. If B =A +A’, and if A and 
n ontain at least one element, all that we know is that class 
vi contain more elements than A or A’, and that the attribute 
c aracierizing B is common to all the elements of A and A’, while 
w elementin A has the attribute of A’ and conversely. Apart from 
: e intensive quantifications A «B or B> A’, A +A' =B, and the 
2 ¢ i i 
erms one, none’, ‘some’ and ‘all’, class in extension ignores 
quantity and has nothing of the extensi ntification charac 
teristic of 3 oes 
js db Fire Obviously, in order to be able to state that 
a vi the two classes A and A’ must be quantitatively com- 
P €, but we do not know whether there are more, less or ku 
Age number of elements in A and A'. When A -- A represents t 
ogical addition of two classes defined by the same attribute, they 
frm a single class, and therefore A +A =A 
t low then are classes to be transformed into numbers? In orde” 
v v d ap apos let us suppose the various classes A, je 
>M, .. . etc., to be singular, ie. each containing à sing 
C maus while B, C, D, etc., will contain several vw but Let 
N suppose, for instance, that A is a round, brown, wooden bead; 
S H a round wooden bead, but is not brown; B’ is a roun 
ead, but is not wooden; C' is a square bead. D’ is ter; B'is 
a bean and so on. Then A AC B. il pD ipa roia ooden 
bea DaD. M be dhs round beads M: ie peti the 
VIDES te ies Mi petke beads and the counter; E +E 5 
4 2 is: 
what operations are necessary qo ob so on. The question then 
Eom this classification? tain the numbers 1, 2, 3: ** 
, As we saw in Chapters ITI i 1 
is too simple. For hin and his (iR usselP's solution to this pr oble 
us mber when ther wers, two classes have the sam 
e ements. Let us sup: 'OSe w 
an identical set of diee R NE another table on which there 1$ 
ie same way. There will be an ex 
etween the two sets F and F,, but e athe correspond ue 
term correspondence? If we confin ando we mean here by ti 
classes, by which elements are ua’ ourselves. to the logic © 
it is obvious that A will corre 
Li L 2 
C’ to C^,, etc., but it would b Pon 
E or 
will correspond to the bean E/,, T a x € round glass bead 
between the two classes F and F, indu “ative correspondence 
classes have the same hierarchical SEO e An that these two 
tion, but not the same number. As we saw ;, ^ Same classifica- 
there are various kinds of qualitative BA Chapters III-IV, 
depend on the spatial position of the clemerondence, which 
nts and have no 
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numerical significance. When an anatomist compares the bones 
In the skeleton of mammals with those of other classes of verte- 
Tates, the correspondence he makes is qualitative, and not 
mathematical, whereas in our case, if we assert that any element 
in f can correspond to any element in F,, we have the right to 
conclude that F and F, correspond numerically term for term, 
and that this correspondence defines the number six. This number 
$5 not a ‘class of classes’, but the result of a new operation brought 
in from outside, which is not contained in the logic of classes as 
such, In fact, this ‘quantifying’ correspondence is only achieved 
hy disregarding all the attributes in question, i.e. by disregarding 
the classes, 
n order to transform classes F and F, into numbers, the first 
“sential condition is that their terms shall be regarded as equi- 
valent from all points of view simultaneously. This is however 
contrary to our earlier statement with respect to classes. If we 
assume that we disregard the differences between A and A’, then 
Class B will not be equivalent to the number 2 but only to the 
won of ‘round, wooden beads’ irrespective of their colour. If we 
Shen again take into account the difference between A and A, 
5 and A’ will no longer be equivalent to one another except with 
“pect to B. In order that B shall be equivalent to the number 
(4, must be the union of any pair of elements, A and A’; or 
m E’, or B' and C’, etc. In that case, A =A’ =B' =C’ =D’, etc., 
these objects, having lost their differences, will constitute a 
thar geneous class, ‘the things on the table’, In a word, if we say 
reza 4: ^^. =two objects, A +A’ +B’ =three objects, etc., we are 
DE these elements as being so many units equivalent to one 
reduced and yet distinct, and this twofold prerequisite cannot be 
Some fo the schema of additive composition of classes without 
me further operation. 
1s brings us to the second condition: the equivalent terms 
must remain distinct. In saying that A +A’ =two beads, we are 
Stating that A is any bead, and A' any other bead, but essentially 
z rent, In what does this-difference consist? We can no longer 
ave recourse to the difference in colour, or to any other quali- 
tative difference, for in so doing we should merely have the schema 
9! classification “described earlier, that of addition of classes and 
not of numbers, By ‘any other bead’, we shall therefore amply 
mean a bead ‘placed next to’, ‘coming after’, “selected after 5 A 
rst one. That is to say that in addition to the inclusion A +A’ =B, 
Characteristic of classes, a principle of seriation is involved, and = 
C Saw in Chapters V-VI seriation is merely an addition o 
erences, as distinct from addition of classes which is an addition 
9f elements that are equivalent from one given point of view. 
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These two conditions are necessary and sufficient to give rise to 
number. Number is at the same time a class and an asymmetrical 
relation, the units of which it is composed being simultaneously 
added because they are equivalent, and scriated because they are 
different one from another. In qualitative logic, the operational 


fusion of these two characteristics is impossible, since addition of 


classes is commutative because the addenda are equivalent, while 
seriation is not commutative because the terms are not equivalent. 
Number, on the contrary, is the outcome of generalization of 
equivalence and generalization of seriation. For instance, the first 
unit in two is equivalent to the second, and if their order of 
enumeration is changed, the second becomes the first and vice 
versa. 

To sum up, we can now see why the additive hierarchy, of 
classes, Seriation of relationships, and operational generalization 
of number (i.e. the construction of the numbers above 1, 2+ ++ 5» 
which are Intuitive) appear at approximately the same time, 
about the age of 6 or 7, when the child's reasoning is beginning to 
8o beyond the initial prelogical level. The reason is that class, 
are three complementary 
construction applied either 
ogether. It is, in fact, when 
become ‘mobile and he has 


th 
dependent, in that while R tae and number are mutually 


1 Cf. in Compte rendu des séances de la Socié 
mpe rena té "si TUM 
Genève, vol. lviii (April 18, 1941), our article om da sique et d’ Histoire naturelle de 
class and number. clationship between logical 
2 Madame Refis Mehmed Semin, who repeated the i ; 
Turkish children, principally in Istamboul, obtai peed experiments with 


Anes t; " 
ours, d results very similar to 


kA 


=s 


CHAPTER VIII 


ADDITIVE COMPOSITION OF NUMBERS AND 
ARITHMETICAL RELATIONS OF 
PART TO WHOLE? 


of th ‘Sera tci: : ; 
e construction of number, logical inclusion of one class in 


an i : : : 
other involves systematic difficulty for the child because he 
d the whole simultaneously. 


N the previ 3 
| € previous chapter, we saw that during the first two stages 


is 
ete of considering the parts an : z 
in which n naturally has its counterpart in the numcrical field, 
constitute the arithmetical union of parts into a single whole 
number. s one of the fundamental operations that give rise to 
iteration Pisa addition. Unlike addition of classes, in which 
rev à as no place, the addition of a number to itself produces 
whether umber. It is therefore of vital importance, to prove 
Position x we assumed in the previous chaptér, additive com- 
difficultie: parts into a whole gives rise, 1n the case of number, to 
ie sas ed comparable to those of inclusion of classes in a total 
Th ao d whether the difficulties of inclusion are exclusively logical. 
irae oing, we shall be able to continue our analysis of the con- 
ion of number and study the role of the additive operational 


mechanism, 


$z. Techniques and results 


f wee shall use successively three parallel methods. The aim of the 
thet 1$ to discover whether the child is capable of understanding 
" a whole remains constant irrespective of the various additive 

ompositions of its parts, e.g» 4 +4 =1+7=2+6=34+5- The 
child is told that he is to have four sweets for ‘elevenses’ and four 


for tea-time, The next day he is to have the same number, but - 
n o'clock than at tea-time, he 


as he will be less hungry then at eleve: 

will only eat one sweet in the morning and all the others in the 
afternoon. Beans are put before the child to illustrate each state- 
ment, three beans being removed from one set of four and added 
to the other to represent the position on the second day. The child 


1 With the collaboration of Mme Tatiana-Katzaroff-Eynard and Mlle Zoé 


Trampidis, 
185 
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is then asked to compare the two lots, 4 +4 and 1 +7 and to say 
whether he will eat the same number of sweets on both say: first 
Three successive types of answer can be observed. ea the 
stage, the two sets are not regarded as equivalent, while es 
third stage they are, and between the two we find interme ed 
reactions (stage II) in which the equivalence is not Pc 
by additive composition, but results ` from verification € nnd 
through correspondence or numeration. This first technique rical 
enables us to show that for the younger children a aay 
whole having the cardinal value eight is not the result of a ictal 
composition, but consists in an intuitive whole or as many § 


: hese 
sets as there are parts perceived as smaller wholes, the sum of t 
parts then having no meaning. 


. if 

This being so, the question then arises as to what will HA 

the child himself is asked to make the transfer from one $ For 
another in order to establish the equivalence between them. 


this purpose, the child is given two unequal sets of nage po Í 
eight and fourteen, and he is asked to make them equal t" 


language used being borrowed from the vocabulary of the chil 
himself). If he doe: 


A £ a 
s not at once show interest in the problem, 
story is made 


; : ' to 
up to stimulate him. When he ceases to attempt 
equate the sets, first of all h 


number in both. 


and by means of the configuration 
ror. Lastly, during t 
nal correspondence an 


equal parts: *There are s 


two parts, one for you and one for me 
same amount'. We again find the 
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§2. Relations between parts and whole, and changes in composition 
of parts 


m I Chapters III and IV we investigated how the child gradually 
places elementary methods of cvaluation based on spatial per- 
ception, first by qualitative correspondence, and then by corres- 
pondence with quantifying equivalence. The results obtained in 
iar analysis must be borne in mind in order to understand what 
follows, since the two sets 4 +4 and 1 +7 can only be compared 
ifthe child uses the same quantifying methods. 

The first stage, which corresponds to the other first stages found 
earlier, and in particular to the stage at which two partial classes 
— be included permanently in an invariant whole, is charac- 
pu by the fact that the children grasp neither the equality of 

€ two sets in question, I (4 +4) and II (7+1), nor the per- 
manence of the second whole in spite of changes in the distribution 
of its elements. Here are two examples: 


Gin (5;9): ‘Is there the same amount to eat on both days, there (I) 
and there (II) ?—JVo, there's more there (II).—Why?— There's a big lot (7); 
and a little lot (x). There (I) there are 4 and 4. —But are those (7) and that 
(1) together the same as those (I) ?—JVo, because there are more there Gr 
ee 1): ‘Is there the same amount there (I) and there (II) ?—o. 
b here's r there (II) and there are 4 there (I).—How many were there 
- before here (II)? (The two sets of 4 were arranged again, then, before 
the child’s eyes, 3 were taken from the first set and added to the 4 of 
the second.) Aren’t they the same, these (II) and those (1)?—No. Now 
there's only 1 here (II) and there are 4 there (I).—Could we make them into 
4 and 4 again here (II)?—Yes (doing s0).—Will you have the same 
amount to cat on both days (4+4 and 4+4)?—Yes—And now 
(changing again to 7 + 1) ?—JVo, because there are less here (I1).’ 


There is no difficulty in interpreting these reactions. On the 
one hand, the child does not regard the whole II as permanent, in 
spite of having himself removed three sweets and changed the 
structure 4 +4 into the structure 7 +1. On the other hand, his 
comparison of the structure 7 +I with 4 +4 does not help him to 
discover this permanence of the whole. We have here, therefore, 
merely a repetition of the phenomena found in so many forms in 
Chapters I-IV, the only difference being that in this case the child 
is asked to solve the problem of conservation by simple addition of 
the elements. The reason why he fails is that, once again, he is 
guided by the perceptual relationships, which he does not correct 
by means of operations, and therefore, according as he concen- 
trates on the seven or the one in set IJ, thinks that there are more 
or less in II than in I. And yet he is perfectly aware that he has 
to compare the set 7 +1 with the set 4 +4- Gin, for instance, says: 
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"There's a big lot (seven) and a little lot (one). There (I) nee 
are four and four.’ In spite of this, the only criterion for t 21 
children is perception, and they do not attempt to construct t 
sum 7 +1 =8 and compare it with the sum of4 +4. — g 

At the second stage, the child who begins by showing the sem 
reactions gradually comes to see (or can be made to see) t « 
although we have 7> 4, we have also 1 <4 and that these tw 
inequalities may compensate cach other: 


Dini (6,6): Will you have the same amount of sweets to eat on poi 
days?— (After considerable thought.) No. There are less here (1) pt 
there are more there (II).—But here (1) there are less. What do be 
think?— (much astonished) Then there are more here (II).—Why* ed 
Because those (7) are more. —What did the mother do? (II was neartTani 
as 4 + 4, and the child removed 3 sweets and made it into 7*1 28^ No, 
Well then, will you have the same amount to cat on both Bapt p u^ 
because here (7) there are more, and there (4) there are less, and here (4) and Ed 
(1) there are less—Well then?— (show of surprise by the child, who e 
just discovered that there were more or less in II according as he odd e 
at II from the point of view of the 7 or the 1.) Z think there are more ^ d 
(I).—Why?— . . . —But at first you say there are more here (II), Mes 

-— (He looked for a long time 


then you say there are more there (I) A h the 
the two sets, and then, with a kind of emotion he said): They’re both 


same!—How did you find out?—7 had a good look, and I saw that you cou 
put 3 of those (7) here (1)? 


Riq (730): ‘Is there the same amount in these (II) and those (I)?— 


No.—Where are there more?— There (II).—Why?— There are 4 and = 
there (Y), and here (II) there are those (7) and that (1 ) But almost imme 
diately Riq seemed to hesitate. He looked carefully at II and os 
slowly took 3 of the 7, one at a time, and put them with the 1: ‘ The"? 
both the same. That makes 4 and 4 as well? 

These children begin by reacting like those of the first stage- 
There is at first neith dditi 

Se h 


compelled, by this interfere he relati i -ordinate 
the parts into a whole. H i a cw ndi Optic 
IV with respect to length and density, that by comparing the 

ansformations, the child 
s of one of the sub-sets is 
ents of the other. It is the 
*hich makes possible the 


compensated by the d 
co-ordination of the 
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elaboration of a permanent totality, and therefore the subordina- 
tion of the parts to a real whole, as is illustrated by the case of Riq, 
e verifies his discovery by taking three of the seven elements in 
and adding them to the one, so as to reconstruct the set 4 +4. 
This transition from intuitive non-conservation to operational 
conservation enables us to see the first appearance of addition and 
also to understand the difference between this arithmetical 
addition and the logical addition of classes dealt with in the pre- 
vious chapter. "N. 
Addition is a reversible operation. There is therefore no more 
than a suggestion of it when, at the first stage, the child does not 
understand that a whole B divided into two parts A and A’ is still 
the same whole. The operation of addition comes into being 
when, on the one hand, the addenda are united in a whole, and on 
the other, this whole is regarded as invariant irrespective of the 


distribution of its parts. 

With regard to the last point, we shall see that the hypotheses 
we made at the end of the previous chapter are justified. At the 
first stage, when the child compares the two sets, he is not capable 
of co-ordinating all the relations that exist between the various 
sub-sets, and draws his conclusion from one of his observations 
only. For instance, when he sees that seven is larger than four, he 
concludes that II is larger than I, and when he compares one and 
four, he reaches the opposite conclusion. At the second stage he 
grasps that there are complementary relations, and this co- 
ordination leads him to discover that when one sub-set is reduced 
by the removal of clements which are added to the other, these 


transformations compensate each other. 
, But this co-ordination is still only intensive quantification, and 
is not yet numerical, since these trans i 

that the elements shall be counted. Riq, for instance, although he 
counted four and four, did not count the clements of the sub-set of 
seven. The transition from addition of classes to addition of 
numbers occurs when the sub-sets are no longer regarded as 
groups of elements which have some qualitative individuality, but 
as units which can be equated without being identified. All the 
elements in the various sets and sub-sets become units which are 
equivalent and distinct and are involved in operations, which at 


the third stage function automatically and immediately, without 
the need for preliminary intuitive co-ordination. 


Laur (733): ‘Will there be the same amount on both days?— Wait. 
There (7 +1) they're not arranged the same as here (4 +4), but they're the same, 
because here (7) there are the 3 from there (1).—How many will you eat?— 
z at first and then the 5 others.—Why 5?— 


There (1) 4 and 4, and here, 
Because there are 3 more. Oh no! there are 7 there. There are 8 on both days.’ 


formations do not require 


> 


(a 
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v “The fact that Laur made a mistake of arithmetic shows that he was 


reasoning and not merely counting empirically. His reasoning is per- 

fectly sound. -—— 
Ter (7;6): ‘Will you eat the same amount on both days?— con 

Why?—Because they’re the same-—How many each day?—8.—But th 


are 4 here (I) and there’s only 1 there (II).—Yes, but we've put the 3 
here (I1)? 


Thitse reactions show that at this level the child understands a 
once that the differences between the corresponding sub-sets a 
the samet Ter says, *we've put the three here’, and Laur, ‘he Š 
there are the three from there’. Moreover, these children DE 
diately express the transfer in numerical terms, without feeling 3 is 
need for qualitative reasoning. In other words, each SET m 
seen in relation to the other, and both are seen in relation to t a 
sum. Hence all the relations in question form an reg qu 
system such that the whole, which has become invariant, 1s e 
result of composition through addition of the parts, and xs je 
relationships between the parts are univocally determine A 
combined additions and subtractions. : cal 

It is clear, moreover, that understanding of arithmeti 


eus k i is 
addition and subtraction presupposes all these conditions. It 
true that even children wh. 


taught to repeat formulae 
etc., but there is no true as 
seeing that six is a totality, 
of grouping the various p 
positions. When these conditi uds 
Operation is not understood. The child at the first stage preces 
that when 4 +4 becomes 7 +1, one of the sub-sets increases, DU 
this intuition becomes addition only when this increase is com- 
pensated by a decrease (43) + (4—3) 28. It is this inter- 
dependence of direct and inverse Operations that we shall now 
examine in relation to a single, typical example. 
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: f Á 
to estimate the equality obtained or to be obtained, and his under- y 


standing of the mechanism of additions and subtractions. 

With regard to the first of these, the stages correspond to those 
found in Chapter IV, 81. During the first stage, when the child is 
asked to equalise two sets of counters, one of eight and one of 
fourteen, he merely takes a few counters from the larger set and 
adds them to the other and makes only a global comparison of the 
results obtained by this empirical transfer. At the second stage, he 
spontaneously constructs configurations, so as to compare an 
equate the two sets. It was these spontaneous figures which led us 
to investigate the mechanism of reproduction and qualitative 
correspondence at the same age. At the third stage, the child 
proceeds by way of one-one correspondence, with or without 
verbal enumeration. It is of course to be expected that since this 
problem is more difficult, there will be a lag in the average age 
here as compared with that of the stages of reproduction, but the 
order and the evolution are the same. 

As for the mechanism, the child does not understand at the first 
stage that the additions and subtractions necessarily compensate 
each other, i.e. when he adds a number of elements to one set, he 
does not expect the set from which they were taken to decrease by 
the same amount. During the second stage, he is aware that this 
is what occurs, but only on the intuitive plane, and therefore, 
apart from the figures, he is incapable of judging the equality and 
of foreseeing the result of the additions and subtractions. During 
the third stage, he can handle the transfers operationally, and 
there is therefore well-regulated reversibility. Here we have 
some examples: 


Jac (5;0). A=8; A' — 14. ‘Where are there more?— There (A‘).— 
Make them the same.—(He removed a few elements at random from 
A’ and added them to A, making A=13 and A’ —9.)—Are they the 
Same?——4JVo. He then removed counters from one set to the other 
several times, looking only at the smaller set as he did so, as though the 
larger one was inexhaustible, the results obtained being: A —6 and 
A' 516; A —15 and A' —7; A=6 and A' —16, and finally A 217 and 
A' —5. After that he gave it up. 

No (5:6). A=8; A’=14. ‘Have we both got the same?—WVo.— 
Arrange them so that they are the same.— (It so happened that he 
removed 3 counters from A’, leaving A =A’, but the space occupied by 


the two sets was not the same.) Are they the same now ?—No.^ He took 
A, then put back 4 in A' so that 


2 more from A' and added them to 
À' «13 and A' —9. 

Gil (5;5). A — 10 and A’ = 16. He move $ 
A, arranging the sets with no special configuration, but so that the 
surfaces covered were approximately the same, A being 15 and A' 11. 
* Are they the same?—Yes.—Show me why.—(He pointed to the two 


d some counters from A’ to 


* 


e 
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heaps) Here and here—How do you know?—Daddy taught me to count on 
my fingers. ;hich he 
Ha (435). A28 and A' = 14. He took 2, and then 2 more, w pic "No 
added to A, so that A — 14 and A' —8. * Are they the same now?—JM. 
(He took 4 from A, leaving A =10 and A’ =12.)—Is that right? —JVo- 
(He took 1 more from A' and thus had A =A' — 11) ns 
Li (459) had reached the next stage when it was a case of small aed 
tities, but was still at the first stage when dealing with the same num we 
as the other children. With A =8 and A' = 14, he took r, then ano 
1, then 2, from A’, leaving A’=10 and A — 12. ‘Are they the same! de 
- Yes? With A =4 and A’ =6, he took 1 counter from A’ and then ma 
two figures of 5 consisting of squares with a counter in the middle. 
These reactions provide valuable evidence for the understand" 
ing of the mechanism of additive composition. They show that es 
first, when the child is trying to equate the two sets, he is 2h r 
unaware that in increasing one he decreases the other. Whethe i 
the addition 8 +14 =29 is actually made or not, it is obvious px. 
the solution of the problem requires the implicit or explici 
assumption of the existence of an invariant whole, irrespective O 
the modifications. The problem is therefore exactly the ei 
as that of the previous section, but the operation required a 
the inverse. The child at this level appears to be unaware d 
the total number of counters is constant, and that therefore the 
one set are necessarily subtracted from the on 
ed that the child does in fact know that he d 
i he takes the counters from one set and pu B 
ut our contention is precisely that in this as 


€ Perceived by the child at this 
d earlier, at the same time rigid and 
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unstable. They are rigid because they are perceived globally, but 
they are also unstable because no principle of conservation ensures 
their permanence. When the mind is capable of true additive 
composition, on the contrary, wholes are both mobile and stable. 
. The tendency, observed in the case of Li, to arrange the counters 
in comparable figures in order to equate them, appears at a given 
moment as a reaction to these difficulties. When this procedure is 
generalized to all the operations of equalization, the child has 
reached the second stage, of which we now have some examples: 


Fel (534). A=8 and A’ =14. Fel took 3 elements at random from 
A’ and added them to A, then arranged each set in a circle, leaving 3 
or 4 elements inside. A was then a circle of 7 counters with 4 in the 
middle, and A' a circle of 8 with 3 in the middle. *Are they both the 
same?— Yes.” But it is not certain that Fel saw that the number of 
elements was the same in both cases, and that he was not merely basing 
his estimate on the similarity of the figures. He was then given A=10 
and A’ =20. He proceeded in the same way, but this time finally 
achieved two exactly similar figures: two circles of 11 counters with 4 
in the middle. ‘Are they exactly the same?—Yes.—How do you know? 
— Because they're round. When, however, the distribution of the elements 
in A’ was modified, so that there were only 3 in the middle and 12 
forming the circle, Fel ceased to think the two sets were equivalent and 
thought A’> A. As soon as the figure is changed, therefore, from being 
a factor contributing to qualitative correspondence, it becomes a source 
of uncertainty. 

Fel was then given A composed of 12 counters (9 in a circle and 3 in 
a horizontal line on the diameter) and A’ composed of 22 counters 
(16 in a circle and 6 on the diameter). ‘Make them the same—(He 
took 3 of the 6 counters from the middle of A’ and added them to the 
3 in A, so that A=9 +6 and A’ =16 +3.)—Is that right?—Nearly. No, 
there are still less there (A). (He added some more to A, then removed 
some, leaving A=18, of which 11 were in a circle, and A’=16, 12 
forming the circle and 4 in the middle.) —Who will have more to eat?— 
Me (A) because the ring’s big.—But who has more in the middle?— 
Oh yes! (removing 1 counter from the circumference of A' and putting 
itin the middle).—Are they the same?—(He made as if to remove some 
elements from the centre of A, but changed his mind) No, because then 
there'll be 3/? He then gave it up, the figure having now become only a 
source of insuperable difficulties. 

Tho (6;2). A=8 and A' — 12. He took 2 elements from A', then 1, 
then another 1, leaving A —12 and A’=8. He then made the 12 
counters of A into a rectangle formed of 4 rows of 3, one above the 
other, and then arranged A’ as a less regular quadrilateral. *Are they 
the same?—(He looked at them, then after some hesitation arranged 
the 8 elements of A' in 4 rows of 2, thus having a rectangle comparable 
to A.) No, there are more there.’ He arranged A as 6 pairs one above the 
other, then equalized the lengths of A’ and A, and divided the re- 
mainder between them, one by one. 

o 
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x Hel 
Gin (539). A — 1o and A’=20. He at once ciara een Pari A! 
figures, 5 pairs for A and 10 pairs for A'. He then remove 
and divided them two at a time between the two sets. 


N- mi 
These reactions indicate the beginnings of ecd g 
position, but only on the intuitive plane. The very = on com- 
the unequal heaps into figures compels the child te) vj the same 
paring the two sets and to notice that each transfer 1s 2 her. Buh, 
time an addition to one set and a subtraction from the : “ed, the 
as can be seen in the case of Fel, as soon as the figure is rer con 
equivalence vanishes, because there is as yet no operan but only 
servation. Consequently, there can be no invariant whole, n. Thus 
wholes that are better structured through spatial intuitio d of the 
both from the point of view of additive composition ui n the 
method of evaluation, the second stage is midway bet . 
incoherence of the first an. se, tO 
All the intermediary stages between these levels are, of courses 


t 
E : : is almost 4 
be found. There is, for instance, the case of Gin, who 1s p orres- 
the stage of finding the equivalence purely throug 
pondence, but has n. 


: stancy ° 
ot yet acquired the notion of the constancy 
the sets. 


: ; . is such 
At the third stage, the child's progress in correspondence, the 
that he can use it as a tool for equalization, and can esta 


n ments; 
equivalence independently of the arrangement of the cle 
which means that o 


A a Ne is now 
perational additive composition 
possible. 


, , pairs 
=14. He arranged the counters in Aas4l 


, aining 
4 pairs from A’. He then took the rem 
6 in A’, put 2 on one si 


g : oW 
; With the same Sets, at once put the 8 counters of A in 2 the 
and then placed the first 8 of A’ opposite them. He then took 2 9 


n 1, on each side, 

What is new at this stage is that the child already knows, whe? 
he is equalizing the sets, that if One set is larger than the other, je 
must divide the difference, Consequently he assumes from thé 


third. | 
d the operational coherence of the 
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eu first takes from A’ a set equal to A, and divides the 
wk z er into two halves. Fa does the same thing when he starts 
je vo rows of four pairs each and divides the remainder, and 
Eo 30, but rather less definitely. 
Ue main difference between these children and those of the 
ae Labs is that the latter cannot determine the remainder 
pate y means of the figures, i.c. after the event, and without 
fo aie. beforchand the relations involved. For them, there- 
pu p remainder is not yet the result of a numerical subtraction, 
fier ^ he empirical transfer ofa purely intuitive set of elements, 
fink cing no question of additive composition, as 1s proved by 
jd act that there is no conservation. Fel, for instance, ceases to 
scenes in the equivalence of the sets when one of the figures is 
En E in shape, but not in number. Children at the third stage, 
Acs € contrary, establish the equivalence by means of an a priort 
eon mposition of the sets, and the equality is lasting, because 
servation results from composition which is now mobile and 
reversible. 
Wi sum up, once again we find that numerical addition and sub- 
Kids become operations only when they can be composed in 
ea reversible construction which is the additive "group of 
int gers, apart from which there can be nothing but unstable 
intuition. It is easily proved that this ‘group’ issues from "group- 
Ing’ of classes by addition, through the same process of equaliza- 


tion of differences described in 82. 


$4. Division into two equal parts 


lt is clear that here we shall find the same stages as in the 
Seed section, the only difference between the two experiments 
th wd end instead of having to make two unequal sets equivalent, 
dnd] ild is now required to divide a given quantity into two parts, 
b if he does not at once make them equal, can proceed to do so 
y the same methods as before. 

, At first sight, this problem might 
üplicative, rather than to additive, composition (half being a 
division), but as any whole is the union by addition of its two 
halves, it has its additive aspect, more particularly if the child 
proceeds empirically, first dividing the whole into two parts and 
then equalizing them. What we are concerned with here, there- 
fore, is the process by which the child transforms the logical 
Operation B =A +A’ into a numerical operation A, +Az =2A =B. 
During a first stage, the child cannot grasp the fact that the 
sum of the parts is equal to the whole, nor does he recognize the 
lasting equivalence of the two halves, even when he has obtained 


seem to be related to mul- 
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mi orres- 
them by distributing the elements term for term in two € 
ponding sets. Here are some examples: 


s at you 

Arl (5;0) was asked to divide 18 counters: Tide tye pee us 
and I have exactly the same amount.—(Arl put both esr | that the 
pile and made a rough division into two parts. It so happ the other.) — 
result was g and 9, but one half occupied more space t an You (the less 
Have we both got the same?—JVo.—Who has ic dle ——]l have 
compact heap).—Make them so that we both have = sats, 28 
to change them round? Arl then merely changed round t = is perfect 
that was enough to make them equal. This is mae o 
example of the reactions observed at the first stage 1n $3- le movement 

When he was asked to divide 20 counters, with a single and the 
of the hand he divided the pile into two parts, one containing 9 9. 
other 11. He then arranged the counters in A in a vaguely Sirm Yes.—. 
form, and A’ in a roughly similar shape. * Are they the — Re 
(The elements in A’ were then closed up.)—And now ?— œ, Co took 

Co (5;0). Like some of the other children at the first stag eration O 
the counters one by one, thus apparently carrying out an op really $0 
correspondence belonging to a higher level, but this was no into two 
as we shall see. Having divided the 18 counters, one at a umo ‘Have 
heaps of g, he was not certain that the two halves were equa s, which 
I got the same amount as you?— (He looked at the two heaps, 


ie.) 
were of slightly different density, then tried to make them the sam 
But how did you divide them?— 


...—Are they the same? 
How do you know? 


—(He arranged the heaps.)’ 


by 
In view of the method of distribution spontaneously adopted 
Co and others, we then 


AP ap- 
applied the technique described in Chap 
ter II, §1: 


Mal (530). Two dolls w time 
divide 16 counters betwe hem, putting the counters one at 4 (We 
into two empty boxes. *Have they got the same amount?—Yes-— 
emptied the boxes in front of 
pact than the other.) 
Same reactions whe 


Ok 1 counter 
a mil 
(The elements in A, were 
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rd a the same?—Vo.—Why?—I’'ve got more (=A, the unchanged 
Mead (650) began like Pi, making the same mistake of 1 unit, then 
a em Ai (10) in two rows of 4 plus 2 isolated counters, leaving 
ait ) scattered. Are they the same?—Yes. Oh no! There are more.’ He 
ih n also made A, into two rows of 4, and added 2 more, thus reversing 

€ inequality. Finally he put 1 element at the top of each figure, and 
thus had 9 and 9. 

‘Tho (6;0), in order to divide 18 counters, made two squares con- 
taining 9, and after comparing the detail of the figures, was satisfied 
that they were equal. To divide 24, however, he made a square of 9 
2n à rectangle of 12, then added the remaining 3 to the square of 9, 

hus obtaining two rectangles of 12. But as he added the 3 to the bottom 
of the square, while the rectangle of 12 was on its side, he had two 
Similar figures differently placed, and was not at all sure about them. 

Have we both got the same?— . .. —Has one of us got more?— 
Yes, there (the upright rectangle). He then reconstructed the other 


rectangle in an upright position! 


These reactions are exactly comparable to those of the corres- 
ponding stage in the case of equalization of two unequal sets: 
comparison through the figures without lasting equivalence or 


Conservation of the whole. 

At the third stage we have the following reactions: 

Dré (6;10) divided 18 counters 1 or 2 at a time into two sets of 9, 
and was sure that they were equal even when the distribution was 
changed. 

Laur (733) divided 18 counters, taking them 2 at a time until he 
came to the last pair, and then put 1 on each pile. ‘Are they the same 
(spacing out the elements of the second set)?—Ye ¢s.—Why ?—Because 
1 put the same on both sides.—And what about all these (making a single 
Pean of all the counters), are. they the same as the two heaps?— Yes, 

ecause I divided them and then you put them as they were before." 


We can see here the completion of additive composition, as a 
result of the child's understanding that the two parts, considered 


as units, are equal, and that the sum of the parts is equal to the 
initial whole. This also explains the transition from additive to 
multiplicative composition. An arithmetical multiplication is an 

ets of n terms or n sets of m terms 


equi-distribution: mxn is m S s 
which correspond one to one. In this sense, the addition A, +A 
=2A is therefore also a multiplication, in which the set A, is 
coupled with another set A,, the two sets being in one-one 
correspondence. In the same way, addition of classes implies 
multiplication. In the problem of the beads considered in the 
previous chapter, for instance, the beads were at the same time 
‘wooden’ and ‘brown’, or,‘ wooden’ and ‘not brown’. In the case 


; x. d S 
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"n akon or 0b 
of logical classes, the inverse operation is ea nave 
sociation; in arithmetic, it is ordinary division, o ue ositions 
just seen an example. Additive and multiplicative cc e and 
Whether numerical or qualitative, are therefore corre : 


ee Ine 
the mastery of the one implies that of the other, as we shall s 
the following chapter. 


§5. Conclusion 


tween 
As we have seen, there is a great measure of agrum Ded 
the results of these various tests with respect to A mote 
position. In each case, there is an initial stage of are cm stage 0 
an intermediary stage of intuitive composition, and a teen of the 
composition proper, this being defined by the e three 
whole and the reversibility of the operations involved. the earlier 
stages correspond, moreover, to those described in 
chapters. in spite of 
Additive composition comes late on the scene, Lue in con- 
appearances. A consideration of the facts usually observ t ar first 
nection with the beginnings of counting might "n qud of tw 
sight, that addition is understood as soon as the first se formed. 
three or four objects to which a numeral is assigned are poses 
We shall show briefly that this is not so, that addition pr be tile 
the conditions analysed above, and that, particularly in the 


: 3 siot mera- 
spontaneous behaviour, the synthesis of colligation and enu 
tion is necessary before th 


ber 
€ operational level which defines nu™ 
proper can be reached. 


in? in the 
37, the term ‘again’ in 
action’. At 1;8, Bue Vel ad 
cards from a pack she 


and a more or less vague fecl- 
1 K. Buhler, Die peist 


2 O. Decroly, Kindes, p. 104. 


53-4. 
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Ei marie sets in question are exhausted or increased. Naturally, 
Debent t this enumeration is qualitative, the idea of quantity is 
and‘ in it, since it is linked with the notion, of ‘more’ (another) 
E ess (no more), but this quantification is not yet numerical, 
eee one’ and ‘another’ are neither units of number nor 
Sin Yd of classes. It would be quantification of classes in exten- 
and the child at this level were capable of invariant inclusions, 
nd the quantification of seriation if he could co-ordinate asym- 
Ee relations. But as both these operations are beyond him, 
Bu the intuitive plane, it 1s merely a matter of ‘gross quan- 
les’ in the sense used in Chapters I and II. There can therefore 
pos question, in these examples, of addition proper. 
egli we, on the other hand, find the beginnings of addition in 
in igation’ as defined by Husserl? In his Logische Untersuchungen, 
which he made a thorough analysis of the notion of colligation, 


Husserl makes a fundamental opposition between colligation, 


which gives rise to sets that are categories, and global qualities 
he calls ‘quasi qualitative 


that are merely perceptual, which 
fomente? or ‘figurale Momente’. It is obvious that the figures 
used by the child at the third stage for the evaluation of quan- 
tities (Chapters I-IV) reveal precisely these perceptual global 
qualities, and not the colligation which Husserl calls ‘categorial’, 
and which for the psychologist is operational. At the level of 
elementary enumerations, there is no operation by which the 
child can colligate the units into a real and stable whole. 
Elementary enumeration and addition are mutually dependent. 
he reason why the primitive enumeration ‘another, another’ 1s 
not additive is that it does not lead to a stable totality, and the 
reason why primitive addition does not reach the level of colliga- 
tion, and remains global and intuitive, is that additive cnumera- 
tion is lacking. There is indeed a regular rhythm of interactions 
between the two complementary movements, the analysis of the 


elements which is enumeration, ‘and their synthesis which is add- 
ition. As early as the first stage, there is consciousness of wholes and 
rception, and are 


of elements, but they are two successive types of pc 
not combined, which explains the global syncretism of the former 
and the non-additive juxtaposition of the latter. At a further stage, 
however, the colligation of the whole gradually merges more an 

more with the seriation of the elements, finally leading to the 
construction of number and of additive and multiplicative 


operations. 

It is true that in the case of small sets—two, three or four— 
there is already simultancous perception of the whole and of the 
elements. There is therefore a beginning of union, or as Husserl 
says, of fusion, but without the elements being previously isolated. 
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din) 

-But this union can constitute either a class ora number — E 
as the mind is directed towards conceptual classi pem 
towards addition of units. Apart from these privileged ba I 
Which give rise to what might be called the intuitive pe a 
to 5, numbers that still adhere to the objects ra mes inn cans 
perceptual rather than operational, children at the firs Gor of thà 
not perform enumeration and addition one as a func ndence, 
other. Hence their failure to grasp one-one a whole. 
which involves the union of these two processes in a sing pu to 

While it is clear that neither process is sufficient by between 
ensure the appearance of correspondence, a first synthesis aring 
enumeration and addition becomes possible when, d edm i 
configurations, the child succeeds in establishing the uu Sins 
between the elements in detail at the same time a See T 
figures as a whole. It is precisely this synthesis which p 


intuitive level. On the 
one-one correspondence, but only on the intuitive i 
one hand, examination 


intuitive colligation, a 
elements takes the for 


A e es 
ial ac commutative, and addition of class 
which is, can only merge i i i 

they are 


uring thi 
he fig 


2 ynthesis between enumeration 

ting: both have bec ional an 
= om na. 

erceived figures, Wh € Operatio 


€n the child counts the 
pa RID ME capable o; unders 
position of each ter Š 


seriated elements, 
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MS. He is thus capable of serial addition or addition of classes 
ts en qualities intervene, and of numerical addition when quali- 
$ are disregarded. 
A progressive co-ordination of colligation and enumeration 
id € explained by the fact that the child's thought is gradually 
io oming reversible, while the initial lack of co-ordination 1s due 
lts irreversibility. Addition and enumeration are at first 
unco-ordinated because, for the child, the perception of a figure 
es perception of its elements, seen one after the other, have 
Toà ing in common. The two succeed one another, and the child 
i yeven agree that a return from one to the other is possible, but 
aiis not regard one as necessarily leading to the other. With 
dust the correspondence, there is progress in co-ordination, 1n 
Em € child can count the elements of one set by using those of 
other, though he still considers the first set as a closed whole. 
colligation and enumeration thus become as it were co-reversible, 
€ appearing as the inverse operation of the other within the 


alae field of perception. But when the configuration of one of the 
Sets is changed, there are again perceptions irreducible one to 
situation is seen to be 


the other, and though a return to the initial : 
Possible, the reversibility is not regarded as necessary. With the 
Operational correspondence of the third stage, however, when 
Co-ordination between enumeration and colligation is complete, 
any configuration of a given set can become any other of the same 
Set, since on this point the child’s thought is now completely 
reversible. 
What then is the difference between necessary reversibility and 
empirical return to the initial situation? What difference is there 
tween two successive unrelated perceptions and two figures that 
are necessarily related? Is it not merely that the former are not 
yet identified one with the other, whereas the latter are regarded 
as identical through a mental act? There certainly is an activity of 
the mind: a physical or mental movement is never wholly revers- 


ible, since it occurs in time, and time is not reversible. And this 
act of the mind is already present at the moment of perception, 
since perception is a structuration, although it 1s static. From 
this point of view, the difference between perception and thought 
is therefore one of degree. It js the difference between ‘less’ and 
‘more’ reversible, with the reservation that when reversibility 
reaches a certain point, it is complete, as 1n the case of mathe- 
matics. Perception is, in fact, only an instant in the reversible . 
movement of thought. There certainly is also identity, and the 
colligated set is of necessity identical with its enumerated cle- 
ments, but this identity is the result and not the origin of the 
reversibility, since the essence of thought is irreducible to identity. 


I 
202 ADDITIVE & MULTIPLICATIVE COMPOSITIONS f the 
dd 

It is Operations that are the essence of thought, cecidi Thus 
nature of operations continually to construct somet esl with 
if 1+1 +1 =3, the three units that are added x by enumera- 
three in the sense that the total three can again es ies additive 
tion, three units identical with the original three, h ce, which as 
operation has created a new entity, the totality thi sien the 
Such is not identical with the juxtaposed units. Conver: i 


mv ty 
5 | tn B al totali 
enumeration of three terms 1$ not identical with thc initi 


ion 
: ; constructio 
three. If we agree with E. Meyerson that the new co 
comes from realit 


a identifica- 
y; Whereas the mind confines surgen prem 
tion, we are in fact saying that reason is aru to accept 
himself eventually admitted. It seems to us prefera ; 


s irica. 
: : Aem s rom empiri 
the existence of Operations and to distinguish them fror 
Constructions 


sone itv then being 
precisely by their reversibility, identity the 
only the product of inverse operations. 


er 
: ; the oth 
wo perceptions that do not necessarily lead one to i 
are merely two 


‘ions 
. : A eration 
perceptions such that their constituent op 
form a closed sy: i 


E T : ed to 
T Constituent operations are sufliciently extend 
co-ordinated with othe 


by 
Ts, So that cither figure can be pee still 
means of the other. At the first Stage, the child's thought 1 
irreversible, in that each p 
Stream of his experience, 
there are no o 
with another. 


ae 
; Finally, during the third stage, the oper? 
stage, | n 
POD IBO beyond the field of perception, and in so doing, ee 
complete reversibility, Th N are the three aspects of a on 
ion of reason: transition from ps 
eduction, Progressive co-ordination 


gradual development of reversibility. 


CHAPTER IX 


CO-ORDINATION OF RELATIONS OF 
EQUIVALENCE AND MULTIPLICATIVE 
COMPOSITION OF NUMBERS! 


pondence using flowers and vases, eggs and egg-cups, etc. 

'These experiments can be taken further in two ways. On the 
one hand, when the child has established the equivalence between 
a set of flowers F, and a set of vases V;, the experiment can easily 
be repeated with the same set of vases V; and a new set of flowers 
F, the question put then being: If F, is equivalent to V, and 
V, to Fẹ, will F, be equivalent to F;? On the other hand, a new 
type of question might be put: If all the flowers in sets F, and F, 
arc put into the vases V, so that there is an.equal number in each 
vase, how many flowers will there be in each vase? Once this 
second problem is solved, a further question can be put: If 
instead of putting two flowers in each vase we want to put them 
in narrow tubes that will only hold a single flower, how many such 
tubes will be needed to take all the flowers? For this problem, the 
flowers will be removed from the table and only the original 
vases V, will be left. 

In this chapter, our purpose is to study: (1) some examples of 
one-one correspondence between several sets, and not merely 
between two sets as before; (2) the transition from this com- 


position of relations of equivalence to arithmetical multiplication. 


Composition of relations of equivalence is the same thing as 
composition of classes, since a class is a collection of elements 
that are equivalent from some particular point of view.* More- 
over, since arithmetical multiplication is an equi-distribution, 
equivalence through one-one correspondence between two or 7 
sets A is a multiplicative equivalence, indicating that one of the 
sets A is multiplied by two or by z. From the psychological point 
of view this simply means that a one-one correspondence is an 


1 With the collaboration of Mlle Edith Vauthier. 
2 Symmetrical relations are the relations that link the elements of a class, and 


can therefore be called class relations. Cf. Compte rendu des séances de la Société. 
de physique de Genève, 15 mai, 1941. 


I Chapter III we examined the question of one-one corres- 
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implicit multiplication, so that when the child has rage: dee 
correspondence between several sets, he will sooner or la 


: Eee : icit 
become aware of this multiplication and use it as an explic 
operation. 


PM = ‘et 
$i. Constitution of one-one correspondence and composition of relations of 
equivalence 


Relations of equivalence based on one-one correspondence € 
particular relations, the discovery and use of which rama its 
the acquisition of a set of mathematical notions such as er ore 

etc. Composition of relations of equivalence, bee 
constitutes so general a mechanism that it E. 
to require only logic. For example, if X=Y and Y -Z, HT. 
X =Z whatever the value of X, Y and Z. This expression of bs 
transitivity characteristic of any relation of equivalence is at t le 
same time the expression of a reasoning that involves the who í 
structure of thought. It expresses both the equivalence of Es 
classes and the co-ordination of two relations, and applies both 

mathematical and qualitative realities. Whether this sensor? 
concerns numbers, areas, weights, classes or relationships, pe 
difficulty, or lack of difficulty, involved seems to be independen 


ught and to derive from the form rA 
f logic were innate, the child ought therefore to be able to us 


In our view, however, logic 
proved that a formal mech 


other words, a form 
level, which can take place only in 


involved.! 


Broadly speaking, it can be said that Children who fail to 
understand composition of relations of *quivalence also fail to 
1 Cf. J. Piaget and B. Inhelder, Le développement q, itd. 5 ; 
which $ structure in question is applied to volume, wea Penfant, in 
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grasp one-one correspondence, whereas those who understand 
one-one correspondence are at once able to compose several 
relations. This is not as natural as it might appear. Success in the 
tests of correspondence requires that the corresponding sets be 
regarded as equivalent whatever the distribution of the elements, 
provided that they were once in correspondence. The composition 
X equivalent to Y and Y equivalent to Z therefore X equivalent 
to Z, involves difficulties of a different kind, since the elements of 
the sets X and Z are never opposite one another. This composition 
is impossible for children who cannot spontaneously make the 
correspondence between two sets, or who do not regard their 
equivalence as lasting, only if we assume that formal structures are 
merely a co-ordination of their contents. The composition then 
presupposes that understanding of the equivalence has already 
been achieved. What is more striking is that children who succeed 
in the tests of equivalence can at once compose the relations thus 
discovered, which proves that once they are constituted, the 
multiplicative operations inherent in correspondence are made 
explicit in the form of multiplications proper. 

Here we have two examples of failure, the children in this case 
(and throughout §1) being the same as those quoted in Chapter 


III: 

Fum (4;4), who was at the stage of global comparison, failed (we as 
saw in Chap. III, 82) to understand that the blue flowers he himself 
had put into the vases still corresponded to them after they had been 
removed and spaced out. He was then told to put the same number of 
pink flowers in the same vases, and when asked: ‘Are there as many 
pink flowers as blue ones?’ he replied first ‘J think so’, and then * There 
are more blue ones’. 

Even when he counted verbally, he found composition no easier: 
*I want to put a pink flower and a blue flower in each vase. Will you 
count the vases?— 7 en.—And the blue flowers ?—Ten.—And the pink 
flowers?— Ten.—Well now, if you put a blue flower and a pink flower 
in each vase, will there be enough flowers?—I don’t know.—Can you tell 
before you do it (he was beginning to put them in)?—JVo. I don't know.’ 

Til (4;11) was at the second stage as far as exchange of 10 pennies for 
10 flowers was concerned (Chap. III, §4), i.e. he could make the one- 
one correspondence, but did not regard the equivalence as lasting. 
He first bought 6 blue flowers for 6 pennies. ‘Now, I’m a kind shop- 
keeper, and I’m giving you back your money. You can buy some of 
these pink flowers with the same pennies. You must give me one penny 
for each flower, as before.—(We began the exchange.)—Will you have 
the same number of pink flowers and blue flowers ?—No, there'll be more 
pink ones —Why?— Yow ve taken more (looking at the reserve supply).— 
(The exchange was completed and the pink flowers were put opposite 
the pennies.) OA/ It’s the same number.—Now we re going to put the 
pennies opposite the blue flowers.— (He did so.) It’s the same number.— 
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Well then, watch (taking the 6 pink flowers and beginning the exchange 


again). Can we buy the same number of pink flowers as blue ones with 
the pennies?—JVo, more.’ 


These children obviously cannot co-ordinate the equivalences, 
and do not regard each of them separately as lasting. We coms 
now to two examples of a second group of children who succee 
with some of the tests and fail with others. In the first case they 


can formally co-ordinate the equivalences, but fail to do so in the 
second: 


Fet (5;5), as we have already seen (Chap. II, §2) was at the third 
stage in the case of the flowers and vases: whatever the arrangement 0! 
the flowers after being taken out of the vases, he was sure that hey 
were equivalent ‘because they were in there’. The ten blue. vd 
were then removed and he was asked to put the pink flowers into t e 
vases. They were taken out again, and he was asked: ‘Is there the sam 
number of pink and blue flowers, or not?— Tes, because they were in theres 
and the others too. 8 

In spite of this, he was not sure, after exchanging 8 flowers ^ 2 
pennies, one at a time, that the two sets were equivalent. When T 
flowers were spaced out, he thought there were more of them. Once c 
had counted them, however, he seemed to be certain of the equ, 
valence: ‘Is there the same number?— Here there are 8 and there there are 8. 
> Now I'm going to buy you some pink flowers, watch (exchanging 
8 pennies, one at a time, for 8 pink flowers, which were left on th 


table, while Fet had the blue ones in his hand). Is there the same 
number of pink ones and blue ones?—No. There are more pink ones.— 
Why?—Because.’ 


Bet (538) also thought the blue flowers were equivalent to the vases 
“because they go in’. Afterwards, h 


: : : vere 

€ put in the pink ones, which wet 
taken out and bunched together: * Are there reri pink as blue?— 
Yes.—Why?— Because - + + there, look (putting them in correspondence 
to prove it.)^ 


alence between the 
exchange. Having 

i 8 the correspondence he exchanged 
the same pennies, one by one, for t "fe diese orani 
number of pink and blue?—/,JVo, there are more blue ones? 

In such cases, there is perfect Correlation between the under- 
standing of lasting equivalence and Composition of equivalences. 
We now have some examples of a third group of chil ve ashe are 
not entirely successful in the tests of equivalence, p : P o 
make a correct composition: ə but who 


Os (5:10), already quoted in Chap. III, 82, was Somewhere between 
the second and third stages as far as the flowers and vases were con- 
cerned, He thought they were equivalent when they were near one 
another, but not when they were some distance away. But though his 
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a was the same in the case of the pink flowers, he asserted that 
spe pink and blue flowers were equivalent: ‘ They're the same, because 
here are 10 here (the blue ones, which he had counted) and 1o there (the 


pink ones, which he had not counted). 
Pit (6;11) also was intermediary between the second and third stages. 


He presumed that the pennies exchanged for the blue flowers con- 
tinued to be equivalent to them (except when they were very widely 
spaced out), but needed to keep on verifying the equivalence to be sure. 
We then exchanged the same pennies for the pink flowers: ‘Are there 
as many pink flowers as blue ones, or not?— Yes (but he at once verified 
it by actually making the correspondence). 


Lastly, we have some examples of children who are successful 
both with the equivalence and the composition (we did not find 
any examples of success in the first without success in the second). 


Rum (4;r1) was clearly at the third stage with respect to the eggs 
and egg-cups, flowers and vases, and the exchange of flowers for 
pennies (Chap. III, §2-4). For the first of these tests, after the 8 eggs 
had been taken out of the egg-cups and placed in front of them, he 
put in 8 others, which were then taken out and placed behind the egg- 
cups: ‘Are there as many eggs here as there?—Yes, there are 8 here and 


9 there (without counting the latter).’ When the blue flowers and the 
pink ones had been put successively in the same vases, he also said: 
the blue ones, counted) and 


G 
They're the same, because there are 10 there ( [ 
there are 10 here (the pink ones, not counted).’ When first the pink 


flowers and then the blue had been exchanged for the same pennies, we 
put the following question, which was deliberately suggestive, so as to 
test the strength of his conviction: “You can see that I haven't any 
more blue flowers (they were in a bunch near him). I want to buy the 
pink flowers with the money you gave me (exchanging them one by 
one, and putting the flowers widely apart). Where are there more ?— 
They're the same? 

Ul (5;3), in the case of this last test: 


I0 vases, and there are 1o pink flowers and 10 blue ones." 
Ay (5;2) also: There are 10, 10 and 10 (having counted only the blue 


ones). 


As soon as the child has grasped t 
therefore, he is capable of composing two of these relations. As can 
be seen from the reactions of Os and Pit, he may even grasp the 
composition rather more quickly than he does the equivalence if 
the configuration of the sets is misleading. The fact that com- 
position is not possible without real understanding of the equi- 
valences to be composed is not as natural as it might appear when 
expressed in this way. Both the adult and the child after the age of 
II Or 12 are capable of reasoning formally with rigour about 
Propositions that are obviously false or are not understood, and 
moreover the child is able to adapt himself to the words and 


* They're the same, because there are 


he relation of equivalence, 


208 ADDITIVE & MULTIPLICATIVE COMPOSITIONS 


collective notions of his linguistic environment. Thus many of the 
children who are incapable of understanding that ten flowers 
taken out of ten vases will still be equivalent to the ten ra 
whether they are bunched together or spaced out, are able 9 
count up to ten. There might therefore be in the case of these 
children a formal or verbal use of multiplication of these bs 
valences before they were really understood. The fact that this 1 
not so proves that the composition required of them is a true 
co-ordination. 

In the second place—and this is what we expected to find when 
we began our investigation—composition of the relations E 
equivalence might not have occurred until much later than the 
understanding of the relations of equivalence between two, sets. 
It frequently happens that children find much more difficulty in 
handling the relationships between three terms than between two 
terms. Sharing among three 
delicate operation than sharin 
explain the fa. 
difficult to g 
words, that 
Struction of 


of a single lasting equi 
successive forms of th 
sets. It follows that th 


?-On€ correspondence, they become 
optically several sets V,, V E d A 


t containin new ; does 
not change the formal mechanism of d elements thus 


i child's thought, which 
had to be constructed while he was Constructing the = Taba iuf 
equivalence themselves. A 

cm therefor be rS vhat t he capacity to compose two 
relations of equivalence, i.e. to unite In a single wWholecth ree: cets 
containing different elements, merely Indicates that the formal 
mechanism, hitherto immanent in the y, 


ery Construction of these 
relations, is freed, and can henceforth þe applied to any new 
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combination of relations between sets with different terms. This 
liberation, or external co-ordination, takes place as soon as the ` 
construction of the equivalences, or internal co-ordination, has 
been completed. 


82. Stages of composition of relations of equivalence 


We have seen, in the case of the same children as in Chapter III, 
the close correlation between the reactions to tests of corres- 
pondence and those of composition of relations of equivalence. 
In this section we shall briefly examine the stages of this com- 
position with a different group of children, and in $3 we shall 
Study their reactions to multiple correspondence and numerical 
multiplication. 

.We shall pass rapidly over the first stage, at which there is 
failure in both construction of correspondence and composition 
of equivalences. We give a single example, similar to thosc of Fum 
and Til in $1, but where the technique of questioning was more 
precise: 

Com (4;10) himself put, one by one, 10 flowers (X) into 10 vases 
(Y). They were then removed and placed in a bowl. The same was 
done with ro other flowers (Z), which were placed in another bowl, 
rather further apart. ‘Are there as many flowers here (X) as there 
(Z)?— There are more here (Z). There (X) there are less.—(X were then 
spaced out and Z closed up.)— There are more in this pile (X) and less in 
that (Z).—Where were the flowers before?—There (pointing to the 
vases Y), in all those little glasses —Were they exactly right?—Yes, these 
were (X).—And what about those (Z)?—Yes. . . . (he had put them in 
aaronii ). Now they'll come to here (pointing to the gth vase) because there 
are less”? 


During the second stage, that of one-one correspondence but 
without lasting equivalence (Chapters III-IV), there is gradual 
development of composition, but it is intuitive, depending on 
perceptual contact, and not yet operational. Here we have some 
examples, arranged in order of achievement: 


Rys (439) was capable of one-one correspondence. He took 10 
flowers, put them into the vases, from which they were taken out and 
put close together in a bowl (X). The same procedure was followed 
with 10 other flowers, which were spaced further apart (Z). ‘Are there 


as many here and there?—Here (X) it’s smaller and there (Z) it’s bigger.— 
X)?—Ah! now there are more 


And now (closing up Z and spacing out i 
here (X), they’ve all been moved. There (Z), there are less, they've all been 
moved as well.—Why are there less?—Because there are a lot of flowers over 
there (X).—Where were these flowers before?—We put them into the 
vases (Y) and then we took them gut and put them there.—(The situation was 


P 
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" ? —(The 
again reversed.)—There are more there (Z).—Why?—1 can't psi (They 
were then bunched together.) And now?—Oh! they're pei ‘rogether: 

Rol (534). Same experiment. The flowers (Z) were c pae wwe put 
“Are they the same (X and Z)?— There are a lot there (X) id ina 
them in as well, but here there are less, because you've put them closer ia pui 
And are there as many vases (Y) as flowers?— There's the sa 


i t)?— 
as those (Z, close together).—And what about those (X, spaced out) 


pout those (^, 7,),—Well 
Yes, the same number as well : they were put in twice (i.c. X and Z). 


x 
E 


tg 
^ 3 and that — 
then, are there more, less or the same number in this bunch 


y re put 
(X and Z)?—There are more here (X) But as soon as the 3 sets were P 
in parallel rows he accepted the equivalence X =Y =Z. vere then 
Bal (5:6) put 10 eggs (X) into 10 egg-cups (Y). The eggs cups an 
spaced out ina pan. He put ro other eggs (Z) in the same ogg“ ai many 
these were then put close together in another pan. ‘Are there Why?— 
eggs in this pan as in that one? There are more in that one (X).— 


2s 
Because we put them in all the egg-cups (Y).—And what about those (Z) 


We put them in less egg-cups (and yet he himself had put uen M 
Watch (beginning the experiment again with only 7 pt egg- 
set). Now is there the same number there and there (X and Z, Why?— 
Cups being arranged in horse-shoe shape) ?— T Aiey're the pode nent Wee 
Because you put them just like those (the egg-cups).—(The exper De d 
begun again with 10 elements, the egg-cups being in a row. ent into 
now (X and Z)?— They're the same.—W hy ?— Because they all w 

the egg-cups.? 


the 
Uld (5;8). With ro flowers (X) close together in one bowl and 


an 
other 10 (Z) spaced out in another bowl: * There are less there CaN- 
more here (Z).—Why?—There are exactly 1, 2,3... 10 (counting 


> me 
X).—And what about those (Z)?—(He counted.) Oh, there's the ithe 
number!—Why?—Because it’s the same size (pointing to the length 0 
row of vases Y). So there's the same number. In the case of the eggs, 
at once said that X =Z: 


„s the 
‘They're the same.—W hy ?—Because there's | 
same number of little wooden cups." 


Hoeg (5;11). With flowers X. spaced out and flowers Z close together 
‘There are more here (X). They're more lik i 
reversed.)—Oh! there are more here (again indicating X!)—But NU. 
they take up less room?—J must be wrong then (confused), but before the 
were more here. There must be more there then (Z).—(The situation W2* 


again reversed.) —JVo, here! (with an air of satisfaction at finding the 
original situation again).—How do 


1 x you know?—P’d have to count.— 
right then, count. But wait a minute. Where were these flowers (X) 
before?—Jn the vases.—And those (Z)?—In the Ha at willie 
was there exactly the right number?— Yes, Oh ! theyre both the 
same! 

‘Look at them now (arranging flowers X inar les to 
the vases).—4 can count them: (doing 80) ro flowers aad onc 
now watch (putting flowers Z back into the Vases Y, and then taking 
them out and placing them in a row parallel to X, row Z being slightly 
shorter so as to a voidvisual correspondence). Theres one missing! 
haven't taken any away.—JVo (puzzled). PH count, (He did so.) They're the 
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kin I pm there was one missing.—Why are they the same?— They 
all ie he — and the vases are the same as the flowers. But I'd like to count 
[puit ime (he counted X, Y, Z). IPs ro and 10 and 10. Yes, all three are 
y bs next day, with the eggs: ‘ They’re the same (X and Z).—Why?— 
B w Jesterday that they were the same.—Yes, but how can we be sure ?— 
Puck And without counting?— . . . —Where were the eggs 

re?—Oh, of course! We measured with the cups (Y) and yesterday with 


the vases? 


- M these children are clearly at the second stage, i.e. they can 
rails S one-one correspondence, but do not believe in the lasting 
Ta alence of the corresponding sets. When it is a question of 
pamela the equivalences, therefore, they can only do so on 
pues ion that the sets remain opposite one another and have the 
ti perceptual character. They cannot as yet compose opera- 
"Hey and merely judge intuitively. 
er. although this is the common starting point of all these 
of P ie cach of these children gradually succeeds, with the aid 
TE € suggestions contained in our questions, in discovering the 
at he equivalence between X and Y, then between y and Z, and 
he same time in composing the relations and finding that X is 
equivalent to Z. We shall now proceed to analyse the mechanism 


of this discovery. 

Rys cannot equate X and Z as long as the two bunches are not 
of equal size. He passively accepts all the various perceptual 
changes and is incapable of any composition. This is the lowest 
evel Rol, who is slightly more advanced, explicitly asserts that 
although X =Y and Y =Z, X> Z. He even begins his reasoning 


by putting forward the correspondence between flowers X and the 
at ‘they were put in 


ak then between Z and the vases, adds th 

poe (ie. Z as well as X), and yet concludes that X Z because 
di are closer together. Although Rol is in advance of Rys, since he 
oo in the course of the experiment the lasting equivalences 
: -Y and Y =Z, the visual intuition which enables him to do so 
is inadequate to enable him to conclude that X =Z. The case of 
Bal shows further progress. Thinking that X Z because of the 


difference in density, he decides to change what actually hap- 
gg-cups'. The advantage 


pened, and says *we put them into less e 
as the relationships are 


of this bold suggestion is that as soon 
fa smaller number of elements, 


better understood, through the use o 

he is able to generalize X —Z to the wider set. It is clear, however, 

that his discovery that X =Z was made with the aid of intuition, 
on shows that at first 


and not through pure logic. Uld's reacti 
intuition prevails, but his spontancous counting raises him to a 
higher plane and leads to more formal generalizations. The case 
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z -ovides an 
of Hoeg, which we have purposely given in full, porie 
excellent example of the conflict between intuition an ; a T 
the final triumph of the latter. He begins by clearly "rut. belts 
the contradiction into which intuition leads him: ‘bu anente 
there were more here’. He then postulates a mage cim rightly 
which finally leads him to operational composition, and iis cwe 
regards this as being due to the use of a common e T his 
measured with the vases’. It is significant that before reac : 


: A d irical vert 
final conclusion he continually feels the need for empiric 
fication. 


These then are the 


Y cond 
principal levels of development at the secor 
Stage, and their inter 


ld relies 
pretation is easy. At this stage, the child "ung 
only on his perceptual intuition, and begins by directly paie $ 
X and Z without thinking of composing them by ecce that 
Thus, according to the densities he perceives, he judges eit It an 

X —Z or X>Z. But intuition leads to contradictory ran dd 

when the fluctuations become impossible of acceptance, um the 
postulates a certain constancy. It is then that invariance pear 
wholes and composition of the relations of equivalence ap cin 
simultaneously as two aspects of the same reality. Tii ag iE the 
perspective, which in certain cases is almost immediate, hk t is 
‘Aha-Erlebnis’ of Bühler and the ‘Einsicht’ of the Germ a 

Owever quite the opposite of the crystallization during wht 


s z 7 # ana 
perceptual Gestalt is structured. It is a sudden thaw rather at he 
crystallization, a collapse of the perceptual structures, by, t 
sudden melting of which, m 


s z jon 
; obility and reversible composit 
become possible. 


Finally, we come to Some examples of the third stage: 
Cide (533): < They're exact 


" Ty 
333) 4 Ly the same, because I saw they were in the vases» 
keep on thinking all the time that 


N s loo: 
we're putting them back in the vases. —But 
at this bunch of big flowers H 


(X) and the bunch of little flowers (Z) 
are they the same?— Yes, they're the sam 


I 


e. I thi X) and those (4 
and I count with the vases? E M à 
Frim (5;5): “Are there as many flowers here as there?—Oh yes! ther 
are . . . (reflecting). Yes, there are a lo, 


t—A lot of what?—Vases.—P 
are there more flowers here than there, or less? There are a lot of vases 
and a lot of flowers here (X). They were in there (Y). And there are a lot here (Z) 
and they were in there too. They’ re the same,’ 


Gros (5:10). With X spaced out and Z 


same.—W hy ?— T here were 10 fl 


close together: * They're the 
owers and ri h, 


> © vases, so there are ro pink ones- 
Bora (630): * They're the same because there are the vases. 3 : 
Mar (5;8): * They're both the same, because th , 


i 0 l o 1£€ was the same length of 

e the a And with the eggs: * They're tha Same because we measure 
ith the egg-cups. 

w Lis (630). With X close together and Z Spaced out: 


there (X) and less there (Z). No, there aren’t le: 


There are more 
SS, because they 


were in the vases 
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as w vka 1 
MK Les they're the same.’ And with the eggs: * They’re the same number, 
e there was the same number of cups.’ 


Ps rae iking examples of the transition from intuition to 
impressi . : hen Lis, for example, corrects his perceptual 
Weir E on that X> Z by the equality Z =Y, he is compelled, as it 
EE nc tig of himself, to conclude that Z =X since X - Y. And 
ing all 7 c, struggling against his intuition, says ‘I keep on think- 
Divid he time that we are putting them back in the vases b he 
ban es an excellent illustration of the fact that composition 1s an 

hel reversibility which runs counter to the actual perception. 
iul lie says ‘I count with the vases’, he is becoming aware of the 
‘ann Icative character of this co-ordination, and this we shall 

xamıne in the next section. 


85. Multiple correspondence and numerical multiplication 


We now have to see how composition of equivalences can be 
mies" in the form of one-one correspondence between » 
ets—which we shall call ‘multiple correspondence’, a rather 
Unsatisfactory term, but which we shall only use in this connec- 


i and numerical multiplication. : 
uring the first stage, we find the following reactions: 


Dal (531) did not think set X (10 flowers) and set Z (10 flowers) 
Were equivalent, although he himself had put first one and then the 
Other into the same ro vases Y. ‘Now we're going to put all the flowers 
itn these little tubes (the opening of which was only large enough to 
kn ntain one flower). Take enough tubes for all the flowers: you can sce 
t um we can only put one flower in each tube.—(He made a row of 10 

ubes opposite the ro vases.)—Have you got enough for all the flowers? 
—(He added 4.)—Is it right now?— . . - —Try them.—(He put one 

ower in each tube, and when he came to the twelfth he added two 
more, but did not grasp that he needed two tubes for each vase.) He 


um then told to put all the flowers into the 10 vases: ‘How many will 
here be in each vase?—(He tried them one by one.)' 
In the case of the egg-cups, he put in 10 eggs, one by one, and they 


Were then taken out and put close together in a pan. He did the same 
d out in a second pan. ‘Are 


With 10 other eggs, which were then space ; 
they the same? —JVo, there are more there (Z).—Well now, if we give all 
the eggs to these children (the ro dolls in front of which the 10 egg- 
Cups were standing), how many can we give to each of them ?—One.— 
Are you sure? —(He began putting one egg in each egg-cup, then after 
3 or 4 he exclaimed): No, a lot, 6. The children will have a lot to eat.’ 

Com (4311), after first flowers X and then flowers Z had been taken 


out of the same ro vases Y, did not think X was equivalent to Z. *Ifwe 
want to put all the flowers (pointing to X and Z) in these vases, how 
many can we put in each yase?—(He put one in each vase, then 
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A a 
began putting two, and then, looking at those still to come, Re vaso 
which, by successive trial and error, he finally put two in ea 1 
That makes 2 for each vase? B " ing to put 
Immediately afterwards: ‘All right then. Now we ae ee rt Pd 
them in these little tubes, one flower in cach tube.— A all these 
10 tubes opposite the vases.)—Have you got enough them.—(He 
flowers? —Yes— And will they all go in?—Yes—Try “ell be a long 
began, and then said): There'll be more tubes than vases. T here 
line (adding 5 or 6). 


. vases. 
Blu (5;6) had Constructed sets X and Z corresponding to 10 
* And now, if I want to put 


2 many 
all the flowers back in these veS pom thin 
shall I have to put in each one?—You'll have to put one. —Do y 


- 6th he 
they'll all go in?— (He tried it, but having reached the 5th or 
exclaimed): Oh 


1 the 

! we'll have to put more.—(He put 2 and (nupt 2! 

correct result, and then asked spontancously): Why did we kem them 
—What had we done before?—Oh yes! 7, 1, 1 (set X), then we 

out, and then again 1, r, r (set Z).—That's right.’ hall only 

Now look. We're going to take some little tubes, and M re GROUE h 
put in one flower because there's only a very small hole. Take 

tubes for all the flowers —( 


/ase.)— 
He put one tube in front of each va 
How many flowers were the 


many 
re in each vase ?—6, no 2.—And ides got 
are we going to put in cach tube?—7;.—Do you think yo L 
enough tubes?— Yes, it’s the same numb: 


E 
er as the vases.—Try hee peri 
(He put one flower in each tube, but when he was about ee, e 
through the series he exclaimed): Oh/ there aremt enough.— (He wers): 
4 and said): Z think thall be enough (and went on putting in the flow ig 
No, there are some flowers left (adding 3 tubes to the other end and p bes): 
3 flowers in them.) Wo, there are Still 3 flowers left (adding 3 more tu vast 
They're right now, bul why are they more than the vases ?—Look, in one ers! 
there were two flowers, How many tubes did you take for two flow pea 
(He indicated one.)—Yes, for one flower, but what about the other? 
Oh yes! (putting 2 tubes 9PPosite each vase), that’s exactly right!’ 
The reactions of this first 
children, who, a 
one-one correspondence be 
the elements of one set are 


ced inside the elements 9 
the other), are obviously equally in, educing that 
because X=Y and Y -7, then se "aps of deducing 


tiplicative composition. ' 

The most primitive reaction consists in merely identifying the 
new correspondence: tequired with one of the earlier corres- 
pondences, without understandin, 


g the necessity for s- 
ze a corre 
pondence of two to one, or duplication, Thus, in the test with 
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tubes ; 

A one ie i the children began by putting out ten tubes 

number as ie Men ten vases, for, as Blu said, “it?s the same 

only one o. €— . And yet every child clearly understood that 

they tried to v ie to be put in each tube, as they showed when 

the Other due E y the correspondence empirically. In the case of 

to cach deft stions, each child also began by giving only one egg 

When w ang by putting only one flower in each vase. 

Uivers Bor " ever the child finds that in fact there are too many 

dicky e he vases, and too many eggs for the egg-cups, he 
y ceases to assimilate the new situation to the former one. 


But h 
e does not succeed in making the hypothesis of a definite 
he does not understand 


is level, at which there is 
also of composition of the 
merely adds four tubes 
ds five or six, Blu four, then 


wh F 
on eos they more than the vases?’ There 1s 
rstanding in the problem of the eggs, an 


fi : 
Owers to be put in each vase. 
rely make an arbitrary estimate 


ek word, these children me an 
ud e aca and are unaware of the duplication. Although they 
pin | em that z blue flowers correspond to n vases, and that z 
vem qe ns also correspond to the same vases, they do not under- 
m eee n vases correspond to n pairs. And although they 
they T nd that all the flowers together correspond to the tubes, 
tie tuh not understand that therefore each vase corresponds to 
zum es. It should be noted that Blu, after his failures, becomes 

re of this relationship, and is thus on the threshold of the 


Second stage. 

Em € now come to some examples of this second stage, the first of 
ich shows the transition from the first stage to the second: 

were equivalent (cf. $2). 

h vase so that they'd all 


Rys (4;9) did not think flowers X and Z 
then towards the end 


I wonder how many we'd have to put in eac 
go in?—Z don’t know (he put them in one by one, 
WO. by two and said): 2.’ 
. ‘Now we're going to take the tubes. How many 
in one vase?—2.—And how many are we going to p 
1.—Well then, get the tubes ready.—(He put one t 
vase, put one flower into cach tube, then looked at t 


^ 


flowers did we put 
ut in the tubes?— 
ube opposite each 
he remaining 
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meee tubes 
flowers, without counting them, and put another TOW mr exactly 
Opposite the vases. He then put in the flowers and said): . 
right? ore. 
pi few days later, he put 10 eggs into the egg-cups, pce one 
How many eggs will each child eat?—2.—Why?— One u Men. 
after.—And if we give them these as well (a new set of ro th phi s 
into the egg-cups and then placed by the other sets of 10), t of each) 
will that make for each one?—2.—'Try it. (He put 2 in sn The d 
and left the last 10 on one side.)—And what Sao) these? » 
or tomorrow (obviously brushing the question aside). ë and2 
: Rol (534) knew that X and Z were equal to Y, pale ME S how 
were equal. ‘Now, if I want to put all the flowers in t E v so, then 
many shall I have to put in each one? —; (he began doing so, 
exclaimed): Oh! i? ll be 2 then? h child?—2. 
With the eggs: ‘How many eggs will that make for each d 5 
—And if we add these (10 more) ?—2.—Why?— (He counted) 3. 


OW 
Uld (538): ‘IFT put all these flowers (X +Z) in the vases (Y), h 
many will that make in each vase?. 


€ach.—(He put 1 tube in front of t 


in 
3rd and 4th, 1 in front of the 5th, 2 in front of the 6th and the ied $ 
front of the 8th and gth, and 2 in front of the roth. He then equ 
them.)? 


ild be 
With 10 eggs X and Io eggs Z: *How many eggs will cach wear 2: 
able to eat? — That one (the 1st) will have 2 (he went on putting 2 ip 
in front of each €88-cup). I don’t think there'll be enough (he went hat 
Yes, that’s right—And Suppose we gave them these as well (10 eggs 
were also put in correspondence with the €gg-cups), how many wou 
1—4, no 5—Why?— Because they've got more. 
Hoeg (5311), after his replies of §2: “And no 


back in the vases Y a Id there be in 
each vase?— 5, 4-—Why?. (Y), how many wou 


must be the same numbe: ch vase, and t them all.— 
Yes. Then PU put that number (6).—: LO ANO must use 


` 2, and they were bi 
so that makes 2 for each vase.— x4 


re going t 
hem for all nt 


9 put just one flower in 
opposite each vase.)—Will all th 


e flowers. (He put m 
Owers go in ?—Yes.—Why?— 
i em (he counted 10, lik s e the 
Jlowers went into the vases. Oh! T know, Pi hase o but d eem s 
like this (putting a second tube opposite cach Vase).— Try it L pus 
in the flowers.) It’s exactly right! (surprised at the exactness of the 
result).? i i 

The next day, after being questioned about the 


eggs (cf. 82): *Now 
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ir med eggs will each child have eaten? —2.—Why ?— Because we 
n uen 2 twice (i.e. we twice put into the egg-cups a set of correspond- 
( 8 eggs).—That’s right. And suppose we gave them these as well 
10 more eggs)?—That would make 3.—And if they had these as well 
(10 more eggs) ?—That would make 4.’ 


The difference between these reactions and those of the earlier 
stage is obvious. When these children make a one-one corres- 
pondence between tubes and vases, and then find that the tubes 
will not correspond to all the flowers, they pass straight from the 
system ‘one to one’ to the system ‘two to one’. This marks an 


important progress towards multiplication. 

Let us compare, for example, the case of Rys with that of Blu. 
The latter, although he finally discovers the two-one corres- 
pondence, is still at the first stage because he proceeds by arbi- 
trary additions. Rys, on the other hand, begins by putting ten 


tubes for ten vases, and when he finds that there are some flowers 
left, does not, like Blu, attempt to estimate the number, but at 
once adds ten tubes, puts in the flowers without any hesitation, 
imilarly, Rol adds a row of ten 


and says ‘that’s exactly right’. S 
to his original row, and Hoeg says ‘Oh! I know, I'll have to put 
some more everywhere, like this." 

In the case of the problem of discovering how many flowers will 
go into each vase if X +Z is to correspond to Y, Rys, who is still 
at the first stage as far as this problem is concerned, begins by 
putting one flower in each vase, and goes on to two after the first 
few. Rol also begins by putting one and goes on to the end of the 
row, then, seeing that there are some flowers left, reacts as in the 


case of the tubes, and without counting says ‘Oh! it'll be two 
then.’ Uld and Hoeg, who are typical of the majority of children 
three or more’, 


at this level, at once state that there will be ‘two, 
ie. they think in terms of 2 to one correspondence, and then 


reduce 7 to two. 
As regards the problem with the eggs, Uld is still at the first 
g-cup, but without being 


stage and tries two eggs for each cg; ) 
certain, whereas the other children are certain from the start. 


Obviously some ‘training’ takes place between the first test and 


the present one, which may also be easier in itself. Nevertheless, it 
easons given by Rol (‘I must give two eggs 


is interesting that the r 9 g 
each timo?) andl Hoeg (‘we measured twice *) belong to the third 
ess of the existence of two one-one 


taining an equal num 
third set ‘one to one ; ^^ 
to the third in the relations 


218 ADDITIVE & MULTIPLICATIVE COMPOSITIONS 


that these children can already grasp the relationship z +n as a 
true multiplication, i.e. as the transition from 1 xn to 2 xmi 
To our mind there are three reasons for not accepting this view. 
The first is that, as we saw in §2, these children have not yet 
mastered composition of the relations of equivalence, and it 
would be difficult to accept that there is understanding of arith- 
metical multiplication without mastery of the logical relationships 
involved in the composition of these equivalences. ] 

The second reason is that these children do not immediately 
succeed with the multiple correspondence. It is only when they 
discover that there is a remainder, after attempting the one-one 
correspondence that they go from n to n +n. It is certainly a great 
advance on the arbitrary procedure of the first stage, but there is 
still some hesitation, and not yet immediate understanding such 
as we find at the third stage. 

The third and most important reason is that if the child at once 
interpreted multiple correspondence as a multiplicative relation- 
ship, he would certainly be able to generalize it from 2n to 3, 
4 or 5n, since 3, 4, and 5 are as familiar to him as 2, as we shall 
sec at the third stage. Here, however, the multiple correspondence 
is not generalizable. Rys, for instance, thinks that if three sets of 
eggs correspond one to one with the same ten egg-cups, each child 
will have two eggs, and when on making the distribution he finds 
that he has ten eggs left, he puts off the solution to the next day. 
In the same situation, Uld is inclined to think that each child 


gs, finally deciding on five because ‘ they’ve 


reached the third stage. 

We come now to some examples of the third stage: 

Gros (5310) was convinced that X =Z if X=Y and Z Y, ‘IfI put 
all the flowers (X +Z) in these vases (Y), how many will there be in 
each?—r blue and r pink.—How many is that?—2,—And if I added 
these (a new set of 10), how many would there be in each vase ?—3.— 
Why?—/’d put one, one, one—And now suppose we wanted to put them 
in iei tubes that will only hold one flower?—(He took 10 + IO 4 IO 
tubes.)’ 


Thi (6510): * We'll have to but 2 flowers in each vase? He afterwards took 
10 + 10 tubes. In the case of the e 


885, he at once saw that when there 
were 10 + 10, each of the doll: ] 


s would have 2 eggs, and that when there 
have 3, etc. 


Same reaction in the case of 2 and 3 sets of eggs, * And if I have these 
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ae 10 +10)?—4 for each doll.—And if I add these (10) ?—9, 


It is clear that these childr ; x 

posing the equivalences ainen a ot etan ae 
combining the relatio d nol "hn aes td Ad 
"geras jur ations and no longer by intuitive trial and error, 
ereBinn ionships of multiple correspondence involved in the 
doll VÀ put to them: two flowers to one vase, two eggs to one 
en nm a double series of tubes for the row of vases. Moreover, 
ced E is the interesting feature of this stage, as soon as the 
ice i rclationship is grasped, it becomes generalizable to 
Pini i and five. From this fact, two conclusions can be drawn. 
of cae Te transition from the intuitive to the operational method 
pee edure entails the possibility of generalization, of which we 
the shall seen some almost instantancous examples in the case of 
Pese all numbers familiar to the child. Secondly, the operation of 
ple pus is revealed in its true light, as being a mul- 
b ds umi composition. In the various correspondences, one to 
ike wo to one, three to one, ctc., the value of each new set 1s 

nger regarded only as an addition, but as a multiplication, 


« 
VID 
xn',*o xn’, 9 xn’, etc. 


§4. Conclusion: Multiplication of classes and numbers 


Our examination, in Chapters III and IV, of the various types 
hat the equivalence reached 


of one-one correspondence showed t 
through onc-one correspondence is multiplicative in character. , 
a is essential, both psychologically and logically, to distinguish 

€ various forms of equivalence. Additive and multiplicative 
equivalences differ by the fact that in the first, the equivalence 15 
in respect to one attribute (c.g-, blue and pink flowers are equi- 
valent in being flowers), while in the second, two attributes are 
involved (e.g., the fact of being flowers, and having a certain 
position in a series). Such multiplicative equivalences between 
classes occur frequently in the comparative sciences, zoology, 
psychology, etc., and the whole of this volume js an illustration 
of them, since the stages of development of one notion have been 
related to those of another. . 

Construction of equivalences through qualitative corres- 
pondence, and co-ordination of these equivalences, are already 
multiplicative operations, although number as such does not yet 
intervene. In order that multiplication of classes shall become 
multiplication of numbers, all that is necessary is that the classes 
in question shall be ‘singular’, as we saw in the transition from 
addition of classes to addition of numbers in Chapter VIII. 

5 


CHAPTER X 


ADDITIVE AND MULTIPLICATIVE 
COMPOSITION OF RELATIONS AND 
EQUALIZATION OF DIFFERENCES 


we examined the procedure used by 
d to make a set Y correspond suc- 
and Z, in discovering that if X=Y, 


and Y =Z, then X =Z. This composition of relations of equiva- 
lence leads, as we saw, to the development of numerical multi- 
plication, in the same way as the composition of qualitative 
correspondence of classes leads to multiplication of classes. 

It now remains to analy: iti i 
positions of asymmetrical r 
best field for such an investig 
beginning of this book: that o: 
tinuous quantities. It is true that by adding two sets or two lengths 
we obtain a total set or a total length, but these evoke a different 
idea from that of their components, whereas when a liquid is 
poured from one container into another, or when two units are 
added in a single glass, they essentially remain identical. 

In each of our examinations, we have seen that the process 
which leads from additive and multiplicative composition of 
relationships to number, and conversely, necessarily presupposes 
the equalization of differences. We shall find this again here in a 
more developed and generalized form, that of elementary 
numerical mensuration, and hence of common measure and 
constitution of units. All these problems will be met here and will 
be discussed in connection with the relationships dealt with in 
Chapter I, in order to study their possible compositions. 

It is satisfying to the mind to return, in this last chapter, to our 
starting-point, and to utilize what we have discovered in the 

i gation. There could be no better way of seeing 


course of our investi | ‘ 
ence and deep-seated unity of the mechanisms that 


hological construction of number. 


the child, when require 


[: the previous chapter, 
cessively to two others, X 


the interdepend 
explain the psy¢ 
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§r. Problems and results 


In the questions put to the children during this investigation 
there are six distinct problems, 

Problem I, that of conservation of quantities, has already beem 
studied in Chapter I. If A =B, and B is poured into a number " 
containers, will the new quantities C, D, E, etc., remain identica 
With A? Since we have already analysed the reactions to this. 
problem, all that concerns us here is to discover what level has 
been reached by each child, from the point of view of conservation, 
when he is required to consider composition and measurement. h 

Problem II is that of spontaneous numerical measurement. The 
child is given two or three quantities of liquid in two or three con- 
tainers of different shapes, such that he cannot estimate their ratio 
by direct perception.! He is asked to say whether onc of the 
quantities is equal to, greater than, or less than, one or both o 
the others, and ‘is given some empty, containers which he can use 
at will for the solution of the problem. Our particular concern i$ 
to discover whether the child 1s capable of constructing a definite 
unit, 

Problem III is similar to Problem II, but this time a common 


measure is imposed by the instruction. Using E,, a small, low, .- 
narrow glass 1 


measure, or merely to lack o 
tainers. 


s 7 : iü 

connection With problems I-III ad a Hin. pn Ha. 

E CO-ordi 3 à 

valence: ifL =A and A =G, mh oe 
Tae uh Problem VE ipi a question of numerical additive 

From. an abuse Mes, e ipu resulting from these relationships. 

10n it c. p 

and that if A is filled with - S ep s anrea that L +G =2A, 
The replies ER to these Various question; can be classified 

according te i rce stages, Corresponding to th found 

throughout our Investigati Ose we have foun 


lOns. At the first st i 
age, when there is 
1 Cf. Chapter I for the shapes of containers le » 


o relationships of equi- 
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ipn: d of immediate perception, we find: no conservation (I); 
nt of common measure (II); disregard of the common 
Pier mie used by the experimenter, and evaluation through per- 
P n only (III), and consequently complete incapacity to 

Le perceived relationships (IV-VI). 
a raring the second stage, the child discovers that there is con- - 
ervation in certain cases only, and cannot generalize (I). He is 
partially successful in measuring, but does not always choose the 


right container (II). When he is given a unit of measurement (III), 
| criteria. Problems IV and 


he continues to use perceptua 
confront him with the same difficulty, and Problem VI proves 
that he is still incapable of any general composition. 

At the third stage, the child has grasped the fact that there is 
conservation (I), he is capable of measuring, making use of a 
common unit (II-III), and is successful with all the elementary: 


compositions (IV-VI). 


§2. Development of the notion of measure (Problems I-II) 
i For the sake of clarity, we shall study separately the questions 
involving measure (I-II) and those involving composition 
(IV-VI), but remembering that theoretically the first differ from 
the second only by the practical character of the activity they 


involve. 
We give the child two or three 


of liquid. He is first asked to make an evaluation by looking at 
them. All children, at whatever stage, 
of the perceptual illusions due particu 
the levels. We then say: ‘What can we 
got all those empty glasses; pour it out 
reaction from the child, we ourselves show him what we mean, by 
pouring out the liquid from the first two containers. There are two 
c child does not yet believe in con- 


possible alternatives. Either th 
servation, in which case measurement 1 


that any chang 


in quantity, or else he. 
questioning to be continued so a 


he makes. 
examples of the first stage: 


Here are some 
Bo (6;0): Problem II. He was given G; (blue) =W; (pink) =L, 
(green). * Áre they the same?—4JVo, there's more here (14) than there (Wy); 
but here (G3) there's a litile less than there (W,).—How do you know?—I 
can see.—Wou you used the other glasses ?— 


e from one container 
he has sufficient grasp of co 
s to sce the various compositions 


ld it help yoy to make sure if 
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E ‘i into 
Yes, one other (taking P and putting it next to Wa). PU pour the green in 
it (L, into A frin pem are you going to do 7 one er 
one (L;) be any use?—(He did not understand. )—Suppose you P coss 
this one (W,) into that one (L4) ?—Yes.—How far up would it —— 
(He pointed to the same level in L, as in W,.)—Why?— zi red 
suppose I poured this one into there (W, into A,)?—(He sti p arts 
to the same height.) —(W, was then poured into A, and Bo saw ra c» 
level was higher.) And suppose I poured this (W,) into that os j Is 
No, it wont come up as high (as in A,).—(W, was poured io ee 
there more green (L,) or more pink (L,)?—The same.—And i Irhis 
this (L,) back into that (W,) ? — r1] come up higher. There's jue c j? 
was then done.) Is there the same amount of pink (W,) and green " ri 
—WNo, there's more Sreen.—If I drink this (W,) and you drink that rer 
shall we both have drunk the same amount?—Vo, not the sae )? 
if I pour this (W3) into that (L5) ?— The same.— And into that one (Wi 
—No.’ 


‘Look, m putting the same here (W,) and there (W,). Is m 
Same amount?— Jv; And now that I've poured that one (W3) akas 
those (C, and C,)?— No. It’s higher, and there are 2 glasses. That m 
more.’ 


oblem III. ‘I’m putting tha 


Pr ) little 
each of these glasses (P, very wide and low, T, less wide and a 
taller, and L, tall and narrow) aces 
it with that one (E,).—Is there the same amount in the three glasses? 

ere (L) it’s more than there (T), and there (T 
you do it again?— (Bo 5 ve 
glasses.)—So if we give 3 glasses to each of these little girls, they'll ha i 
the same amount, will they?—Wo, that one has a lot (L), and that on 
hasn't (T). And that one’s got les. 


h? 
s still (P).—But what did you pour with! 
—With that one (E,) 


same?—No, theres more there (L), then there (T), then there (P)? E 
Jol (630). Problem II. He was given three equal quantities of differ- 
ent coloured liquids, L= N. =G;: ‘Are they the same?—Here (G1) 
its the least. —And there (W1)?— Medium — And there (L,)?—A lot. 
s one ORA the Mi SONT you do anything with these er | 
asses to see if you're ri ht?— (He t ? reen (Li 
Bo dena ore big. PU habe ig ook As) DI have to put the g 


€i A No.—If I t this (L,) into that 
(Ws); will it be the ue height here (W,) and dise Wd itll 
Pe higher there (Wa) than Wee a) —(C was pone)” We,)—Oh! 
They’ re bot, e same!—( Was t . 2 
Ee Teter’ Ines vas Puig as then Poured back into L,.)—JVot the 
*Suppose I pour this (W,) into that (T, Hry int- 
ing to the-level o£ W, on Ta E pond it eut) Lone Md Pre 
both the same (L; and L,) I—Why? ^ p, i / 


cause You poured out the pink (W1) 
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ee too small : you poured it out of a little glass (Wy, lower but wider) into 
ae glass (Lg, tall and narrow).—And suppose I pour it back?—Jtll 
d up to there (indicating the same height as before).—(I did so.) Why 
T s it come up to there?—Because there's more green (La); the pink’s less 
D » poured into W,).—But were they (L, and Ly) the same before?— 
es, but you poured the pink (Wi) into the very big one (La) 
"is roblem III: ‘And now watch (pouring E, three times into Uj, 
n into G,, then into L,). Is there the same amount in all three?— 
4 9.— What did I do?—You took it in that (Ey) and poured it into those.—Is 
here the same amount?—No, there's a little more there (L4).— What did I 
pour it out with (pointing to E, and repeating the action with my 
ager); Did I take the same amount with that (E,)?—Yes.—And is 
here the same amount in these three glasses?—No.? 


These reactions of the first stage are extremely important for 
the understanding of measure. There could be no more striking 
evidence that measure is impossible without conservation of the 
quantities to be measured, for the very good reason that quantities 


that are not conserved cannot be composed. 
confirmation of our 


These children not only provide a clear 
findings in Chapter I with regard to conservation in general, but 


they also indicate in the most obvious way their pre-logical 


attitude. For instance, Bo thinks there is more liquid in L, than in 
with L,), he agrees 


Wi, When W, is poured into Le (identical ; 
that they are equal, and yet when La is poured back into W, he 
no longer accepts the equality. Similarly, Jol thinks that the 
green and pink liquids are equal in W, and Ws, but that they are 
not equal when W, is poured into Ly, etc. ; 
Obviously in such a situation measure has no meaning, and 
the child does not understand what he is supposed to do when he 
is asked to verify his evaluations by means of the empty glasses 
given to him. Thus Jol, in order to compare L, and Wj, wanted to 
pour L, into Lẹ, and W, into Ws, regardless of the fact that it 
would make no difference. Then, ‘when it was suggested that L; 
should be poured into W, he completely failed to see any use in 


S : 

e ins is even clearer in the case of Problem III, which 
involves the simplest form of measure through additive com- 
position. glass E being poured three times into each of the con- 
HS G, T and L. The children understand the 


U and L, or P, : 
data perfectly, and Bo himself repeats the operation correctly. 
But at this level the child does not conclude from the fact that the 
distribution was equal that the resulting quantities are also equal, 


explicitly that the same amount was taken with E, but 
Jolsana H t the same amount in G, U and L. If the terms *pre- 


that there is no pane i 
lo gical’ and 'pre-numerical have a meaning, they must surely 


Q 
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be used to qualify a behaviour in which there is complete negation 
of the axioms of equivalence. 

We now come to the reactions of the second stage: 

Vis (659), Problem IT. G, (blue) =W, (pink) =L, (green): ‘Are ine 
the same?—Wo. There's more here (L4) than there (W,) and this one (W 1) 
more than that (G,).—How do you know?—/ can see.—Take these emp y 
glasses and see if you’re right.—(He took L,). It’s the same size as j ie 
one (L,).—Well then, what must you pour into it?—The pink (pouring 
W, into L,). Oh! There's Just the same amount. I thought there was more £r ie 
—(L, was poured back into W,.)—Is there the same amount of PAST 
and green?—JVo (hesitating). 7 don’t know.—If I drink this (Wi) 2 
you drink that (L,), shall we both have the same amount to drink? 
No, I'll have more (L,).—And if I pour this (W,) back into that (Lg)? " 
Both the same.—And if I drink it out of this one (W,) ?—JVo, not the E 

Similarly, after recognizing that ‘theres just the same amount’ 1n E 
(pink) and A, (green), when A, was poured into B, +E, +E, + Est 4 
there was more green (while if A was poured into B, +B, the Ern 
remained constant.) ‘And when all the green was in there (Az)? 
was the same (as the pink).—And if I put all the green back into tier’ 
(A2), where will it come up to?— The same height.—Then are the gree 
(B; +4 E) and the pink (Aj) the same?—Yes, the same (hesitating ae 
pouring B, + 4E into A3).—Why are you pouring it out?—10 Seo 
they're the same. No. ill come up higher. . . . No, it'll be the same. Yes, it e 
„Ree (650): L, =W, 7G,. Ree thought L,7- W,7 G, and to find ou 
ifhe was right took Ly. ‘Show me how far up it will come.—(He pointe 2 
on L, to the level of W, and poured.) Why, it goes up to the top! —Why: 
— They're both the same~—(L, was poured back into W,.)—4ts getting 
very low (laughing).—Shall we have drunk the same amount?— Yes, 


when you pour it into there (Lo), ils the same hei it’s bigger. —AD 
ght because it’s bigger.—4V 
what about those (W, and G )?— This one (G,) is much bigger —Which 
glass will you take to find out?—(He poured G into W,.) It’s the same.— 
(Wa was then poured back into G,.)—Its the same-—And what about 
due aa m test don’t know. Well have to find out. There’s ie: 
ere = We pour thi i i e u 
to the top. I cart tell? p ms (Gy) into that (Ly) ?—It might com 
Ree was then given G and P containi 
but without duplicates for com; A 
x E Parison. He had h W, and Ws 
which were empty. *What can you do to measure? ] don’t Lani (He 
poured P into Wy.)—Are this Y 
What can we do then?—7 don’t .—Can 2 ea 
was then poured into W,.)—Oh!? we pour it out?—.. . 
Pro (7;0) also was half-way to 
à Y towards th. i ion and 
mom n iu I and fr. Problem III: He Rd repe con- 
amers D, O, > and th E : 
cach. *Is thetethe same Ria same quantity, 3 was poured p 
(Ly), less here (Dy) and very Litt A n 0. Ther? s more 
poured it fu we times that (E,) ere, Seana emer 4v 
are they tl pese o. Here (O,) you've only put half.-—(All the liquid 
was emptied out.) New you pourie out as I did before —(He poured 
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3 E, into eac 
e Hos i ma one.)—Are they the same?—No. This glass (L,) is bigger. 
They «a y u pour it out?—7 put one there, and one there, and one there.— 
rae ae the same?— Yes, there's the same. That one (O,) is wider, and 
— There 1) is narrower.—How do you know now that they're the same? 
Po — the same amount in that (E,).’ 
iod. 31 1) was almost at the third stage as far as problems I and II 
and B ncer ned. For problem III he was given 4 containers, G, L, W 
poet » Into each of which we poured 2 E: ‘‘What did I do?—You 
en with that (E).—Is there the same amount in all three?—JVo. 
du s$ more here (L)? 
us ot (7;6). Problem III: He was given P, L and A empty, and 3 E 
apes into each: ‘Is there the same amount in each of them?— 
Tell 5 less yellow (P).—(We began again.) And now?—Less yellow.— 
No in I did.—(He reproduced the process exactly and said): 
My re p 5 D ve T 7 7 
litli one (E). same. You filled that (E). You had the same every time in the 
As far as conservation is concerned, these reactions fully confirm 


ou acs ; ; 
r findings in Chapter I. There is conservation when the changes 
ble, non-conservation 


eie d slight and not too easily percepti atio 
Pee the changes are more obvious, then gradual belief in 
Ta ancy as a result of successive verifications. Vis, for instance, 
L S not at first think that Lı -W;, although he agrees that 
A =L, when W; is poured into Ly. He sees that A, =B, +B, if 

2 is poured into B, +B,, but refuses at first to recognize that 


A, -B, 4E when B, is poured into 4E; etc. 

In such circumstances, measurement begins to be possible, but 
without as yet any systematization. Unlike the children of the first 
Stage, these children spontaneously make use of the empty glasses 
as instruments for measurement, and even (towards the end of the 
stage) as common measures. Thus Vis, when told to see whether 
the quantity in L, was equal to that in W,, poured W; into Ls, 
and Ree used W, to compare W, and G,, and so on. 

In spite of the fact that these children spontaneously discover 
the notion of measure, which makes its appearance at the same 
time as the notion of conservation, it is essential to notice the 
limitations of their metrical capacity. In the first place, as the 
construction of conservation is not yet completed, their estimate 
of the measurement depends on the elements taken into account 
(as for instance, when Vis judges the quantity ın W, by comparing 
its level with that in L,). In the second place, as there is no 
rigorous composition, there cannot be co-ordination of successive 
measurements. Thus Ree, after using L, to measure W, and 
seeing that Lı and W; are equal, also measures W, and G; but is 
incapable of deducing that L, =G. It is obvious that this in- 
Jationships (cf. Chapter IX) 


capacity to combine equivalent re 
affects measurement. W,, ought to be the common measure 
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between L, and G,, and since composition is lacking, See N 
be no general unit. In comparing W, and L, by means o L 
these children were not measuring in the true sense, because al 
Was not a mean term distinct from L; buta duplicate ison 
with it. When the mean term is different in shape and e bed 
these children find great difficulties. The samc Ree, for instan E 
when he had to compare G and P without duplicate glasses, W 

unable to find a common measure without assistance. mi. 

This brings us to the third limitation, which is revcale 


k € its? of 
Problem III. At the second Stage, there are not yet ‘units’ O 


measurement, i.e. there is no e HES 
being added or multiplied. Thus, when E is poured three te 
into various containers which the child has to compare, 


t was unaware that an e 
til he was made to repeat bk 
process in detail. As for Pro, even when he had himself poure 
d to accept the equivalence, a 
being made aware of the units 


a common measure, 


We now come to the third sta 
of operational Constructions, H 


: ere are s the first 
being a borderline case between th dando Rien 


Ar (6;8). He was given the same i T nd 
thought that L,— W,>G,: “How do you poor quid Miley cla 
you be able to tell better ifyou took One of those glasses! E e ib 
put it by Li, poured L, into it and said): Ir, P gni. size. I'll pour out 
this one (W4).—Where will it come up to?— (He poi t age b n half- 
way up L, and poured it out.) IPs the Same.—(L, = ay 4 Tesi into 
W;.)—And now?— They're both the same! (L, and Ww E Lg nid 
W; was equal to G, he wanted to Pour G; into w.. ‘Wh SET it come 
up to?—(He pointed to the same heigh y LIUC 


tas in W, and Poured it out.) 
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re i 
n E had Sema an is there as much here (L,) and here (G,)?— 
They're the ke here (L,).—And what about those (W, and Sre 
that (W,) int ve.—And these two (Ly and G,)?—Oh yes! When we poured 
cea FL iul glass like that (L4) it was the same. So those (L, and G 
E RUE ave we tried it, to see? —JNo.— Then how do you know? 
here's the same amount of pink (indicating Wy —G;), s0 there's 


— in all three? 

ro ai. r . 

same a E : ‘was poured 3 times into B, W and P. ‘Is there the 

sap dilounk in wi gree pnt s the same in all of them because you put the 

(B, W and Py Th that (E).—But why is it higher and lower in those 

that one (B) i m= his one (P) is smaller, that one (W) is medium-sized, and 
is bigger, but there's the same amount. You put the same amount in 


liigh it’s lower and higher.’ 
San. (6; s SI] 
Try a) Problem II. L, =A, =G. San thought that L,> A> Gi 
(Eras na = glasses.— (He poured A, into Ls.) They're the same.— 
How da pour » back into A,.) And those (A, and L,)?— The same.— 
Gj n ! now ?— measured it with the same one.—And those (A; and 
thea T 3 hink they're the same. We must measure. (He poured G, into L, 
il, 1 As.) They're the same (pouring back).—And those (G, and 
an d A hey’re the same, because we've measured : we could see that those (Gy 
m were the same.—Yes, but what about these two (L, and G1)?— 
PE. measured that (Ay) with that (La). 
aoe TII: E was poured twice into G, P and L: ‘Is there the same 
Jan ex all three? — Tes, pou put 2 in each time? 
Hre i 36). Problem III: E was poured twice into G, P and D. ‘Is 
the same amount?-—No.—Why?—There’s less here (G) because you 
in 3.—(The 


d there (P and D) you put in 
and they're the same. I 


as asked to compare G, and Py without 
he poured G, into D,, marked the level 


and compared the two levels! 
en). The 
do to make sure? 


=H, (pink) =L, (gre 
e.— Yes, what can we 


into A, and com- 
then took 


D,, leaving some in Ly, t 
pared it with A,.) No, there isn’t more. It’s the same. 
he pink (H,) and the 
he pink 
poured it in? , 1 
Van was also given and P without duplicates. He poured G into 
W, and P into Ws. When he had to estimate the quantity in A, (partly 
filled) without using A» he poured A, into L, +L, +L; (full) and Ws 
into La + La t Ha x 
In the case o problem III he at once said: ‘ They’re the same because 
cach time you puta little one (E) in. each one." 
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The difference between these reactions and those of *^ uem 
Stage is obvious. There is no need to point out that a dis 
children assume that there is conservation, but in addition to Ee 
they can measure of their own accord, Ar with some pt of 
but the others systematically. The most interesting case is th 


; eV co- 
à common measure, and Jan by calculation. Moreover, p A 
inati surements is spontaneous, as is shown by 


lem III is solved without hesitation, which 
at once discovers the relation ‘in each he 
tainer, so many units’, In a word, what is new at this stage sah 3 
asure and the unit, and these defin 
distinct from mere intuitive co- 


§3. Composition of relations and of numerical units 

From what has been said 

of measurement: in measuri 
served, and introd 


erefore now analyse the logical and 
at intervene, not only in the preceding 
> V and VI, each of which pa 
a specific lesson to teach in this respect, It will be remembere 
that Problem IV has already been considered briefly in Chapter Í, 
and that Problem V is ay application of the findings of the 
previous chapter to continuous quantities, but in order to under- 
stand the answers given to Problem VI, which particularly 


i RON A 
concerns us here, it is Important to know each child's reactions to 
questions IV and V. 


Here are some examples of the firs 


Fum (530). Problem ry. ‘Take this glass U,, j| full of pink liquid). 
It’s for you. Now put the same amount, for Ron P that ai (1) — 
(He poured blue liquid Into L, to the Same height as in U,.) It’s the same 
amount.—(U, was poured into L,, Which was then full ) Who has got 
more?—] have.—(L, was pour low make them the 
same.—(Fum put in a little more re, about 2 fL ) Remi has 
more.—Are you sure? (U, was Poured into L )—Oh nol SY ot more.— 
Why?—Remi has drunk some? = i s 
Problem VI (simplified) : “Look, this is for 
for you. Is there the same in both? 


ir me (Aj) and that (A) is 
B,) Have we both got the same amounts ves Dome ee Bi and 


9, ther? s more Sor you 


t Stage: 
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becaus: NECS 
e re x " 
there's just a little more in there —Where has it come from?— 


There’ 
ire g ü Sco cmo you poured it into there, it's different, it’s more.—And if I 
(He ns m im back into that (A,) where will it come up to?— 
Vins the iste that the glass would be full, then almost full.) Before, it 
glasses-—(It as mine (As). Now it'll come up to there —Why?—It was in two 
Oiler to lave ua poured back.) —Oh/ 1s the same? Similarly Fum, in 
and x ave more liquid than I had, poured A, into E, +E, 4 Es +E4 
xpected that when they were poured back into A, the level 


ns be higher than beforc. 
n answer to the question ‘What 


hi s p 
pne {oan mine?’ Fum, whose liqui 
v picked up L, (rightly so, because it was narrower than A;), but 


went S E " 
no further, and said: ‘Jé won't be higher because you've gol a bigger 


lass. A 
glass? He then tried to find a glass bigger than A, and took P (wide and 
it. Then he tried pouring it into H 


ers poured 3 of his 4 E into 
diem r than A, but almost as wide), into S (big and wide) and finally, 
ML TAN, said: * IP's still you." He was thus expecting that the level 
his UEM as the size of the glass increased, and he only used 3 0 
M 1 asses, as though the whole was not the sum of the parts. 
ios ene: Problem IV (U; was à full): Mol filled L, to the same 
eund MES then tilted, and Mol looked at the slanting surface of the 
quid: * Theres more here (Us). No; there's more here (La), because is 
) and pour it into there 


higher. 

T Ma V (simplified): "Take that one (Wi 

Sl and then into there (A,).—(He did so.)— Tell me what you did. 

š poured with that (W,) into that one and that one.—Then 1s there the 

ame amount to drink in both?—JVo. There's more here (Ay) than there 

r.—But how much was there in that one (W4)?— 

ake the same amount." 

*Is there the same amount here 
i ap). L's the same, 


og (Ly) ?—Yes.—Watch (pouring L, into E : 
ecause that one (E) is half those (pointing to 2 E).—And if I do this (Li 
poured into P)?—Oh — But where did I get this 
(P) from?—From there re." 

Sot (5;6) reacted in the same way the case of con- 
servation and measure! of this he was tried with problem 
VI, without simplification, d P, and L, and said 
* They're the same.—Well now, watch what T'm doing (pouring 2 L, 

e the same amount for me ‘A, =2 Ly) and for you 
if I do that (pouring Lı 


into A,). Is ther 
. Due got more. Oh no! It’s the same 
j What did I do?—You 


(Ly +P,)?.—No TEG 
into Àj). .-- No, I’ve got more.—Why?— - - - — ; 
poured two of those (Lı) into that (A4).—Well then?—J’ve got more.—Are 
these the same (Ly and Pi) ?—Yes —Well then?—But that one (P1) i5 
round, it makes more.—But isn’t this (L,) the same as that (P,)?—Yes if 
3 S they the same?—JVo, here its like that (Ly +P) 

this (P,) into that (Aa) where 


do so that yours will be 


must you 
d was in 4 E while mine was mn 


(L,) and 


Then are 


ou pour it out.— 

aie there’s that (Ay).—Tf we pour 

will it come UP to?— The same height (as Ay=2 mA P).—And that 
Lower (pointing to 4)? 

‘Watch (pouring 2 E into B). 


Ly) ie 
one DET had just poured E into P: 
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2 
"Those are for you (E +P) and this is for me (B). What is — T eM 
—Twice that one (E).—Have we got the same amount mei ns 
got more. No, you've got more, because it’s bigger (B).—If I posce d that one 
that (B) where will it come up to?— (He pointed to DE n they the 
(E)?— (He pointed higher, almost to the level of B.) —And are 

same, that and that (E and P)?— Yes.’ 


"e b : ical. 
level are incapable of any composition, either logical or wire 
As we found in Chapter I, 82, they are not capable of mu Eit 
the two inverse relations. of height and cross-section 


ildren at this 
Further examples are unnecessary to show that children at 
e 


and of measurement, prec] un longer 
of composition of equivalences. In Problem V, it is no 


in Chapter IX, but of thie equalization Bt 
three pairs of relations, each of which is a multiplication of m = 3 
by cross-section. As we saw in §2 of this chapter, Bo and Jo 


them to compose them, and we simplified the problem by or 
i pour the contents of onc glass into 


as he said, 1 Was ‘quite full’, it 

As for Problem VI, it w il 
questions asked being of the following type: if A, 2B, +B», "E 
B, +B, Sage TB L, =E, + » and if L, =P, shall we have E, + Ea 
=P? Fum thought that B 


nteresting 


: ,_ 24; presented in the form P, *L-AÀs 
or P, +E, =B, is not understood because the child judges from 
his perception and not fro iti i 

concluded that Py +L, was More than A 
that A, =2L, and that Psr, e gave being that 
there was more because Was round. Her decided that B was 
more than P +E, although B s 2E and p E. Thesecond reaction 
gh he remembereq =L, and 
A, =2L,, Sot thought that when 1 Was pound a, DP un 
reach the present level in A, eT. Would reach only to one- 
third, and Her, while agreeing that P +, thought that P would 


— 
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om z 3 
alm rly Be one-third of the level of B, while E would reach . 
pie = level as B! Children at this stage have therefore 
ded ade ivided the liquid into fractions, because there is no 
conservation, and therefore no possibility of additive 


compotion. 
HR aos of composition is so amazing that one constantly 
of the a there is not some misunderstanding on the part 
beds net Bid, 1e whether when he says *there's more? or ‘less’ 
This iot oa cly thinking of the level, instead of the total quantity. 
always mpg must, however, bc excluded, for we have 
dee ee Heap the greatest care to see that the instructions were 
to emere eer specified ‘more (or, less) to drink’ in order 
child think e there was no ambiguity. Moreover, when the 
Marr we i of the level, it is precisely because he is unable, for 
eles meget logical tools, to picture the total quantity 
ing thi e than by means of one of its aspects, without co-ordinat- 
ethan : particular relationship with the others. He frequently 
bu xpi to take the cross-section into consideration (Fum, etc.), 
doubt t en forgets the level. Generally speaking, there can be no 
hé s hat the child understands what is required of him, since 
ano eng ec 2 transfers the liquids from one container to 

W er in his attempts to measure and verify his results. 
ve now come to the reactions of the second stage: 

Vis (6;6). Problem IV: P, was $ fall and L, empty. To find the same 
P.. ‘Is there the same 


quantity, Vis filled L, to the same level as Py. 
(L4). (He poured some back from L leaving 


hore. We Dve got more (Ly 
e. 2).—Oh no! Now you've gol more (He made them equal again, 
Pr made L 4 full.) Wo, Tve got more, etc." : 
su roblem V. Ly (blue) =W: (pink) =G; (green). The equality was 

own by simply pouring the blue into W, then into Ly and then 
pouring the same amount of pink into W.. ‘Is the blue the same amount 
ES the pink?—Yes.—Is there the same amount of pink and green?— 

ts.—And is the blue the same as the green?— es (hesitating).—Are 
you sure? —No.—Why?— This one (Ly) is narrow and that one (G3) is 
bigger. (He took W, and Wa poured L, into Ws and G; into W, an 

: They're the same." 
pty. ‘Put the same 


only then seemed to be sure): 
P, was 4 full and L, em; 
RI- don’t know how far up it 


Ree (6;6). Problem IV. v 
amount in here (Lı) as there is there / i 
will come (filling La 3 full. Thats right. No, this one’s wider (B). LU 

i into L,). Oh! It comes higher.—(La was filled, 
mount to drink?— 


h te run 2 
tane D o Bis. 1 full). Is there the same à. 
1 — (He poured L; 

into Ly and P, into L4). 


P, was 
ith a glass like that one (P2)- 


using $ of Fa, " 
^d like to try again will 
(He poured back Ps 


into Ps): They're the same 
: 2) 4 the same height." 
Problem V. We saw in $2 that, after seeing tha 

and G,, Ree thought that if Gi wi 


equal, then Wi p 
«it might come up to the top. I cant tell’. 


t L, and W, were 
as poured into Ly 
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Problem VI. E, was poured twice into A,. The child fae sius 
E, once into U,. He was then given U, and E, : "Tell me Ead à A 
You poured twice (into A,).—You’re going to drink those (E, + DAC 

"m going to drink this (A1). Shall we both drink the same ame title 
No, I don’t think so. I want to try who'll have the most. This one (U,) isa ac 
&lass with only a little in it. —But are this (U,) and that. (E,) the se 
Yes——And how many of those (E,) are there in this (A1)?— a d 
Well then?—Then boih of us will have the same amount. These two ( ^ SI 
E.) were put in. They're the same height. We'll have to try.—Are you sure: 
We'd better try? PPP 

He was then asked: “IfI pour this (U,) into that (Ay) how far u = 
it come?—(He pointed to half the level in As, which was m j WE 
Why?— Because it’s the middle. This one (Ug) is the same as that ( ea he 
Why will it come to the middle?——7 don’t know if it will be exac y nl 
middle (pouring Uy into A,). Yes, look, it’s the middle. Ag was 
poured back into U, for the next test. Sp it a1, SW 

He was given E, +U, +A, (with A, =2 E) full of pink liquid: pe 
many of this (E) must I pour into that (As) so as to have the h iy 
amount as all those?— Tio. Try, (He touched cach glass with m 
finger and Counted.)—J/o, 4, that ll come to the same height.—E (blue) M 
poured 4 times into As.)— Yes? Then Ree, who was never convin 
at once, took B, and said: ‘Pa like to 
E; * U;-- Aj). —How far up will tl 
height in As, although B, was narr 
(going on pouring). Is higher. I don’t un 
poured into U, and A, into Us.) Oh! 


! They're the same height! 
Bor (7;0). Problem V. He had di i 


into Pj). Are these (E, +P,) the same amount as that (A,)?—WNo. There 
(Aj) it’s twice, and here (Ey +P.) j 
(P,) the same?—Yes.— And if 


(A1)?— Twice that glass (E;).—And if 1 drink this (A d you drink 
those (E, + P,)?— 7y drink more, ‘our d p that (Ay) is two. 
—Why four?— Because thats bigger (P4). Poe Sot two glasses and that as 
well. ie S. big Fas (Py) and this ij little one (Ex) so that make four 
d pata P. orc counting E, ang Pi as 2, then arbitrarily adding 

If I pour that (Ej) into this ( UR ?_(He 
indicated half the contents cf A-A Ei e - qe 


There (E,) and there (P ) it’s t 
higher. . = (He seemed Puzzled, ore weasured that (P,) it would get 


ic ; n one hand, E in the other, 
m and at E). Thats two glasses. Ss - Oh no! It'll 


ADDITIVE AND MULTIPLICATIVE COMPOSITION 235 


rus to the same height!—How did you find out?—4 saw that that (Py + Ej) 

s e same amount, and this (Es) the same glass." 

de a (730). Problem V: After measuring the equality of G, and W, 

in im of W, and L,, he thought that L, =G,, but instead of deduc- 

b e i. simply inferred it: “IPI be the same, because there (G4) it’s more 

x tched out (looking at it carefully), bigger and thinner. You think it’s 
ore because . . . (pointing to the level) but it must be the same.’ 

Problem VI: Gis poured P, into E, and I poured 2 E, into B,. ‘Pm 
poing to drink this (B,) and you'll drink that (P, +E,). Shall we drink 
same amount?—Yes, IIl have the same as you. Yours ts bigger. If we put 
those (P, +E,) into there (Ba) it would make the same amount.—How do you 
know?— . . . —(B, was then reduced by half.) Are they still the same? 
—No, I’ve got more.—Then how do you know?— . . . —What did I do 
when I poured it in?— (He pointed to Ej.) You did it with that. Once that 
(E,) and the half (of B,).—Are this (P,) and that (E,) the same?— Yes. 
—And that one (B,, into which the other half had been poured back), 


is it the same as that (P, + E,)?—Ves.’ 

‘If I pour this (P,) into that (E,) how far up will it come?—(He 
pointed to the same level as P,.)—And if I pour that (B,) into those 
(E, and E;) ?— T hal will make one and the half.—(E, and P, were poured 
into B,.) Are they the same ?—Yes.—(They were poured back.)—If I 
pour this (E,) into that (Bz) how far up will it come?—(He pointed to 


the same level as Ey.) The same height.—Is it the same amount (P, and 
E,)?—Yes.—If I pour this (E, + P,) into that (B,) how far up will it 
come?—JPll be quite full (pointing to a higher level than B,.)—If I 
drink this (B,) and you that?— Mine will be more.— (E; + P, were poured 


into By.)—They’re the same!” 
are the same?—Yes.—And if I pour 


‘Then that and that (E; and Pj) 
?—It ll come to the same height (as B1).— 


all that (E, +P) into there (Bj)? 

Yes, that's right. And if I only pour in this one (E,)?—(He pointed to 
$ of the liquid.)—And if I only pour in that one (P,)2— The same 
amount ($ of the liquid).—And if I pour them both in?—The same height 
(as B,).—And if I only pour in this one (E,)?—A little less (8).—And 


that one (P,)?.—A little less ($)? ] 

Lois (7;0). Problem V: He measured the equality of G, and Wi 
then of W, and L,. * And will there be the same amount to drink in 
these two (G, and L4) 2 —1 think so.—Why ?—Because here (G4) is more 


hy it’s low down.’ d r 
+P,) are for you. This one (A, into 


spread out. Mu je dice gi 
Eur 3 se (E 

de s 3 ©. Tell me what I did when I poured 

— And is there the same 


which 2 E was poured) is for me. 
o d twice with that one (Ez)- 

D.) and tha And in that (E,)?—The 

ink, if this (A) is 


i — You pot I 
it out. lot Ap ) and that (Ej)? —225.— 
"ve got more because I ^ll drink two 


in this 
amo hen have we both got the same amount to dr 
«ne and those (Ps +E) are yours?—I 

and you only that (A,).—But is that (P,) the same amount as that 
glasiti ņ—And what about these two (E, and E,)?—0h yes! It’s 
These two (E, +P) are the same, and you poured out that (E4) 
the same amount.’ 


the same. 
) into there (A3); 


twice, 50 that makes 


* And if I pour that (P, how far up will it come?— 


236 ADDITIVE & MULTIPLICATIVE COMPOSITIONS 


(He pointed to 2.) —And that one (E,)?— The same height (3).—And 
both of them?— The same height as that (level in A1). 


These reactions show, as usual, that at the second stage there is k 
beginning of co-ordination, but that it is mercly intuitive, withou 
operational composition. 

PT his can be ^ em scen in the solutions given to Problem IV 
These children, in contrast to those at the first stage, jou = 
simultaneously height and cross-section, and expect the leve E 
the narrow container to be higher than in the wide one. Instead, 


parallel. At the earlier stage, the children were not capable of 

deducing the equality G, =L, from the equalities G, =W; a S 
1 7L, since any notion of conservation or measurement kis 

absent. At the present stage, on the contrary, the child succee 


GSL Nevertheless, in spite of appearances, it would be be 
to assume that the child reaches this conclusion as a result of are 
i i mposing the general ae 
ties L; =W,; W, =G,; therefore L, =G,. He discovers the corre 
result merely by virtue of an inductive analogy. In establishing 
the equalities L, =W, and W, =G, he has to establish at lea 
four equivalences, and when he j aus 
1 he is inclined to think that probably the equi 
valence will continue, but for him 
and not of logical necessity. Ree, fo 3 
haps’ L, will equal G,, but is not Prepared to make a categorica 
statement about it until he has 
accepts the equivale. 
the same amou 


: , 950 of equivalences, V, how- 
ever, the equivalence is siyen Cd €s. In Problem I 
to be constructed, while 


to Problem VI, for here th 
metization of the additive a, 
relations in question. Non 


ADDITIVE AND MULTIPLICATIVE COMPOSITION 237 


omau in understanding that E, =U,, all of them remembered 
at 2E, had been poured into A, and yet none of them arrived at 
a complete deductive solution. 

As for the equality E, + U, =A,, Ree, for example, is torn 
between the idea of equivalence and that of non-equivalence, 
because U, ‘is a little glass with only a little in it". The struggle 
between reasoning, which strongly suggests that E+E =2E, and 
perception, which suggests that there is inequality, finally leads 
Ree to the conclusion that ‘we must try it’. Later, he understands 
almost at once that to obtain a quantity equal to E; +U, +A, it 
will be necessary to pour 4E, into Ag, but is still anxious to verify 
it, and when he has poured E, +U, +A, into B, he fails to see 
why the level in the narrower container B, differs from that in As. 
Bor also is torn between reasoning which tells him that E, +P, —À4 
since P, =F; and A, =2E,, and perception which suggests that P, 
is larger: hence his conclusion that P, +E, ‘makes four times? and 
A, only ‘twice’. The term “four times? must here be merely the 
expression of a perceptual evaluation, since Bor himself says that 
only one E, was poured into P,. Gis has from the start the impres- 
sion that P, +E, =B,, but it is only by analogy with the previous 
equivalences he has met. He is incapable of giving an explanation 
for his belief, and when asked to be more precise about his original 
intuition he goes so far as to say that E, +P, will give a higher 
level than that in Bi, and that "there's more’. Lois, although he 
clearly understands the data, begins by saying that there is more 
in P, +E, than in A,, ‘because PIL drink two glasses’, but he 


afterwards recognizes the equivalence. : 
"These children, then, are not yet capable of composing three 
of four elements into two equivalent totalities. Or rather, while 
they find no difficulty in so doing when there is no opposition 
between the relations and perception (e.g. when E, +E, =E3 +E, 
they have not yet reached the point at which rational composition 
i over perception. 
‘The Position js wen clearer in the second part of the problem 
«volves decomposition. All these children are aware that 
A, =2E1 and that E, =P; and yet when asked about the level 
: "quid in E, if it is poured into Ag (which is placed next to 
f them are certain that it will he ae the vibe = Ay 
: f the contents of P,, and that By *^1 
that ibe eee Ree alone says ‘half-way because 
will EN ere amount as there’ (E4), but he at once adds ‘I don’t 
it's the SS exactly half-way’, as if to make quite clear that it is 
- of deduction bu 
not 4 by attributing half the height of A, to E, and also to P,, 
ped tot LES he indicates a level muc 


A,), none o 
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(more than three times the unit E,), because ‘if we measured that 
(P3) it would get higher’. Thus for Bor 1 +1 does not give 2 if the 
two units differ too much in appearance. Gis thinks that when he 
has P, +E, =B,, if E, =P,, the contents of E, will reach the same 
level in B, as in E,, while P, +E, will reach a higher level pr 
in B,. Then, when he grasps that P, +E, poured into B, wil 
B,, he thinks that E, alone represents 
and that the same is true of P, alone. 
€ two halves of a whole, when taken 
separately, is equivalent to five-sixths of the whole. Similarly, 
for Lois, E, +P, represents the same level as that in A,, but Ey 
alone is equivalent to three-quarters of the total, 


i positions is a further and even 


The contradiction in these com 
more striking proof of the conflict between perception and reason- 


Ing at this stage. It shows more particularly that the construction 

i T measurement, involves equalization of 
» and this we now see to be the essential condition for 
the transition from compositions of purely qualitative relations to 


€ now come to the reactions of the third stage: 


Fol (730). Problem IV: * This (L) is long and that (P) is wide. For that 
(P1) you have to fill this (L) quite full. If we measured they'd be the same. 

Problem V:'O, (pink) 2A, (yellow) — P, (blue).—Is there the same 
amount of pink and blue?—Yes.—Are you sure, or do you only think 


so?—There was the same amount of pink and Jellow, then the same of yellow 
one 50 there's the same of pink and blue (pointing to the glasses as he 
Spoke).* 
Problem VI, 9 E, was poured into An then E, into U,: ‘Are these 
(U,+E,) and that (A1) the same? — Yes, because you pul the two into there 
as i was poured into T; )-. Ts there still the same here (Ly +E) 


and there (A )?—Yes.—(L, was poured into B, Y hat about 
these (B, +E,) and that (A,)? nto B,.)J—And wh: 


— Yes, they re the same. That one (E ) is the 

Same amount as that (Bi), and for this one (A4) you took tha little ide (E;)-" 
1—Us U, was poured into L,, an 1 into E, +E,; then E, was 
poured into M,: * Are these (E; -- M) and that (U,) the same?—Yes.— 
And is this (B,) the same as that (Ey) ?— Yes. —And the same as that 
(M,)?—Yes.—(}U, was poured into M,.)—Are those (U, +M) the 
same as those (M, +E,)? : 3 


'—Yes, There 3 
poured it out before with the same little one (E).N the two little ones, and you 


etc., and in every case his answer was pm : Was then replaced by Es, 
Nao (6;10). Problem VI. 2 E 


; ; -1 Was poured into A d the child was 

iven P, +L, (which he had just : 1 an he chi 
[mede is (P; Ly) or that (A, LE pel m equal): “Which has 
(L, and P,) are the same and yo : ? the 


> same, because those 
2606 put 2 like that C sine x Te ee 

And if we pour those (L, 7 Pi) into that (A 1) into there (A). 
The same vp omes one (P) by Meno var up will i Sear 
Hoyo thistone: ( 1) by itself? — Thar yy come ilu Hell fA. 
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thir ras ? 
- E = 1 cnp p A,.)—You’ve got more than me : you've put three.—1f I 
par a into that (As) how far up will it come?—(He pointed to 
i j : existing level.)—Why?—Because you had put in 2 like that one 
ii ay it was up to there (the original level) —And suppose we poured 
ul "s 3 glasses like that (L,) ?—4t would make 3 full ones (correct). 
Piney ^ (6;11). Problems IV and V quite correct. Problem VI: 
ui E pi and E, =P}: ‘ There's more here (Ay) than there (P,).—And are 
bs E E +E) less than that (A,)?—The same. You put 2 into that (Ay).— 
ri if I pour this (P,) into that (A,), how far up will it come?—(He 
ndicated half-way.) Lower; half.—And what about this one (E;)?— 


That'll be half too—And those (P, + E,)?—As much as that (A1) 
and L,=P,. ‘Theyre the same 


San (7;0). Problem VI: Ay=2 L, 

ù i : and these (Ly + P4) make twice as well.—If we 
pourea this (Pi) into that (As), how far up would it come?—Half.— 
(L. now, you've got all those (P, +L, +A). How many of this one 

1) must we pour into there (Aq) so as to have the same?—3, n0 4; 


because there (A,) there are 2° 

. Chou (7;0). Problem V. L, (blue) =W; (pink) and W, =G, (green). 
There (G,), there's as much as there (Ly). They're both the same.—W hy ?— 

looked at all three of them.—But did you look at these two together (blue 

and green) ?—.Vo, but I saw by the pink? 

Problem VI. P, =E, and A, =2 E,: ‘You'll have all those (P; + Ei + 
A,). How many little ones (E) must I take so as to have the same 
amount here (Ag) 2 —6.—Why?—(He pointed to the 3 glasses one after 
the other.) 2, 4, 6 . . . O^ no! I thought there were two everywhere (his 
reasoning was therefore correct). 

If we compare these reactions with those of the previous stage 
the contrast between operation and intuition is clearly to be seen. 
At this stage, Problem IV no longer presents any difficulty (cf. 
Chapter I) and there is extreme precision in the solution O 
Problem V. Chou, for instance, is well aware that he used glass 
W, as a common measure in comparing Li and G, as his words 
indicate: ‘I looked at all three of them . - - I saw by the pink.’ 


A comparison of Problem VI with the two earlier ones clearly 
proves that when the child becomes capable of rigorous com- 
position of elementar ic or relations, he also 


y operations of logic t 
becomes capable of numerical com nvolving the same 


position 1 

relations. ` E 7 
From the point of view of logic of relations, Problem VI is 
indeed only the synthesis of Problems IV and V, since in order to 
establish that E, +U, 2A, where Ai =o, and U, ^E» it must 
d: (1) that the increase in height of the liquid in a 
is compensated by the decrease in Cross- 
and conversely (Problem IV), and (2) that if U, =E, 
1A, then U, =4A, (Problem V). Something more, 
is involved in Problem VI, since it also presupposes the 

f units susceptible of addition and multiplication. 


because you put 2 like that (Li) 


E = 
owever, 
constitution fo} 


240 ADDITIVE & MULTIPLICATIVE COMPOSITIONS 


It is in fact, when Problems IV and V are solved operationally 
that Problem VI also is solved. Fol’s certainty of the equivalence 
of the units or of their sums is proof against a whole series of suc- 
cessive transformations. In the case of N ao, Schen, San and Chou, 
composition of the type E +E «E... acquires a character that 1s 
both multiplicative and additive, as Chou, for example, shows 
when he thinks that the sum is equal to six because two units 
were poured into each glass. Conversely, we find that these same 


children indicate half, and even a third, of a given column of 


liquid as corresponding to the units. To sum up, in contradi) 
those of the earlier stages, these children can combine one with 


another the units of measure obtained by a rigorous equalization 
of differences. 


§4. Conclusions ‘ 


We must emphasize, if the relation between numerical opera 
tions and qualitative logical relations is to be understood, that 
the compositions dealt with in this chapter are already implicit 1n 
the elaboration of conservation itself (cf. Chapter I). In the case 
of the problem of conservation, however, the child is unaware 0 


their existence, whereas in the present case he has to discover and 
‘think’ them. 


; to divide a whole into parts, 
© multiply relationships. In 
€ additive and multiplicative com- 


: : : the reader that we were merely 
Chane. Lelie d slight Pree in the language used, the tests 
O: apter 1. Ut 1t Is one thing t 5 f 
A, and A, from the point of 1g to postulate the equivalence o 
whether the equivalence is co 
formations, and it is quite a 
valence by measurement (Problems II : 

; : and 
Rd pas tp justis cre Problems IV Mp) Tn ake pus chap 
c as to justily’a given soluti in > 
find the solution. The same compositing, in the second he has to 
the first situation, of an analysis which 


degrees of awareness, and may involve varying 


in the second, of a synthesis which 


re thus the result, in ` 


m 
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eei clear and precise thinking. This fact explains why for 

th child the problems of operation ery problem ol 
> 

v cere ey are immanent 1n every problem of 

_ What we have just said is 

investigations in Chapters V 

multiplicative compositions. 


equally applicable to each of the 
II to IX concerning additive and 
Addition and multiplication of 


classes, relations and numbers are implicit in the construction of 
every class, every relation and every number. But it is not at all 
the same thing to construct such elements without any knowledge 
_ of the operations involved, as it is to link the elements, once they 
have been constructed, by means of the same operations explicitly 
and consciously performed. In both cases the same ‘groupings’ or 
the same ‘groups’ are in question, but in the first case the mind is 
proceeding from the result to the analysis of its composition, while 
in the second it proceeds from the synthetic composition to its 


results. 

The reason why the stages of composition are the same as 
those of conservation is now clear, since the latter is at the same 
time the result of composition and the invariant that makes 
composition possible. 

At the first stage, the child is unawart 
composition. Perceived relationships, 
change of container, are not co-ordinated operationally, or even 
intuitively, with the result that the child’s evaluation is based 
entirely on the qualities and their iminediate relationships (gross 
quantity), awareness of one relationship preventing awareness of 
others, co-ordination thus being impossible. 

With the progress of intuition, the perceptual relationships 
gradually begin to be co-ordinated, provided that the trans- 
formations are not too great, and this beginning of intuitive 


co-ordination characterizes the second stage. ‘Until co-ordination 
of relationships becomes generalized, however, there can be no 
rigorous system of compositions, and as at the second stage the 
relationships resulting from extensive transformations are not 
co-ordinated, the child relying on his actual perception rather 

ny ru this stage remains intuitive, 


a le of composition, , 
than on ny tation constructed by means of 


intuition bein merely represen a 
iene 5 ow then are we to explain the 


jnteriorized, fixed percep ions. H : Y 

transition from this intermediary stage to the rigorous composition 

to be found in all ious fields we have examined? | 
ossible with the 


It seems that the t 
constitution of two interdependent syste 
ultiplica 

Jications, 
D 


e of both conservation and 
which change with each 
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whole the operations involved, the one on the qualitative and 
the other on the numerical plane. pe 

What is lacking in 
characteristic of the 
ing. At the third sta 


g them on paper: U, -Us 
then U, =L,; L, =E, +E,; then E, =M;; therefore E, +M, -Us; 
then 3U, - M,; therefore 2U: «M, =M, +E,; and if E, =M» 
etc. It is clear that, in addition to the 
and the constitution of mathematical 
e involves as a minimum the following 


plications of relationships. 


uivalences such that two successive trans- 
formations are reducible to a single one. 


n. These complete the 
asymmetrical relations, ' 

'The progress of the third Stage does not, however, consist 
merely in the completion of the qualitative co-ordinations (in this 


r the multiplications of relationships), 
but also in the synchronic constitution of the group of arith- 


1 ugh the process of equalization of 
differences. 


This process can clearly be seen 
Problem II. When, in com 
taneously pours G, into I, 
into W, and P into Wah 
between G, and L 
relations of difference to e 


: in the correct solutions to 
paring L, and G,, the child spon- 
» OF, In Comparing G and P, pours G 
€ is not merely scriating the differences 


ra » but is trying to reduce the 
qualities, and this is 


that the decrease in Cross-section from Gal thus vs 
the increase in level. In thi wt. c e «d 
consists merely in the reduction of G c Le of di Eu 
measure for G. When, owever, G is poured into W ag P into 
Wi, the differences between G and P are cancelled”? mn r ? 
the use of a common measure W, which m out t vas 
elementary unit, distinct from the terms to um Constitutes ES 
not yet composed with itself through compared, bu 


1 additi i D 
With the correct solutions to Problem i Or multiplications. 


differences is completed by the Constitution of pers m. A 
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additively and multiplicatively composed, i.e. of a common 
measure in the ordinary sense. 

At the third stage, when the child is capable of solving Problem 
VI in its form P ( =E) +E =A (if A=2E), he also understands 
that the successive Jevels in A are susceptible of graduation into a 
system of units and fractions according to the number of E 
poured into A. 

Thus by children at this level, questions III, V and VI are 
regarded as multiplicative problems. When, for instance, in the 
case of Problem VI, San says that for P +L +A, glass L must be 
poured in ‘four times . . . because there (A) there are two’, we 
have a particularly explicit example of the process that takes place 
in all measurement, the very notion of a common measure 
depending on that of multiplicative equivalence. 

We thus find, as at the conclusion of Chapter IX, that while 
multiplication of classes and multiplication of relations are two 
distinct operations, the one bringing into correspondence terms 
that are qualitatively equivalent, and the other asymmetrical 
relations between non-equivalent terms, all that is necessary in 
order to make the terms of these relations equivalent and thus to 
fuse multiplication of relations and that of classes into a single 
operational whole, is that the differences shall be equalized. We 
then have multiplication of numbers. Once again, therefore, 
number is seen to be the synthesis of class and asymmetrical 
relation. This general conclusion is supported by the whole of 


our analysis of number in the preceding pages. 


GLOSSARY 


z " T <peri- 
a priori analytic deduction—deduction which is not based on any oe e 
ment (a priori) and which does not say anything about its object 
is not contained in its premises (analytic) 


; : E . : ible 
extensive quantity—the name given to any magnitude that is pe : 
of actual addition, as for example mass or capacity—the mass 


body formed of two bodies is the sum of the masses of the original 
bodies. 


intensive. quantity—the name given to any magnitude which EC 
susceptible of actual addition, as for example temperature. 41v 


es ; a 
quantities of water at 15° and 25° respectively do not produce 
mixture at 40°. 


logical groupings—by this expression the author understands a type of 
organization of propositions such that the four following conditions 
are satisfied: (i) there exisits a law of composition; (ii) this Jaw 
is associative; (ii) there exists an inverse for each operation; 
(iv) there exists an identical operation. 


logical multiplication —expresses the fact that two or more attributes are 
considered simultaneously. Thus, to consider red round beads as 


opposed to red square beads or black round beads, is to make use 


of the logical multiplication of two attributes; red, round; red, 
square; black, round, 
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THE CHILD'S CONCEPTION 
‘OF PHYSICAL CAUSALITY 
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. 
Three metliods are employed for this investiga- 
tion: to ask the children whether bodies have 
weight, and if so, why; to mention certain 
movements (of clouds, rivers, etc.) and ask how 
or why these movements are performed; and to 
carry out little experiments in physics before. the 
child, who is asked ‘how’ each event takes place. ` 
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THE MORAL JUDGMENT ' 
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.—. Readers will find in this book no direct analysis 

- of child morality as it is practised in home and 

* school life or in children’s societies. It is the 
„moral judgment that we propose to investigate, ~ 
not moral behaviour or sentiments: “With: this. , 

k b po d view we questioned a large number of . 

^. children from Geneva and Neuchatel schools and 

. 
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| held conversations with them. The present volume" ~ 
contains the results of these conversations: = _ 
” v f JA bv . 
= THE LANGUAGE AND 
THOUGHT OF THE CHILD. A. $ 
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- «A very interesting booky Everyone "ji 7 
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„psychology, education, 0r the art of thoi 
_ should read it. The results are surprising, but 
, perhaps the most surprising thing is how extra- 
ordinarily little was previously known of the way 
in which children think" NATION: -+ 
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* It should be read by everyone with an inter: 
> in the fundamental” roble of mind. T 
»— author, a pioneer in child psyt ology, has now - 
—  . qurned his attention to the general the of 
intelligence and . thoi At. Professor Piaget 
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. International Library 

OF PSYCHOLOGY, PHILOSOPHY 
AND SCIENTIFIC METHOD 


Edited by 


à» C. K. OGDEN, M.A. 
i Magdalene College, Cambridge 


The International. Library, of which over one hundred and thirty 
volumes have now been published, is both i in quality and quantity a 
unique achievement in this department of publishing. Its purpose 
is to give expression, in a convenient form and at a moderate price, 
to the remarkable developments which have recently occurred in 
Psychology and its allied sciences.’The older philosophers were 
preoccupied by metaph sical interests which for the most part have 
ceased to attract the younger investigators, and their forbidding 
terminology-too often acted as a deterrent for the general reader. 
The attempt to deal in clear language with current tendencies 
whether in England and America or on the’Continent-has met with 
a very encouraging reception, and not only have accepted authori- 
ties been invited to explain the newer theories, but it has been 
found possible to include a number of original contributions of 
high merit. å 1 
A list of the books available in the Library 
is included at the end of this volume 
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